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BBE/JIEHHE

Marematnka — Hayka O  KOJMYECTBEHHBIX  OTHOLICHHUSX U
MPOCTPAHCTBEHHBIX (GopMax JelcTBUTENbHOro Mupa. COBETCKUNA aKageMHK
A.H.KonmoropoB BbIIENSIET YETHIPE IEpUOJA pA3BUTHS  MATEMaTUKH:
3apOXKIACHUE  MAaTeMaTUKH,  DJJIEMEHTapHas  MaTeMaTuKa,  MaTeMaThKa
MEPEMEHHBIX BEJIMYMH, COBPEMEHHAsI MaTEMaTHKa.

[Tonnmanne caMOCTOATEIBLHOTO TOJOXKEHHUS MaTeMaTHKH KakK 0co0oi
HAayKd CTaJI0 BO3MOXHBIM IIOCJI€ HAKOIUIEHHWA JOCTATOYHO OOJBLIOrO
dakTHyeckoro maTepuana U BO3HUKIO Boepsbie B JpeBueit ['peuuun B IV — V
BEKax JI0 Hale 3pbl. DTO ObUIO HaUaJIOM NEPUOA FIEMEHTapHONH MaTeMAaTHKH.

B TeueHue »TOro mepuoga MaTeMaTHYECKUE HCCIEAOBAHUA UMEIOT JIEJIO0
JUIIb C JOCTATOYHO OFPAHUYEHHBIM 3al1aCOM OCHOBHBIX MOHSTUM, BOSHUKIIINX B
CBSI3U C CaMbIMHM NPOCTBIMH 33Ja4yaMU XO3SMCTBEHHOW XU3HU. Bmecre ¢ Tem
yK€ NPOUCXOAUT KAaYECTBEHHOE COBEPIICHCTBOBAHUE MATEMAaTUKH KaK HAYyKHU.
N3 apudmeTnkn nocTeneHHo BeipacTtaeT Teopus uucen. Co3naercs anredpa Kak
OyKBEHHOE MCUHUCIICHUE. A CO3/]aHHAsl IPEBHUMH IPEKaMU CHUCTeMa U3JI0KEHUS
AJIEMEHTAPHON F€OMETPUM — FeOMETpUM EBKIINIA — HA 1BA THICSYEIETUS BIEPEN
czenanack o0pa3loM AeTYKTHBHOIO IOCTPOEHUSI MaTEMAaTUYECKON TEOPUH.

B XVII Beke 3ampockl €CTECTBO3HAHUS U TEXHUKH MPUBEIHN K CO3/IAHUIO
METOJOB, TMO3BOJSIOMIMX MATEMaTUYECKA M3y4yaTb JBWKECHHE, ITPOLIECCHI
M3MEHEHHUS  BEIIMYMH, TMpeoOpa3zoBaHue  reomerpudeckux  ¢uryp. C
yHOTPEOJICHUEM TEPEMEHHBIX BEJIUYMH B AHAJUTUYECKON TE€OMETpUU U
co3gaHuu U(pPEepeHIMAIBHOIO U HMHTETPaJIbHOTO HCYUCICHHUS HAYMHAETCA
MepUoJ MAaTEMATUKHU NTE€PEMEHHBIX BEJIMYHH.

Ha nepBsiif maH BeiIBHUraeTcsa nmoHstHe QyHKuU. M3ydenune QyHkimm
MPUBOJUT K OCHOBHBIM TOHSTHSIM MAaT€MaTHYECKOrO0 aHaiu3a: Mpeneny,
npou3BoaHON, nuddepennuany, wuHTerpany. Co3gaHue aHATUTHYECKOM
r€OMETPUU MO3BOJIMJIO CYIIECTBEHHO PACIIUPUTh MPEAMET U3YyUYEHHS TEOMETPUU
Onmarogapss HallIeCHHOMY YHUBEpPCAJIbHOMY CIOCOOYy TMepeBoja BOMNPOCOB
r€OMETPUU Ha SA3bIK aiureOphl M aHanmm3a — merony koopaunat P.Jlekapra. C
JIPYroM CTOPOHBI, OTKPBUIACH BO3MOXHOCTb T'€OMETPUYECKON HHTEPIPETALINN
anredpanyecKnx U aHATUTHYECKUX (PaKTOB.

XIX — XX Beka OTKpBIBAIOT MEPUOJI COBPEMEHHOM MATEMaTHKHU.
CoBpeMeHHass MaTeMaTHKa WIrPacT BaXHYK pOJb B €CTECTBEHHOHAYYHBIX,
WH)XEHEPHO — TeXHUYECKUX, TYMaHUTAPHBIX HUCCleIoBaHusIX. be3 coBpeMeHHOM
MaTeMaTUKHU C €€ Pa3BUTHIM JIOTUYECKUM W BBIUUCIUTEIIBHBIM aIapaToM ObLI
Obl HEBO3MOXKEH TMPOTPecC B  PA3JIUYHBIX  OOJACTAX  YEITOBEYECKOM
nearenbHocTH. COBpeMEHHas MareMaTUKa HM3y4daeT MaTeMaTHYECKHE MOJIEIH.
DT0 MOryT OBITh KaK HEMOCPEJCTBEHHO MaTEMaTHYECKHE MOJIENU pPeabHbIX
SIBJICHUM, TaK U OOBEKTHI JUIsl M3YUYCHHS dTUX Mojeneil. OgHa U Ta )Ke MOJIelb
MOXET OMUCHIBATH CBOMCTBA JAJEKUX JIPYT OT ApYyra 1o CBOEMY KOHKPETHOMY



COJECPKAHUIO pEANBHBIX SBJICHUU. [l MaTeMaTuku BakHAa HE MPUPOAA
paccMaTpuBaeMbIX OOBEKTOB, a CYIIECTBYIOIINE MEKIY HUMHU OTHOILICHUSI.

MatemaTuka SBJISIETCS HE TOJBKO MOIIHBIM CPEACTBOM PELICHUS
NPUKIAJHBIX 337]a4 U YHUBEPCAIbHBIM S3bIKOM HAYKH, HO TAK)KE U AJIIEMEHTOM
obmeil  KyabTypbl. IloaTomMy MaremaTudeckoe 00pa3oBaHUE  SIBISETCS
BaXHEHIIEH COCTaBIsIONIE B CcUCTEeME (PYyHIAMEHTAIbHOM TMOJArOTOBKHU
COBPEMEHHOTO CIELHAIIACTA.

B 1maHHBIX METOIMYECKMX YKa3aHWAX Bbl HalJIeTe H3JI0KEHUE
TEOPETHUYECKOr0 MaTepHualia, ClpaBOYHbI MaTepHall, MPUMEPHI PELICHUS 3a]1ay,
3aJlaHus JUISI CAaMOCTOSTENIbHBIX 3aHATHH, UIsl MOATOTOBKA K KOHTPOJIbHBIM
paboTam, 3a4eTy, SK3aMEHY.

Metoauueckue ykazaHus HE SIBISIFOTCS YY€OHUKOM, I[O3TOMY HE BCE
U3y4aeMble MOHATUS PACCMOTPEHBI OAMHAKOBO MoApoOHO. [1o 3TOi mpuuuHe B
HEKOTOPBIX ClIydasgX HEOOXOJUMO TMPWIOXKHUTh JJIsi OCBOEHUS MaTepuaia
Oonbllle ycwInd, 4eM B Jpyrux. B naHHOM mnocoOuM paccMaTpUBarOTCS
JIEMEHTBl MATEMATHKH, OTHOCAIIMECS K NEPUOJLY MaTEMaTUKH IIEPEMEHHBIX
BEJIMYMH W COBPEMEHHOMY I[E€pUOJYy, HMEIolue OO0JbIlIoe 3HAYEHHE B
COBpEeMEHHOW (hyHIaMEHTaJIbHON U NMPUKIATHON MaTeMaTHKeE.

PabGotas Hajg KaxaoW TEMOHM, JIydllle BCEro CHadajla HW3Y4YUTh
TEOPETHUYECKUI MaTepuall, MOBTOPUTh PaHEEe M3yYEHHbIE (POPMYJIbI, TEOPEMBI,
pa3o0paTbcsi B MPUBEIECHHBIX NpuMepax. Eciu Bce MOHATHO, TO MOXKHO
NEPEXOAUTH K BBINIOJHEHUIO MPAKTUYECKUX 3aaHHM.

AxaneMuk n.I1. ITaB0B TOBOPWII: «ITocnemoBaTeILHOCTD,
MOCJIEIOBATEIBHOCTh M NOCIIEN0BATENbHOCT. C caMOro Hayana cBO€d paboThI
npuyuute cedsd K CTPOroil MOCIEJOBATEIbHOCTH B HAKOIUICHMHM 3HAHUU.
Huxkorna He Oepurtech 3a nocieayolee, He U3y4UB MPEIblTyIEroy.

Vuebuvie u 6ocnumamenvhvie yeau npakmuieckux 3aHamuu

B pamkax TpaaunmOHHOIO MOAX01a:

1) akTyanu3upoBaTh 3HAHHS CTYICHTOB M3 Kypca MATEMAaTHKH IO TEMe
3aHATUSA,

2) co3maTh yCIOBHS JIS  Pa3BUTHA TBOPYECKOW  aKTHBHOCTH,
CaMOCTOATENIbHOCTH M KPUTUYHOCTH MBIIUICHUSA, YMEHHUS paboTath B
KOJIJICKTHUBE.

B paMkax KOMIETEHTHOCTHOI'O MOAXO/A:

1) comelcTBOBaTH Pa3BUTHIO Y CTYACHTOB OOIICHAYYHBIX KOMITCTCHIIHIA
(aHAJIUTUKO-CUHTETUYECKOM, MPOTHOCTUYECKON, IPOEKTUPOBOYHOM );

2) co3maTh YCJOBUS JUIS Pa3BUTUS KOMMYHHKATUBHOMW, aJalTHBHON WU
WH()OPMAITMOHHOM KOMITETCHITHH.



Tpebosanus Kk opopmnenuro npakmuueckux paoom

ITocne wu3y4eHHsT COOTBETCTBYIOUICH TEMbI CTYJIEHTHI BBITIOJHSAIOT
npakTudeckyro padory. CopaepkaHue MNPAKTHYECKUX pPadOT IMOJTHOCTHIO
COOTBETCTBYET paboueil mporpamMme 1o MareMaTHKeE.

K BbITIOTHEHUIO MPAKTUYECKON pabOThI MOKHO MPUCTYIATh TOJIBKO TOCIIE
M3YUYEHHS] COOTBETCTBYIOIIEH TEMbl W MOJYyYCHHS HABBIKOB PEIICHUS 3ajad.
[IpenycMoTpeHHbIE 3aaHUs HOCAT PENPOIYKTUBHBIN, YaCTUYHO-TIOMCKOBBIN U
MOMCKOBBIN Xxapaktep. Bce 3amaum u pacuersl 00s13aTE€NBHO JOJKHBI OBIThH
JIOBEJICHBI 10 OKOHYATEIBLHOIO YMCIOBOTO pe3yibTaTa. BapuaHT mpakTH4eCcKOn
paboTHI ompenensaeTcs no nociaeaneil nudpe NopsaaKOBOr0 HOMEpa CIIUCOYHOTO
COCTaBa B JKypHaJe yu4eOHbIX 3aHSTHUI.

Bce mnpakrtuueckue paboThl, claBaeMble ydYalllUMHUCSI Ha TPOBEPKY,
JIOJDKHBI OBITH BBITIOJIHEHBI B OOBIYHON TeTpaau B KiIeTKY (96 muctoB). Obpaserly
o(OpMIICHUS TUTYJIHHOTO JIMCTA IPUBE/ICH B MPHJIOKEHUH 1.

[Tpu BBITTOTHEHUH MPAKTUYECKOU pabOTHI CTYJAECHTAM PEKOMEHYETC:

— UCIIOJIb30BaTh yUeOHBIC MOCOOMS, CIPABOYHUKH;

~ TIPOBOJIUTH HECIIOKHBIC JICTYKTUBHBIE PACCYKICHHUS;

— 000CHOBBIBATH IIaTH PEIISHUS 3a]1a4;

— GopMyIUPOBATH ONPECICHNUS MAaTEMAaTUUECKUX TTOHSITUH;

~ TIOJIb30BATHCS MATEMATUYECKON TEPMUHOJIOTUEN U CUMBOJIMKOM;

~ TUCbMEHHO O(POPMIIATH PEILICHUS 3a]1a4;

— TI0JIb30BATHCS KATBKYJISITOPOM;

~ CaMOCTOATENIBHO U3y4aTh YUeOHBI MaTepuall.

Bce npencraBieHHble BapuaHThl TPAKTUUECKUX pabOT JaHbl OJUHAKOBOM
CTEIEHH TPYAHOCTH.

[IpakTndeckass paboTa BBINOJHICTCS B CPOKH, YCTAaHOBIICHHBIC B
COOTBETCTBMM €  KaJCHJAPHO-TEMAaTUUYECKUM  IUIAaHOM. 3a  KaXIylo
MPAKTHYECKYIO pabOTy CTYJASHT JOJDKECH MOJYYUTh MOJIOKUTEIBHYIO OLICHKY.

Hrtorosoit ¢opmoii M3ydeHHS NAUCIUILIINHBI SIBISETCS dK3aMEH ISl BCEX
cnenuanbHocTe. CTyeHTHI, HE BBIOJHUBIIKNE BCE MPAKTUUECKUE PAaOOTHI, HE
aTTECTYIOTCS M K DK3aMEHY HE JOMyCKaIOTCHl.



TeMaTyeckuil NUIAH NPAKTHYECKUX 3aHATHH y4eOHOU TMCHUILIMHBI « MaTeMaTHKa)

HanmMmeHoBaHue TeM

[IpakTuueckue paboThbl

1 2
Tema 1.1 [Tpaxtuueckas padora Nel «/letfictBurensabie uncina. [I[pubamkeHHbIC BRIYUCTICHIS
Llenbie n
palMOHAJIBHBIC YUCIIA
Tema 1.2 [Ipaktuueckas pabora No2 «JleficTBUS HaJl KOMIIJIEKCHBIMU YHCIIAMI))
KoMIuiekcHble 9nciia
Tema 2.1 [TpakTnueckas pabora Ne3 «CreneHu ¢ 1eHCTBUTENbHBIMU MOKA3aTENSIMU, X CBOMCTBa»
Kophu u crenenun [Tpaktuueckas pabora No4 «JlelicTBUS CO CTEIECHSIMUIY
Tema 2.2 IIpaktrueckas pabota Ne5 «/lecaTuuHble U HaTypaJIbHbIE JIOTapUPMBD)
Jlorapugmbl [Ipaktuueckas padora Ne6 «IIpeodpazoBanue 1orapuPpMUUIECKUX BbIPAKEHUN
Tema 2.3 IIpaktruueckas pabora No7 «IIpeoOpa3oBaHue MoOKa3aTeIbHbIX BEIPAKECHUI
[IpeobpazoBanue [Tpaktuueckas padota Ne8 «IIpeobpazoBanue JIorapuPMUUIECKUX BBIPAKEHUN
BBIPAKEHUM [Tpaktuueckas pabora Ne9 «IIpeobpazoBaHuie BbIpaKEHU
Tema 3.1 [Tpaktuueckas padora Nel0 «Paguannas mepa yria. BpamarensHoe 1BHKEHHE)
OcCHOBHBIE
[Ipaktuueckass pabora Nell «OcHOBHbIE TPUTOHOMETPUYECKHE TOXAECTBA. DOpMyIibl
TPUTOHOMETPHUUECKHE
MIPUBEICHUS
TOXECTBa, POPMYJIIbI v
[Tpaxtrueckas padora Nel2 «CuHyc, KOCHHYC IBOWHOTO yTiia
MIPUBEICHUS
Tema 3.2 [Ipaktuueckas pabora Nel3 «lIpeobpaszoBaHue TPUTOHOMETPUUECKUX BBIPAKEHUN C
TpuroHomeTpuyeckue | UCMOJb30BAHUEM TPUTOHOMETPUUYECKUX TOXKIECTB)
ypaBHEHU U [Tpaktuueckas padora Nel4 «Pemienue TpUroHOMETPUIECKUX YPABHEHHI
HEpaBEHCTBA

[Ipaktuueckas padora Nel5 «Pemenne TpuroHoOMeTpUYECKUX HEPABEHCTBY




Tema 4.1 [Tpaktuueckas pabora Nel6 «Iloctpoenue rpadukoB 3J1eMEHTAPHBIX (DYHKITHII)
OyHKINH, [Ipaktuueckas pabora Nel7 «IIpomexxyTku Bo3pacTaHus, YObIBaHUS, HauOoOJIbIIEE,
UX CBOWCTBa HauMeHblee 3HaueHus PyHkiuu. Touku sKcTpeMymar
Tema 4.2 [TpakTnueckas pabora Nel8 «Apudmernyeckue oneparuu Haj QYHKIHSIMI)
I'paduxu pynkuuii | [Ipaktuueckas padora Nel9 «Iloctpoenue rpadukon»
Tema 5.1 [Tpaktuueckas pabora No2(0 «Crenennas pyHkius, €€ rpaduk 1 CBOMCTBaY
Onpenenenus [Tpaktuueckas pabora No21 «Jlorapudpmudeckas Gynkims, e€ rpaduk U CBONCTBA»

byHKIMH, NX
CBOMCTBa U rpaduKku

IIpaktruueckas padora Ne22 «KocuHnyc, ero rpauk u cBocTBay

[Ipaktuueckas padora Ne23 «KortanreHc, ero rpaguk 1 CBOMCTBa»

Tema 5.2 [Ipaktuueckass pabora Ne24 «llapamienbHbii MEPEHOC, CUMMETPUSI OTHOCHUTEIIBHO OCE
[Tpeobpa3zoBanus KOOPAUHAT
rpaguKkoB ITpakTyeckas padora No25 «IlapannenbHblil EPEHOC, PACTSHKEHUE, CHKATHECY
Tema 6.1 [TpakTuyeckas padora Ne26 «CrocoObl 3a/laHMs MOCIEI0BATEILHOCTEHM, CBOMCTBA YHCIOBBIX
[TocnenoBaTenbHOCTH | MOCIEAOBATEIBHOCTEN
Tema 6.2 [Ipaktuueckas padota No27 «Beraucienue npeenoB PyHKIIMU B TOUKE, HE OECKOHEYHOCTH
IIpenensl
Tema 6.3 [Ipaktuueckas pabota No28 «IIpaBuia BeIYUCICHUS TPOU3BOIHBIX)
[TonsiTue
ITPOU3BOTHOM
Tema 6.4 [Ipaktrueckas padora Ne29 «Bbruncienre npon3BOHBIX CIOKHON (QYHKIIUI)
[IpousBonnas
CJIIOHOUW PyHKIIUU
Tema 6.5 [Tpaktuueckas pabora Ne30 «HaxokneHne HaMMEHBIIETO, HAUOOJIBIIETO 3HAYEHUST (PYHKITUU
[Tpunoxenus Ha OTPE3KEN
MIPOU3BOIHOU

[Tpaxtuueckas pabora Ne31 «Iloctpoenue rpaduxoB dhyHKINIDY




Tema 7.1 [Ipaktuueckas padota Ne32 «Bbluncienne HEONpeeTIeHHBIX WHTErPajoB METOJOM 3aMEHBI
Heomnpenenennsiit IIEPEMEHHO
UHTErpai [Ipaktuueckas pabota No33 «BbluucieHue HEONPEAETICHHBIX HHTETPajoB  METOJIOM
WHTETPUPOBAHUS 10 YACTSIM
Tema 7.2 [Ipaktnueckas pabora Ne34 «BpruuciieHHE ONPENEIEHHBIX HWHTErpajoB  Ppa3IMYHbIMU
OnpeneneHHbIi crioco0ammy
VHTETpal ITpaktrueckas pabora Ne35 «IIpuinoxeHust onpeeaeHHbIX HHTErPaIoBy
Tewma 8.1 [TpakTnueckass pabora Ne36 «Pemenue ypaBHEHUIl: pa3nokeHHE HAa MHOXKHUTENIM, BBEJICHUE
VYpaBHeHHUs HOBBIX IEPEMEHHBIX, II0JICTAHOBKA
[Ipaktuueckas padora Ne37 «Pemienue ypaBHeHH# rpaduyeckuMm MmetoioM. HecranmapTHbie
CHOCOOBI pELICHHs YPABHEHUI
Tema 8.2 [Ipaktruueckas padora Ne38 «Pemenne HepaBeHCTB METOI0M HHTEPBAJIOBY
HepasencTsa [paktuueckass pabora Ne39 «M300paskeHHe Ha KOOPAMHATHON IUIOCKOCTH MHOKECTBA
pElIeHNI HEPaBEHCTBA C IBYMsI IEPEMEHHBIMU U UX CHCTEM
Tema 9.1 [Tpaktruueckas pabora Ne4() «Pemienue 3ana4 Ha nmepebop BapuaHTOBY
DNeMEeHTbI [Tpaktuueckas padorta Ne41 «CpoiicTBa OMHOMHUHATBHBIX KOA(DPHUITUEHTOBY
KOMOWHATOPUKHU [Tpaktuueckas pabora Ne42 «Tpeyronpuuk [lackamns
Tema 9.2 IIpaktuueckas padora Ne43 «CrnoxxeHre 1 yMHOKEHUE BEPOSATHOCTEN

DNeMEeHTBI TEOPUU
Y BEPOSITHOCTEU

IIpaktuueckas pabora Ne44 «IToHsiTHE O HE3aBUCUMOCTH COOBITHIN

IIpaktuueckas pabora Ne45 «JluckpeTHas ciydaiiHasi BETUYMHA, 3aKOH €€ paclpeeICHHs)

Tema 9.3 [Ipaktuueckas pabora Ned6 «PemieHre npakTHUeCKUX 3a/lay ¢ MPUMEHEHHEM BEPOSTHOCTHBIX
DneMeHTbI METOJIOBY»
MAaTEMATUYECKOUN
CTaTUCTHUKHU
Tema 10.1 [Tpaktuueckas padota Ne47 «llapamieabHOCTh MPSIMOUN U TUIOCKOCTH

[TapamienbHOCTD B
MIPOCTPAHCTBE




Tema 10.2
[TeprieHAUKYIAPHOCTH
B IIPOCTPAHCTBE

[Ipaktuueckas  pabora  Ned8  «['eomerpuueckue  npeoOpa3oBaHMUS
napaJyieIbHbIA EPEHOC, CHMMETPHUSI OTHOCUTENLHO TIOCKOCTH)

IMPOCTPaHCTBA:

[Tpaktuueckas pabota No49 «llapanienbHoe NPOESKTUPOBAHUE)

[Tpaktiueckas pabora No50 «300paxenusi IpOCTPAaHCTBEHHBIX (PUTYp»

Tema 11.1 IIpaktruueckas pabora NeS51 «Bepuimnel, pedpa, rpaHd MHOTOIPAHHHUKA
MHoOrorpaHHuKU IIpaktrueckas pabora Ne52 «llapamnenenunen. Kyo»

[Tpaktnueckas padora Ne53 «Ceuenust Kyba, IpU3MBbI, IHPaAMUIb)
[IpakTnueckas padora Ne54 «IIpencraBineHue o npaBUIbHBIX MHOTOTpaHHUKAX (TETpasap, KyO,
OKTa’Ip, JOJEKa3AP, HKOCASP)»

Tema 12.1 IIpaktruueckas pabora No55 «OceBble ceueHHs U CeUEHHUs MapajieIbHbIE OCHOBAHUIO»

Tena u noBepxHoctu | [Ipaktrueckas pabota Ne56 «Illap u cdepa, nx ceueHusn
BpalleHUs
Tema 13.2 IIpaktruueckas pabora No57 «Bberuncienne 00bEMOB Tell M NOBEPXHOCTEN BpalieHus» (3 yaca)

®opmyiibl 00bEMa

[Tpaktuueckas pabora No58 «Ilogobue Ten. OtHomeHus: 00bEMOB OTI00HBIX Te» (2,5 yaca)

[TpakTudeckas padora Ne59 «Ilomobue Ten. OTHOIIEHUS TIOIIAACH MOBEPXHOCTEH MOJ00HBIX
Tem (2,5 yaca)

Tema 14.1 [Ipaktuueckas padota Ne60 «PaccrosHue Mexay IByMs TOYKaMu. BerumcieHue KOOpauHAT
KoopanHatel CEPEIMHBI OTPE3KaA»
IIpaktuueckas pabota Ne61 «Pemenue 3a1a4 KOOpAMHATHBIM METOOM
Tema 14.2 [Ipaktruueckas pabota Ne62 «IlpaBuia ciioxkeHUs BEKTOPOBY
Bekrtopsr IIpaktruueckas pabora Ne63 «YMHOKEHHE BEKTOPA HAa YUCIIO»

[Tpaktuueckas padota Noe64 «CkansipHOe Mpou3BeIeHUE BEKTOPOBY

[Tpaktuueckas pabota No65 «BekTopHoe 3a1anne npsiMbIX U TUIOCKOCTEH B MPOCTPAHCTBEY

ITpaxtuueckas pabora No66 «IIpoexiust BeKTopa Ha OCh»

[Ipaktuueckass pabora Ne67 «Jcnonb3oBaHME BEKTOPOB IMPHU PEIICHUHM MATEMAaTHYECKUX U
NPUKJIATHBIX 331249




IIpakTnueckoe 3ansitue Ne 1
JeiicTBuTe/bHBIE YK cia. [IpudianxeHHble BLIYUCIEHUS

Lenv pabomuwi:

CMYOeHm O0JIHCEH:

3Ham».

- (opmynbl TSI BBIYHCICHUS TPAHUI[ a0CONIOTHOW M OTHOCHUTEIHHOMN
MOTPENTHOCTH  CYMMBI, pPa3HOCTH, TIPOM3BEACHUS ©  YaCTHOTO
MPUOTMKEHHBIX 3HAYCHUN YUCET,;

ymemy:

- BBIYMCISITH ~ CYMMY,  Pa3HOCTh, TPOW3BEICHHE W  YacCTHOE
PUOJIMKEHHBIX 3HAYCHUH YUCEIL.

Ceedenusn uz meopuu:

Cnootcerue npubIUHCEHHBIX 3HAYEHUL Yucel

['panuna abCoNOTHOM MOTPEIIHOCTH CyMMbl NMPHUOIMKEHHBIX 3HAYEHU
YlCeJl paBHAa CyMME IPaHULl aOCOTIOTHBIX MOTPEIIHOCTEN 3TUX YUCEIL:

A(a+b)=Aa+Ab,

rae a u b — npubmmkennbie 3HaveHus yncen, Aa u AD — rpaHuIlbl a0COTIOTHBIX
MOTPENTHOCTEN COOTBETCTBYIOIIMX MPUOIHKEHUN.

['paHuIIa OTHOCUTENBHOM NOTPEIIHOCTH CyMbl BBIYHCIIAETCS 110 (hOpMYJIE:
_A(a+Db)
fab™ 0 h

Ilpumep 1.

Havitu cymmy S npuGmmkeHHsix 3Hauenuit yucen 6,8+0,05; 4,3+0,05 u
3,575+0,0005.

Pewenue:

BBIYMCIIUM CYMMY 33/IaHHBIX YUCENl U CYMMY MX MOTPEUTHOCTEH:

S=6,8+4,3+3,575=14,675;
AS=0,05+0,05+0,0005=0,1005.

I'panunia  aOCONMIOTHONW  MOTPENIHOCTH  3aKJl0YeHa B Ipejesax
0,05<0,1005<0,5. B npuOamkeHHOM 3HAYEHUU CYMMBbI BEPHBIMHU SIBJISIFOTCS
muiib 1Be Uudpel (B pa3psaax IecATKOB U eAuHHL). [lomydeHHbI pe3ynbTaT
OKpyTrauM 110 eauHull S=14,675~15.

Bviuumanue I’lpu6]lu9fC€HHblx 3Hall€HI/l1/7 yucei
['panuiia abCOMIOTHON MOTPENTHOCTH PA3HOCTH JABYX MPUOIMKCHHBIX
3HAUYCHUN YMCEJ paBHA CyMME TPaHHUIl UX aOCOTIOTHBIX MOTPEITHOCTEH:
A(a-b)=Aa+Ab.
['panuIia OTHOCUTENHEHOM MOTPEITHOCTH Pa3HOCTH BBIUUCISETCS TTO OpMYyIIE:
Aa+Ab

o=
a-b a—b



Ilpumep 2.

Bbluucnuth  pa3sHOCTh  JBYX  NPUOMIDKEHHBIX — 3HAYEHUM  4Yucen
a=5,863+0,0005 u b=2,746+0,0005. Haiitu A(a-b) u eqp.

Pemenue:

BBIUMCIISIEM TPAHHUILYy a0COTIOTHOH MOTPEITHOCTH pa3HOCTH a-D:

A(a-b)=0,0005+0,0005=0,001.

B mpubnmkeHHOM 3HAYeHHH Pa3HOCTU IMdpa B paspsiie THICAYHBIX HE
MOXXeT ObITh BepHOW, Tak kak A(a-b)>0,0005. HWrak, a-b=3,117<3,12.
AbcomoTHas norpemHocTh pazHoctu 0,001. B npubnmxennom uucie 3,12 Bce
udpsl BepHble. HaxonuM 0THOCUTENbHYIO MOTPEUTHOCTh Pa3HOCTH:

0,001

€a-h= E =0,00032~0,03%.

Ymnooicenue npubnusicennvix 3navenuil yucer

DopMyITBI 711 OTICHKH TPAHUI] aOCOFOTHOMN MOTPEITHOCTH TIPOU3BEACHUS
(4acTHOTO) CIIOKHBI, TOATOMY Ha MPAKTHUKE CHadaia HaXOIAT OTHOCHTEIBHYIO
MOTPEIIHOCTh TPOU3BEACHUSI (YACTHOrO), a 3aTeM TrpaHully aOCOJTIOTHOM
MOTPENTHOCTH MTPOU3BEICHUS (TaCTHOTO).

@®opMynbl ISl TpaHUI] aOCOTIOTHOW W OTHOCHUTEIBHOM MOTPEIIHOCTH
HEKOTOPbIX (PYHKIUI pUBeACHBI B Ta0uie 1.

Tabmuua 1. ®opmynbl uisi TpaHUI[ AOCOMIOTHOW W OTHOCHUTEIHLHOM
ITOTrPENTHOCTEN.

No | ®dynkuga I'panuna abcoroTHOM ['panuiia oTHOCUTENBHOM
n/o IMOrpCIHOCTH IOrpCIHOCTH
1 y=ab Ay=|b|-Aa+|a|-Ab o _Aa Ab
’ a b
2 y=abc Ay=|bc|-Aa+|ac|- Ab+|ab|-Ac o _Aa_Ab Ac
Y a b ¢
3 y=a" Ay=na""-Aa __Aa
8y = n?
32 —9a.
4 y=a Ay=2a-Aa £, =2 %
5 y=a’ Ay=3a°-Aa A
Ey = 3?
6 =Ja Aa _Aha
Ay: &y = 2a
2Ja
7 -3/a Aa _Aa
Ve "
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8 =2 b|- Aa+|a|- Ab Aa  Ab
ar Ay=H sz T2 b

Ilpumep 3.

Haiitu BepHbie 1upbl IpOU3BEICHUS MPUOIKEHHBIX 3HAYCHUN YHCEN
a=0,3862 u b=0,8.

Pewenue:

nmeem 0,3862-0,8=0,30896. I'panuitbl aOCOMIOTHON MOTPEIIHOCTH

comaoxureneit paBabl 0,00005 u 0,05. Ilo dhopmyne gab:%+A—b HaXOquM

OTHOCHUTEIFHYIO IMOTPEITHOCTh TPOU3BEICHUS:
0,00005 0,05
Egp = +
0,3862 08
Haxonum rpanuily abCoJItOTHON MOTPEITHOCTH MPOU3BEICHHUS:
A(ab)=0,30896-0,063=0,0195;
0,005<0,0195< 0,05.
[Tonmy4yeHHBINM pe3ynbTaT O3HAYAET, YTO B MPOU3BEACHUHM OJHA BEpHAas
nudpa (B paspsae necarsix): 0,30896=0,3.

=0,063.

Ilpumep 4.
Beraucnuth o6beM nununapa V= nRZH, ecimn R=45,8 cm, H=78,6 cwm.
Pemenue:
o opmyiie o0beMa HUIUH]IPA, UMEEM
V=1-45,8%78,6=517000 (cm®).

Hcnone3ys ¢dopmyny &, =—+—+? u nonaras 7m=3,14, HaxoauMm
OTHOCHUTEJIbHYIO MTOTPEIIHOCTD:
Ar 2AR AH 0,005 2-0,05 0,05
=— + = + +
T R H 314 458 786

Haxonum rpanuily abCoFOTHON MOTPEITHOCTH:
AV=V-g,=517 000-0,0044 = 2270 (cm°).

Bepubimu rudpamu siBnsitorest S u 1.

=0,0044.

Sy

ﬂeﬂeﬁue npu6ﬂu9f€€HHle 3HAYEHUU yucel

Ipumep 5.

Haiitu rpanuily aOCONIOTHON MHOTPEIIHOCTA YACTHOTO MPHUOIMKEHHBIX
3HayeHnnit yncen a=8,36+0,005 u b=3,72+0,004.

Pewenne:

nMeeM 8,36:3,72=2,25.
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_Aa  Ab
ITo dopmyne ¢, =— *7 HAXOMHM OTHOCHTENBHYIO MOTPEIIHOCTE

YaCTHOTI'O:
_Aa_Ab 0,005 0,004

£, +—= +
- a b 836 372

b
Haxonum rpanuily abCoItOTHON MOTPEIIHOCTUA YaCTHOTO:
A(a/b)=2,25-0,002=0,0045.

[Tonmy4yeHHBI pe3ylbTaT O3HA4YaeT, YTO B YAaCTHOM BCe TpU LUPPHI

BEpHBIE.

=0,002=0,2%

Ilpumep 6.

Berunciautb X:b;ic’ ecan wm3BectHo, 4uro a=7,2+0,05, b=3,46+0,03,
¢=5,09+0,04.

Pemenne:

HaxomuM X = a 7.2 0,844 -

" b+c 346+509
_AX _Aa Ab+Ac_005 003+0,04
X a b+c 7,2 8,55
AX=X-£,=0,844-0,015=0,0127; X=0,844+0,0127 uu X~0,8440,01.

=0,015

Ex

3aoanusn 014 CAaMOCmMOAMENbHO20 PEULEHU:
Beraucnure cymMmy, pa3sHOCTh, MPOU3BEICHUE U YaCTHOE MPUOIHUKEHHBIX
3HAYEHUU YUCEIT.

1 Bapuant 2 BapuaHT 3 BapuaHT

V13./5 ¢ ueThIpbMs 0,456+0,0005 n V3,4/5,/7 ¢ 4eThIpEMs
sHavamuvy mudpavm. | 3,350,005, 3HAYANIMY ITHbPaMH.
4 BapuaHT S BapuaHT 6 BapuaHTt

8,72 u 2,6532, rpanunsr | 6,54+0,005; J5, 7 B3sB
a0COIIOTHOM 16,022+0,0005 n HpI/I6J'II/DKeHHI>Ie
norpemHocTd  kKotopsix | 1,9646+0,00005. 3HAuEHHs KOPHEH ¢
COOTBCTCTBCHHO pPaBHBI ToyHOCTRIO J10 0,001.
0,005 1 0,00005.

7 BapuaHT 8 BapuaHnT 9 BapuaHT

J2,43,J11 c uethipems | @=19,8+0,05 u a=68,4+0,02 i
sHavammmu uudpamu. | P=48,4+0,03. b=72,8+0,4.

Konmponwvusie éonpocwi:

1. Tlepeuncnure AeHCTBUA HAJ TPUOTMKECHHBIMY 3HAYCHUSIMHU YHCEIL.

2. Tlepeuncnure GOpMyabl N7 BBIYHCICHUS TpaHUI] aOCOTIOTHOW U
OTHOCUTEJIHLHOM MOTPEITHOCTEN HEKOTOPBIX (DYHKITHA.
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Jumepamypa: [4, c. 14-18]

IIpakTnueckoe 3ansTue Ne 2
JlecTBHS HAJI KOMILUIEKCHBIMHU YHCJIAMHA

Ilenv padomuwr:

CMYOeHm OO0JIHCEH:

3Hamo:

- anredpandeckyro GopMy KOMIIEKCHOTO YUCIIa;

- TPUTOHOMETPHUYECKYIO (OpMY KOMITJIEKCHOTO YHUCIIA,

ymems.

- BBITIOJIHATH JeNCTBUSA HaJl KOMIUJIEKCHBIMU YHCIIAMHU,
MPEICTABICHHBIMU B PA3IMYHBIX (opMax.

Ceedenusn uz meopuu:

Aneebpauveckas popma KOMNIEKCHO20 YUCIA

0603HaunM v-1=i ¥ Ha30BEM MHHUMOI EIUHALIEH, (i2 =-1). Torma
yrcno Bunaa Z=a+Dbi, rme aub - no0bie neiicTBUTENBHBIC 4uciaa, Ha30BEM
KOMIIJICKCHBIM YHCJIOM.

37eCh @ - HAa3bIBAIOT JCHCTBUTEIHHOM YaCThIO0 KOMILIEKCHOTO 4ncia, DI -

Ha3bIBalOT MHUMOM 9aCTbIO, b - KOB(b(bI/II_II/IGHTOM MHHMMOM 4aCTH KOMILIEKCHOT'O
qucia.

Heticmeusi  HAO  KOMMWIEKCHbIMU — HUCIAMU,  NPEOCMABGICHHLIMU 6
aneebpauyeckol popme

[TycTs nauel qBa uncna z, =a, +bji, u z, =a, +b,i.

JIst 5THX 9KCeT TIOHSATHS PABEHCTBO M JICHCTBUS CIIOKEHHS, YMHOKEHUS
OIpE/ICIICHBI CIICIYIONUM 00pa3oM:

1) JIBa KOMILIEKCHBIX YHCJIa Ha3bIBAIOTCS PAaBHBIMH, €CIH PaBHBI HX
NIEUCTBUTEIbHAS U MHUMA 4acTH, T. €. d1=d>, D1=Db5.

2) CyMMoii IByX KOMIUIEKCHBIX YHMCEJ Z; M Z; HA3bIBAETCS KOMILIEKCHOE
qucio 7 +2, = (8, +a,) + (b, +by)i

3) IIpousBeneHreM JBYX KOMIUICGKCHBIX 4YHCENT Z; M Z; Ha3bIBaeTCS
KOMITJIEKCHOE YHCIIO Z,Z, = (8,8, -bb,) + (ab, +a,b)i

4) MoayineM KOMIUIEKCHOTO 4YHCJIa Has3bIBAaeTCSd JUIMHA BEKTOpa
COOTBETCTBYIOIIETO A’TOMY KOMIUIEKCHOMY YUCITY HA INIOCKOCTH U BBIYHUCIISIETCS

o dopmyie: |Z]=r=+a’+b’.
5) ApryMeHTOM KOMILIEKCHOTO YMCjia Ha3bIBAC€TCSA Yroji, 00pa30BaHHBIM
BEKTOPOM C TMOJIO)KUTEIBHBIM  HAIPABICHUEM JEHCTBUTENBHOM OCH H
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BBIYMCIIICTCS 1Mo dopmyne: argz=arg(a+bi)=¢+22K. T. o. mngd Kaxmaoro

KOMIUIEKCHOT'O YHCJIa MOKHO YKa3aThb OECKOHEYHOE MHOXKECTBO apTyMEHTOB.
JU1st HaX0KIEHHsI ApTyMEHTa HE0OXO0UMO:
1. Onpenenuth B KAaKOM  KOOPAMHATHOM  YETBEPTH  HAXOAMUTCS
KOMIIJIEKCHOE YHCIIO.
2. HaiiTu B 3TOi1 UeTBEpTH yroJi peliuB ypaBHEHHUE:

tg¢:§; ¢:arctg§:¢+7zk, kez.,

Ilpumep 7.
Pemmmre xBagpaTHOE ypaBHEHHUE: X° -6x+13=0.
Pewenue:
BBIYHCIIUM KOPHU KBaIPATHOTO YPaBHEHUS uepe3 JUCKPUMUHAHT:
6£+/36-4-13 6+36-52 6++-16 6%,16-(-1) 64i
T, T T2 T2 T2
x = OEH _2B¥2) g 5, =3-2i
2 2
[MosydeHa mapa B3aWMHO - COMPSDKEHHBIX KOMILUICKCHBIX uucen 3= 2i,
rne a=3b=2.
3aMeTuM, 4YTO BCSKOE alreOpanvyeckoe ypaBHEHHE CTEHEHH N UMeeT
POBHO N KOpHEH, CpeI KOTOPBIX MOTYT OBITh KaK ACUCTBUTEIbHBIE (pa3InYHbIC
WIM paBHbIE), TaK U KOMIUIEKCHbIE (00s3aTENIbHO TOMNApPHO B3aUMHO —
CONPSKEHHBIE) KOPHHU.

Tpu20H0MempuquKaﬂ d)OpMCl KOMNJAEKCHO20 Hucia

3amuch KOMIUIEKCHOTO uncia B Buje &+0bi=r(Cos@g+ising) yaspipaercs
TPUTOHOMETPHUUECKON (POPMOI KOMIUIEKCHOTO YHCTIA.

Heticmeus  Hao0  KOMWJIEKCHbIMU  YUCIAMU, NPEOCMABIEHHLIMU 8
MPU2OHOMEMPUIECKOLU hopme

Han kOMIUJIEKCHBIMH — 4YHMCIIaMd B TPUTOHOMETPUYECKON  (opme
BBITIOJTHSIOTCSL JIEUCTBUSL YMHOKEHHSI, JEJCHUS, BO3BEICHHUS B CTENEHb H
U3BJICYCHUE KOPHSA N-0il CTENEHHU.

[lycte manbl aBa umcia 2z, =1, (COS@ +isSing) u z,=r,(cosg, +ising,),
TOr/1a:

1) IlpousBeneHHEM KOMIUIEKCHBIX YHCEN Ha3bIBAETCS KOMIUIEKCHOE
YHUCJI0, KOTOPOE BBIYHUCISIETCS 110 hopmyie: z,Z, = NI, (Cos(4 + ¢,) +isin(4 + ¢,))

2) YacTHBIM KOMIUIEKCHBIX YHCEJN Ha3bIBAETCSI KOMIUIEKCHOE 4YHCIO,

KOTOPOE BBIUUCIIACTCA 110 hopMyIIe: L. %(cos(¢l -¢,)+isin(¢ - ¢,))
2 2

3) Jlist Bo3BeJieHUs B cTeleHb: Z" =r"(cos(ng) +isin(ng)) .
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Ilpumep 8.

+2i°

1
Yupocture: ———.
p +3i%

Pewenue:
YOPOCTUM JpoOb (IOHU3UM CTENEHb YHUCIHUTENId W 3HaMEHaTels),
ucnon3ys (i’ =-1):
i°=i"it = (%)% = (-D%i =i;
i21 — i20i1 — (i2)10i — (_1)10i — |

[ToacTaBuM MoOTy4YeHHBIE BRIPAKECHHSI B ICXOHYIO IpOOb U TIpeodpaszyem

ee:
142° 1420 (1+2)@L-3) 1-3i+2i-6i° 1-i+6 7-i 7 i
1+3i% 1+3i  (L+3i)(L-3i) 1+9 10 10 10 10
Ilpumep 9.
Borunciute: (+/2(cos10° +isin10°))? - 2(cos40° +isin 40°)
Pemienue:

JUTSI TIEPBOTO KOMILIEKCHOTO YHCJIa MCHOJb3yeM (OpMYyITy BO3BEIICHUS B
CTENEHb, a 3aTeM BOCIOJIb3yeMcsl (HOPMYJIOM TPOU3BEACHUS KOMILJIEKCHBIX
YUCE:

7

2(cos 20° +isin 20°) - 2(cos 40° +isin 40°) = 4(cos 60° +isin 60°) = 4(% +i ?3) =2+ 24/3i.

Hna  useneuenus «KopHs N-ti cmenenu W3 KOMIUIEKCHOIO YHCIA
r(cos @ +isin @) ncromns3yercst hopmyia:

ZkZQ/r(COS¢>+isin(p):Q/F(cos(“Z”k go+2;zkj’

+isin
n
rae ¥/r - apudMeTnuecKuii KopeHs, k =0,1, 2, ..,n—1.

Ilpumep 10.
Pemmure ypaBHeHue: x2-2x+10=0_

Pemenue:
JUTSL  pelIeHUs] BOCTONB3YeMCS OOBIYHBIMH (POPMYJIAMH  BBIYUCIICHUS
KOpPHEHN KBaJPaTHBIX YPAaBHEHUN:

a=1 b=-2, c=10,
D =b?*—-4ac=(-2)?-4-1-10 =4 —40 = —36.
_-b+yD _244-36 _2+./36-(-1) _2+V36:i° _2+6i _2(1+3i)

X
L2 2a 2 2 2 2 2
HOJ’IY‘-II/IJII/I napy KOMIIJICKCHBIX B3aUMHO COHp}DKeHHBIX KOpHeﬁ.

=1+3i.
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3aoanusn 011 cAamMoCmMoOAMENIbHO20 PEULeHU:

1 BapuaunTt 2 BApUAHT
Nel. Brinonnute nevictBus, | Nel. Brinonnute JICHCTBUS,
BBIUMCIIUTE APryMEHT W MOAYJIb | BBIYUCIUTE AapryMeHT U  MOAYJIb
KOMILICKCHOT'O YHCIIA: KOMILJIEKCHOT'O YHCJIa!
2 +15
1 1-iv3 ). 1) 1+ .
) — | 1437
2) @-i)°;
2) 4+ (1+i)° —(@1-i)%; ( )” -
. 4l cos—+isin=—
3) (2+3i) . 3) ( 3 3)
-2 "
V2| cos” +isin” 1=
4 4 Ne2. Pemure ypaBHeHue:
2 _
Ne2. Pemnre ypaBHeHUe: x“+3x+4=0.
x*-6x+13=0.
4 BapuaHT 3 BapuaHT
Nel. Beimonnute neiictBus, | Nel. Bemomnnute JICHCTBUS,
BBIYUCIIUTE aApPryMEHT ¢  MOJYJb | BHIYUCIUTE apryMeHT H  MOIYyjb
KOMILICKCHOT'O YHCIIA: KOMIIJIEKCHOT'O YHMCJIa;
—2i% 3+3i .
o 1)~
1-3i 1+1
2) 5+ (2+i)2 —(1—i)*; 2) 4+(@1+i)° —(@-i)°;
3) _2(cos40° +isin40°) - 3) 4(cos10° + isin10°)-%(cos 20° +isin 20°).
(\/§(coslo° +isin 100))
) p ' No2. Pemute ypaBHeHue:
N;_) . Pemnre ypaBHeHue: 9x%+12x+29=0.
x“-4x+16=0.
5 BapuanT 6 BapuanT
Nel. BrinmonaxuTe neiictBus, | Nel., Brinonnute JIefCcTBUS,
BBIYMCIIUTE aApPryMEHT ¢  MOJYJb | BBIYUCIUTE apryMEHT H  MOIYyJhb
KOMILICKCHOT'O YHCIIA: KOMILJIEKCHOT'O YHClIa:
1+ 2i* 1+2i
1) ==, 1 ;
) 1-3i% ) i
g) —Y2+i®. 2) (-ik2+i) .
i+i* 3_ij

3) 4lcos360° +isin360°)
2(cos60° +isin60°)

3) 3(cosz +isinz)- 2(cos% +isin %) :

Ne2. Pemnre ypaBHeHHeE: Ne2. Pemmre ypaBHEeHHE:

2 5x’+x+1=0. x2-2x+4=0.

7 BapHaHT 8 BapuanT

Nel. Brinonnute nencteus, | Nel. Brinonnute JICUCTBUS,
BBIUMCIIUTE APryMEHT W MOAYJIb | BBIYUCIUTE AapPryMEeHT U  MOAYJIb
KOMIIJIEKCHOT'O YHCJIa: KOMIIJICKCHOT'O YHCJIa:

1) 2+3i+(1-i)%;
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2) @+i); 1+iV3 |
2(cos;+isin ;j 11_.|
3 : —I.
) i24_i2 2) 2i19 ,
No2. Pemute ypaBHeHue: 1-2iy
x*-4x+13=0. 3) -
2(cos”+isin ”)
6 6

No2. Pemute ypaBHeHue:
4x*-20x+26=0.

9 BapuaHT

Nel. BeimosnHuTe AEUCTBUS, BBIUUCIUTE APTYMEHT U MOAYJb KOMILJIEKCHOTO
quca;

1+ 2i
1)

=17 1
I

; 3) V2(cos120° +isin120‘))-g(cosﬁoO +isin60°).

) L2

No2. Pemnre ypaBHEHUE:
x*-2x+26=0.

Konmponvnwie eonpocwi:

1. Haiite onpenenenue anredOpandeckoil GpopMe KOMILUIEKCHOTO YUCIA.

2. llepeuncnure JIEUCTBUS HaJ KOMILIEKCHBIMH YHCIIaMU,
MIpeCTaBICHHBIMH B aireOpanyeckout opme.

3. JlaiiTe ompeneraeHne TPUTOHOMETPUUYECKON (GopMe KOMIUIEKCHOTO
qHcia.

4. Tlepeuncnure JICUCTBUS Hajg KOMILJIEKCHBIMHU qHuCJIaMU,
MPECTaBICHHBIMH B TPUTOHOMETPHUUYECKOM (hopme.

Jumepamypa: 2, §1-5, c. 15-76]

IIpakTHyeckoe 3ansitue Ne 3
CreneHu c AeliCTBUTEJIbHBIMY NOKA3aTeJsIMHI, UX CBOMCTBA

ILlenwv pabomor:

CMYOeHm O0JIHCEH:

3HAMb.!

- OCHOBHBIC MOKa3aTeIbHBIC TOXKIECTBA;

- CBOICTBA CTENEHEH C ACHCTBUTEIbHBIMH MTOKA3aTCIISIMU;
ymemy:

- BBIUHCJISATH CTEIICHH C JCHMCTBUTEIBLHBIMU ITOKA3aTCIISIMHU.

Ceedenusn u3z meopuu:

HOBTOpI/IM OIIPpCACIICHUA noHAmMuUA cmeneru C HaTypaJlbHbIM, HYJICBBIM,
HCJIbIM OTPHULATCIBHBIM U PAllMOHAJIBHBIM ITOKAa3aTCISIMU
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a”:w; a"=1/(a"); a°=1, a#0; a™"=v/a"
n pa3
meEZ, nEN, n>2.
HOBTOpI/IM CBOMCTBA CTCICHEH C paduOHAJIbHBIM ITOKAa3aTCJICM:
IIPH JTFOOBIX X U Y CTIpaBe MBI paBEHCTBA!

a‘a’=a"",

a'la’=a’";

(2)=a”;

(ab)’=a’b";
(a/b)*=a’/b"

Cmenens ¢ OeticmeumenvbHbIM nOKa3amenem

CBolicTBa CTENEHEHN C ICUCTBUTEIBHBIM ITOKA3aTEIEM:

1. a¥=a"'"™ a>0,y, kEN, x€Z.

2. a0, a>0, X€R (mobas cTemeHb MOJOKHUTEIBHOIO YHCIIA
MIOJIOKUTEIIbHA).

3. a">1 npu a>1, x>0.

4. a’<1 mpm a>1, x<0.,

5. 1*=1 (yr00as cTeneHpb eAMHUILI PABHA €IUHULIE).

6. a"<1 npu 0<a<1, x>0.

7. a*>1 npu 0<a<1, x<0.

8. Eciim a>1, a#1, To ais a1000r0 MOJIOKUTEIBLHOTO Ynciia b cyecTByeT
¢IMHCTBCHHOE JCHCTBUTEIILHOE YKCIIO X TaKoe, 4yTo a =b mpu b>0.

9. JIro6as mosioxkuTEIbHAS CTENIEHb HYJISI paBHA HYIIIO.

Kpome mnepeunciieHHBIX CBOWCTB Ba)KHO OTMETUTh TPH CBOMCTBA, HA
KOTOPBIX OCHOBAaHO PEIIEHUE IPOCTEMIINX IOKA3aTENbHBIX YPABHEHUU H
HEPABEHCTB:

10. Ecam @*=a’, To Xx=y npu a>0, X, y#£1.

11. Eciu a*<a’, To x<y mpu a>0.

12. Ecim a*<a’, To x>y npu 0<a<l.

[IpaBuna neucTBUsT HaA CTENEHSAMHM C JCUCTBUTEIBHBIM ITOKA3aTEIIEM
BBIpaKaIOTCS hopMysamMu (TOXKIECTBAMH):

13. a“aP=a™*P.

14. a*:aP=a"",

15. (a*)"=a™.

16. (ab)*=a"b” npu a>0, b>0.

17. |ab|*=|a]®|b|* npu ab>0.

18. (a/b)*=a“/b" mpu a>0, b>0.

19. |a/b]*=|a]”/|b]* npu ab>0.

(o]

dopmyibl, oOpaTHbIe hopmynam 1-7, Tak xKe BEPHBHI.

18



Ilpumep 11.

Breruucnure:

Penienue:

YIPOCTUM 3aJaHHOE BBIPAKEHUE, UCIIOJIB3YIO0 CBOMCTBA CTENICHEN:

A 1 1 L 2
71.(1j2_642,32 1.492_(1j2.(1j 1\/_ 3.7_1.1
49 7 64) \3 64 9 7 809
- 1
) 1):2 1—9E _\/— E_‘?’
5 - 5 5 5
L1 217
T n_12 12_ 12 :E,(_ij:_ﬁ_
L4 14 (14 72\ 14) 1008
5 5 5
Ilpumep 12.
2 1
3952 _pt
Beruucnure: %
6425 . 20
Pemenne:

YIPOCTUM 3aJaHHOE BBIPAKEHUE, UCIIOJIB3YIO0 CBOMCTBA CTENEHEM:

2 1
ER @ﬁs(ljz_l g2 [1 1 [@f.l_l 11
83.252-2" 25) 2 25 2 \2) 5 2 20 2 _
640,25 . 20,5 - (26 )0 25 2 0,5 - 21,5 . 20,5 - 22 - 4 -
_2
__20__9
4 80
3aoanusa 01 camoCmoAmeabHO20 PeuleHus:
1 Bapuant 2 BapuaHT 3 BapuaHT

Nel. Beruucnure:
1) 2.2

9 &2 27
3

No2. Vnpocrure:

1

1
b3.b 6.

Nel. Beruuciure:
1) 572.5;
2?)" .16
- .

No2. Vnpocrure:

1 3

a %a“.

Nel. Beruucnure:

1 -2
1 - .
(i)
2) 3/-27 +014/81 1.
No2. Vmpocrure:

3 1

x 4x2,
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4 BapuaHT
Nel. Beruuciure:

1) (V5)";

2) @3

Ne2. Ynpocrure:

5 Bapuaur

Nel. Beruuciure:

1
1) 5-83;
2) ({/5).
Ne2. Ynopocrure:

2 1

6 BapuaHnrt
Nel. Beruuciure:

1
1) 362-2;
2) V324 :
4/a
Ne2. Ynopocrure:

No2. Vmpocrure:
7
ENES

No2. Vnpocrure:
5

v 3ly.

3\ s c3c? 1\73 2

(J’ 4} y2. 1 (x3] x3.
C6
7 BapuaHT 8 BapuanT 9 BapuaHT
Nel. Beruucnure: Nel. Beruncnure: Nel. Beruncnure:
1 1 4 .
1) 162 1) 273 1) 4/0,0001-16 ;
2) 5416 — 0,23/~ 0,027 +¥/1. | 2) §/32-0,00001 . 2) "ij3 _
4
3

No2. Vnpocrure:

23/\Ja —&lab ;b

KOHmpafleble eéonpocwsl:
1. Hepe‘lI/ICHI/ITG OCHOBHBIC ITOKa3aTCJIBHBIC TOXICCTBA.
2. Hepe‘lI/ICHI/ITG CBOMCTBA CTCIICHEH C I[GﬁCTBPITGJIBHBIMPI ITOKAa3aTCIIsIMU.

JIumepamypa: [15, c. 186-188]

IIpakTnueckoe 3ansTue Ne 4
JledicTBHSI CO CTENEHAMM

ILlenwv pabomor:
CMYOeHm Q0JIHCEH:
3HamMb.

- OCHOBHBIC ITIOKA3aTCIIbHBIC TOXKACCTBA,

- CBOICTBA CTENEHEH C ACHCTBUTEIbHBIMM MMOKA3aTCIISIMU;

yMemy:

- BBIYHUCJIIATBH CTCIICHU C I[GﬁCTBPITGHBHI)IMH II0KAa3aTCJIsIMU.

Ceedenusn uz meopuu:
CBolicTBa CTENEHEN C IEUCTBUTEILHBIM ITOKA3aTEIICM:

1. a¥=a®'0" a>0, y, kEN, X€Z.

2. a>0, a>0,
MOJIOKUTEIIbHA).

X€R  (nrobas

3. a">1 npu a>1, x>0.
4. a’<1 mpm a>1, x<0.

CTCIICHb

IIOJIOXHUTECIIBHOT'O  4YHCJIa
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5. 1"=1 (mo6as cTeneHb eAUHUIEI PABHA CIUHUILIE).

6. a"<1 npu 0<a<1, x>0.

7. a">1 npu 0<a<1, x<0.

8. Eciim a>1, a#1, To aJis 11000r0 MOJIOKUTEIILHOTO Yhciia b cyecTByeT
¢IMHCTBEHHOE JICHCTBUTEIBHOE YHCIIO X Takoe, 4To a' =b mpu b>0.

9. JIro6ast mosioxKUTENbHASI CTENIEHb HYJISI paBHA HYIIO.

Tax ke npH yIpOIICHUM BBIPAKCHUMN, COAEPIKAIMX CTEIICHH TI0Ib3YIOTCS
dopmyramu: a’°=1, a#0; a""=¥a" , mEZ, nEN, n>2.

Ilpumep 13.

Pemute ypaBHeHue: x° =11.

Pewenue:

T.K. CTEIICHb YPABHEHUS 5 — HEUETHOE YUCJIO, TO YPABHEHUE UMEET OJUH
KOPCHb: x = 1.

Ilpumep 14.

3b8 4
YHpOCTHTe =
Pemenue:

HCIIOJIB3Y CBOKMCTBA CTGHGHeﬁ, NMCCM:
24%p8c? a4 Ict®  glplle!  pit

6a’b3c® 3 -3 3ac’
Ilpumep 15.
Borunciure: §/7-+17 -3/7+17 .
Pemenne:

HCIIOJIb3YsI CBOMCTBA CTENEHEH, UMEEM:

717 87417 =3[0 -7 7+ V17) =372 - (AT)? =449 -17 =

—Y32 =32 =2
3adanus 011 CamMoCmoAmMenbHO20 PEULeHUA:
1 BapuaHT 2 BapuaHT 3 BapuaHT
1) Beruucnure: 1) Beruucaure: 1) Beruucnure:
\/ \/ lf{/_ 27 + 5‘{/0,0081 + 3% ) 2,56{/6_4 +10%/-0,125 + 81‘\9/1 .
625 2 2) Pemuth ypaBHeHHe:

2) PeHII/ITB ypaBHEHHE: 2?3 Pemuth ypaBHEHue: =16
x® =11. X +24=0. 3) Yopocrure:
3) VipocTure: 3) Yupocrure: :

43+/5 -4/3-5 . Sa”-a

3-a?
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4 BapuaHT
1) Beruucnure:

g‘{/s_l +4%3/-1-93/0,008.

2) Pemnts ypaBHEHUE:

S Bapuanr

1) Beruucnure:
2 3 2 2

273 —814 + 643 —325,

2) Pemuth ypaBHEHUE:

6 Bapuanrt
1) Beruucnure:

1
16075 +4-(ij2.
25

1) Beraucnure:
2 l 0,5
8° —3-(-} .

49

64x° =1.

3) Yopocture:
3 3

(a*)a 2.

2) Pemuth ypaBHEHUE:

1) Beraucure:

81°% + 4. (0,25)3 :

2) Pemmith ypaBHEHUeE:

x°+32=0.
3) Ynpocrture:

N

3
4

XX

1
x4

4 =80, x® =-18. 2) Pemmth ypaBHEeHHE:
3) Vpocrure: 3) Yopocrure: 2x°-128=0.
b+ 7% 32332443 3) Ympocture:
71p% a-2a""b™ +b
a+b
7 BapuaHT 8 BapuanT 9 BapuaHT

1) Beraucure:
1

= 1
125% —5.(0,16)2.
2) Pemuth ypaBHEHHE:
x*+8=0.
3) Yupocrture:

‘{/6+@-‘{/6—@.

KOHmPOJleble eonpocwsl:
1. Hepe‘-II/ICJ'II/ITe OCHOBHBIC€ ITOKa3aTCJIBHBIC TOXICCTBA.
2. Hepe‘lI/ICHI/ITG CBOMCTBA CTCICHEH C ICUCTBUTEILHBIMU ITOKA3ATCISIMU.

JIumepamypa: [15, c. 186-188]

IIpakTuyeckoe 3ansitue Ne 5

JecATHYHBbIC U HATYPAJbHbIE JOrapu(MbI

ILlenv pabomor:

CMYOeHm QO0JIHCEH:

3HANnb.

- onpeneneHue jgorapudma
- CBOICTBa JOrapu(MoB;

ymemn:

- BBIYUCIIITH JIOTapu(PMBI 110 JIFOOOMY OCHOBAHHMIO.

Ceedenusn uz meopuu:

Jlorapudmom umcia b mo 0OCHOBaHHUIO @ Ha3bIBACTCS MOKA3aTeNb CTEICHH

(x), B KOTOpYIO HY>KHO BO3BECTH OCHOBAaHHUE d, YTOOBI MOJYYUTH YUCIO D, T.e.

log.b=x — a*=b.

[Ipu pabGore ¢ norapudpmMamu TPUMEHSIOTCS CIEIYIOUIUE HUX CBOMCTB,

BBITEKAIOIIINE U3 CBOMCTB MOKa3aTeIbHON (DYHKITUU:
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1. a°%=h (rge b>0, a>0 1 a#0) HA3BIBAIOT OCHOBHLIM NO2APUPMULECKUM
MOoHCOeCmBEoM.

[Tpu ar000M a>0 (a£0) 1 MFOOBIX MOJOKUTCIBHBIX X U ) BBIMOIHSIIOTCS
paBeHCTBA:

2. 10g,1=0.

3. l0g.a=1.

4,  Jlorapudm  TPOM3BENCHUS  pPaBEH  CyMMe  JIOTapu(MOB:
log.xy=log.x+log,y.

5. Jlorapupm dgactHOro paBeH pasHocTH Jjorapudmos: 10g,(x/y)=10g.x-
log,y.

6. Jlorapudm crereHn paBeH NPOU3BEICHUIO IOKA3aTes CTCIICHH Ha
jorapudM ocHOBaHMs 3ToH crerenn: 10gx*=klogax.

OcHOBHBIE CBOWCTBa JIOTAPU(MOB IMUPOKO TIPUMEHSAIOTCS B XOJC
npeoOpa3oBaHus BRIPAKEHUH, cojepx)ammux Jorapudmel. Cpenu HUX Gopmyra
nepexoaa K HoBoMy ocHoBauuio: logx=logyx/logya. Ota dhopmyna BepHa, eciu
00e¢ ee yacTH UMEIOT CMBICH, T.€. ipu X>0, a>0 u a0, b>0 u b#£1).

[To  mpaBwiny  morapudMUpPOBaHHS ~ CTEIIEHH W OCHOBHOMY
JOTapUPMHUUECKOMY TOXKIECTBY TOTYIaeM:

logpx=l0g(a"%"), otryna logpx=10g.x-logsa. Dty dopmyiry Tak e MOXKHO
WCIIOJIb30BATH JIJIS YIIPOIECHUS BhIPAKCHHI.

C nomormipio GopMyIibl epexoga MOXKHO HAUTH 3Ha4YeHHUE Jorapudma c
IIPOU3BOJILHBIM OCHOBAHHEM a, UMes TaOJUITBI JIorapu(MOB, COCTABICHHBIC JIJIS
KaKoro-HUOYyb ogHOro ocHoBaHMs D. Hambosiee ymoTpeOWTENbHBI TaOIUIBI
JNECATHUYHBIX W  HATypaJlbHBIX JorapudmoB (decsmuunbimu  Ha3bIBAIOT
gorapupmbl 1m0  ocHoBaHuio 10 wu oOosnavator 1y, a mamypanvubiMu
jorapupMaMy Ha3bIBAIOT JOrapruMbl 10 OCHOBaHUIO e~2,72 1 0003HavaroT In).

Ilpumepl6.

Berancnure 10gg 57.

Pemienue:

BOCIIOJIb3yeMcsl (popMyIioi mepexojia K HOBOMY OCHOBAHHUIO U TepenieM
K ocHoBaHu0 10:

log.x=logyx/log,a
logo 37=109107/109:00,3=1g7/1g0,3.

[Tonp3ysach KaabKyJIATOPOM WM CHEHHAIBLHBIMU TaOJMIIaMU, HaIIpUMED,
tabnuiei B.M. Bpanuca, Haxoauwm 3nauenue 1g7=0,8451.

Ucnions3ys 5 u 3 cBoiicTBa orapumMoB, BEIYUCIISIEM

1g0,3=Ig(3/10)=Ig3-1g10=0,4771-1=-0,5229.
HUrak, logg37=0,8451/(-0,5229)=-1,6162.

Ilpumep 17.
Beraucnure: (1g72-1g9)/(1g28-1g7).
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Penienue:

UCIIOIBL3YA 5 U 6 cBOMCTBa Jiorapu(MOB, BBIUUCIISIEM
lg72-1g9=Ig(72/9)=Ig8=1g2°=31g2;
1g28-1g7=Ig(28/7)=lg4=1g2°=2lg2.

Urak,

(Ig72-199)/(1g28-197)=(31g2)/(21g2)=3/2=1,5.

3adanus 014 camocmoamenbHo20 peueHun:

1 Bapuant
1) Beraucnure 10gg 5.
2) JlaHo:

2 BapHMaHT
1) Beraucnure logz 0,1.
2) Boruucnure:

3 BapuaHT
1) Beraucnure 10ggsl.

2) Mano: log, 2=m,

Ig3=2a,lg5=>b. 1 Ig9 2 g8 Boruucnure: log,, 28
Bsraucnure: 109,30 2 3. '
4 BapuaHT 5 BapuanT 6 BapuaHT

1) Beruuciure logg 4.
2) Boraucure:
log , 144 —19g1000 +

12

1) Beruucaure 10g29.
2) Borauciure:
lgx=2Ilg3+3Ig2.

1) Beruuciure 10gg 310.
2) Boraucnure:

Iogs(3\/§+\/§)+
+ Iog5(3\/§—\/§).

+ 7—Iog7 9
7 BapuaHT 8 BapuanT 9 BapuaHT
1) Berauciure 10go370. | 1) Beraucnure 10go320. | 1) Beraucmute 109 330.

2) BBIUMCINTD:

2Iog£(\/§+1)—
—Iogl(\/§+2)

lg?7-1
Ig70

2) Boruucnure:

2) Beruucnure:

Iog7(5\/§—1)+
+Iog7(1+5\/§).

Konmponsuwvie éonpocwi:
1. [aiite onpeaeneHue jgorapudma vucia.
2. Ilepeuncnure cBoiicTBa JOTaprU(MOB.

Jumepamypa: [5, c. 232-235]

IIpakTuueckoe 3ansitue Ne 6
IIpeoOpa3zoBanue JorapupMmuuecKnX BbIPaKeHUil

Ilenv padomuwr:

CMYOeHm O0JIHCEH.

3HAMb.

- ompejereHue jJorapupma dncia;
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- (opmysbl OCHOBHOTO JIOTapU(PMHUUYECKOTO TOXKJIECTBa, Jiorapudma
MPOU3BEJCHUS, YACTHOIO, CTEMEHH, TNepexoia OT OJHOW CHUCTEMBI
jorapudMoB K Ipyroi;

ymems.

- BBIYUCIISITH 3HAYEHUST HECIOKHBIX JIOTapU(PMUYECKUX BBIPAKEHUN.

Ceéeodenusn uz meopuu:

Jlorapugmom umcia b Mo OCHOBaHWIO @ HA3BIBACTCS MTOKA3aTEeNb CTCIICHH
(x), B KOTOpYIO HYKHO BO3BECTH OCHOBAaHHUE @, YTOOBI MOIYYUTHh duciio b, T.e.
log.b=x — a*=b.

[Ipu pabote ¢ norapudmMamMu TPUMEHSIOTCS CIEAYIOIINE HX CBOMCTB,
BBITCKAIOIIHE U3 CBOWCTB MOKA3aTEIIbHON (DYHKIIHH:

1. d°%"=p (rme b>0, a>0 1 a#0) HA3BIBAIOT OCHOBHBIM TO2APUPMULECKUM
MOoHCOECmMBOM.

[Tpu mo6om a>0 (a#0) u JHOOBIX MOJOKUTEIBHBIX X U ) BBITOJHSIIOTCS
paBEHCTBA:

2. 10g,1=0.

3. logaa=1.

4.  Jlorapudm  mOpousBeAeHHS ~ paBE€H ~ CyMMe€  JIOrapu(pmoB:
log.xy=log.x+log,y.

5. Jlorapupm dvactHOro paBeH paszHocTH jorapudmon: 10g,(x/y)=10g.x-
log,y.

6. Jlorapudm cremneHn paBeH MPOU3BEACHUIO IMOKAa3aTessl CTETIICHH Ha
sorapudM ocHoBaHus 3ToM crerenn: 10gx*=klogax.

OCHOBHBIC CBOWCTBa JIOTapU(MOB IIHPOKO MPHUMEHSIOTCA B XOJE
npeoOpa3oBaHus BRIpAXEHUH, coaepxkammx jJorapudmel. Cpean HUX GopMmyia
nepexoaa kK HoBoMy ocHoBauuio: logx=logyx/logya. Ota dhopmyna BepHa, eciu
00¢ ee 4acTH UMEIOT CMbICH, T.¢. ipu x>0, a>0 u a0, b>0 u b#1).

[To  npaBuiay  morapuMHUpPOBaHUS ~ CTENCHHM M OCHOBHOMY
JOrapu(pMHUUECKOMY TOXKICCTBY MOTyIaeM:

logpx=10g(a"%"), otxyna logpx=10g.x-l0gsa. Dty dopmyiry TaK xe MOKHO
UCIIOIb30BATh /IS YIPOIIEHHUS BHIPAXKCHHI.

Ilpumep 18.
Brruucnure, UCTIOJIBb3YSI omnpezeieHue jorapudma qrcia

log,;3/169 +log,, /121,

Penienue:
BBIYHCIIUM OTACIBHO KaXKIbIH JIorapuM:
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log,,¥/169 = x,
13* =3/169,
13" =3/13?,

Ilpumep 19.

Brraucnure,
1031921

Pemenue:

WCTIOJIb3YS

OCHOBHOC€

15

jorapudmudeckoe

2 2 _6+10_16 _
Bepremcs B mpumep: 109,,%/169 +log,, /12 _E 227

TOXACCTBO.

HCIIOJIb3YA CBOMCTBO CTCIICHH, Pa3JIOKUM OAdHHOC BBIPAKCHUC Ha

MHOXHNTCJIN:

103|g 2-1 — 103|92 .10—1.
I/ICHOHB?)YH 6 CBOﬁCTBO JIOI‘apI/I(l)Ma CTCIICHHU, UMCCM.

103I92—1 :103I92 107 :10|g23 i
10
Hcnonb3yst ocHOBHOE JIoTapu(hMUUECKOE TOXKIECTBO, UMEEM:
109921 —10°92 101 =107 . L —p3. L _ 8 _gg
10 10 10
3aoanusn 013 CAaMoOCmMOAMENbHO20 PEUIEHUA:
Beruuciure:
1 BapuaHT 2 BapuaHT 3 BapuaHT
1) l09160,5; 1) l0ge4(1/16); 1) log,8’;
2) 100°*; 2) 5%, 2) 360510 V5
lg4 g4 lg3+1g27
3) —— . 3) = 3) 2230
) lg64—1g8 ) lg16-1g8 ) Ig9
4 BapuaHT S BapuaHT 6 BapuaHT
1) Iogo »0,08; 1) 1g0,01; 1) logs0,04;
1 .2 log, 3+2log, v/3 . Ig~/5 |
2 492 og ; 2) 4 2 : 2) 0,017
3 : I ' '
) 1970 930 log, v16
/ BapHaHT 8 BapuaHnT 9 BapuaHT
1) log ;8 1) log ;27 o
s 1) 199943

26



2) 25'095 3_|092527; 2) 100Ig£+lglo; 2) 1000I910—Ig\@;
Ig8+1918

3) go+iglo 3) Iog316. 3) log, 8 +Iog527.
2lg2+1g3 log, 4 log;16 log; 9

Konmponwvuwvie gonpocwi:
1. Maiite onpeaenenue gorapudma yucia.
2. Ilepeuncnure cBoicTBa JorapudmMos.

Jumepamypa: [5, c. 232-235], [15, c. 196-197]

IIpakTHyeckoe 3ansitue Ne /
IIpeoOpa3zoBanue MoKa3aTeIbHbIX BbIPAKECHUN

ILlenv pabomor:

CMyOeHm 00JIHCEH:

3HAMb!

- CBOICTBA CTEIICHEH;

- CcrocoO0BI pelIeHHs TT0OKa3aTeIbHbIX YPAaBHCHUM;

ymems:

- peuaTh ypaBHEHUs, COJICprKalie MEPEMEHHYIO B IOKA3aTeJIe CTEICHM.

Ceedenusn uz meopuu:

VYpaBHeHHe, cojepKaliee IEepeMEeHHYI0 B TIOKa3aTene, Ha3bIBaeTCs
NOKA3amenbHbIM.

IIpn pemieHny noka3aTeybHBIX YPABHEHUN BUIA a'W=g"® (roe a>0, a#0)
HCIIOJIB3yeTCs clieyrolee cBoiictBo: (2 ¥=a“®)— (f(x)=k(x)).

[IpeoGpa3oBaHHe [OKAa3aTeNbHOTO ypaBHeHHs K Bugy —a 0=a®
BBITIOJHAETCSI MHOTHMH cItoco0amu. PaccMOTprUM HEKOTOPBIE CIIOCOOBI.

Ilpumep 20.

2-Tx+12
Pemmre ypasaenue: 2° 7 =1,

Pemenmue:
0
110 ONPEAECICHUIO HYJIEBOTO TTOKa3aTesl CTeNeHu: 1=2", moIydum:
2x277x+12 — 20

ITo ceoiictBy (a'®=a"®)—(f(x)=k(X)), momyuaem OOBIYHOE KBampaTHOE

ypaBHEHHE, KOPHU KOTOPOTO BBIUUCIISIEM Ye€pe3 JUCKPUMUHAHT:
x2=7Tx+12=0,
x1=3, x,=4.
OTser: 3, 4.

Ilpumep 21.
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2x
1
P | —— | =128
CIINUTC ypaBHeHI/Ie (o’lzsj

Pentenue:
MpuBeIeM 00€ YaCTU YPaBHEHHS K OCHOBAHUIO 2:

2x
1) 18
0,125

(1000}“ o
125 ’

82x — 27
(23)2x — 27’
207 =27,

TTo ceoitcay (a'®=a")—(f(x)=K(x)), momyuaaem 6x=7 u x=7/6.
Ortser: 7/6.

Ilpumep 22.
Pemure ypasrenue: 2°° =57,
Pemenue:
paszenuB 00e YaCTH yPaBHEHMS Ha OHO ¥ TO XKe YHCI0 57, oIy drM:
2x—2 5x—2
5x—2 = 5x—2 !
2x—2
=1,
S5
2 x-2
) (3]
x—2=0,
x=2.
Otger: 2.
Ilpumep 23.
Pemmre ypaBHenue: 2 —2° =112,
Pewenue:

BBIHECEM OOIIUIT MHOKHUTEID 2* 38 CKOOKY, ITOTyUHM:
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Ortser: 4.

3aoanus 01a camocmoamenbHo20 peuenHun:

Pemnite ypaBHEHUS:

2% -2 =112,
2°(2° -1) =112,
2" -7=112,

2" =112/17,

2" =16,

2" =2,

x=4.

1 Bapuant 2 BapuaHT 3 BapuaHT
) @ m 1)27=5" 1) 3=7"
D=l =|=1; 1 | Qr _
3 4 2)3 2 9 - 2) 3" +3° =108.
2) 27 . 32(x+1) _ 3x+2 — 2 . B +1
-4 2-32
4 BapuaHT S BapuauT 6 BapuaHT
1) 53=2%" = 1) 3°=81;
2) Ds® =7 2) 0,015/01=10"
7.3x+1_5x+2:16.3x+l_5x+3. 2)5er :5x+4
7 BapuaHT 8 BapuanT 9 BapuaHT
x-1 , 3 3x-7 7 7x-3 18x2_5x_11 _5g83-
1) 9 2 = 27x _1; 1) [?j :(Ej , 1) 1 - ’
x-2 L ox—4 — X - X
2) 472 -17-2"* +1=0. 2) 05 -1 2) 10004/0,1=100".

Koumponwnwie éonpocwi:
1. Yto Ha3bIBaeTCs MOKa3aTeIbHBIM ypaBHEHUEM?

2. 3anummure
MOKa3aTeJIbHBIX YPaBHCHUH.

CBOMCTBO,

KOTOpOE

Jumepamypa: [4, ¢.62-63]

IIpakTnueckoe 3ansiTue Ne 8
IIpeoGpa3zoBanue jJorapupMudecKuX BbIpasKeHUI

Ilenv pabomor:
CMYOeHm Q0JIHCEH:
3HAMb.

- onpeneneHue jgorapudma;
- CBOWCTBa JOTapU(MOB;

HCIIOJIb3YIOT

IIPU  PELICHUU
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ymemy.
- pemaTh ypaBHEHUsI, COJEpKalle EPEMEHHYIO MO/ 3HAKOM Jiorapudma.

Ceéedenus uz meopuu:

VYpaBHeHue, coieprkaliee MEepeMEHHYIO IMOJ] 3HaKoM JjiorapudmMa wid B
OCHOBAHUM JIoTapu(Ma, Ha3bIBACTCS J102aAPUPMUUECKUM.

Paccmotpum nipocTeiimee Jiorapupmudeckoe ypasaenue: 10g.x=b.

Jlorapudmuyeckast GyHKIMsS Bo3pacTaeT (WM yObIBAET) Ha TIPOMEKYTKE
(0; +o0) M MpUHUMAET Ha ITOM MPOMEKYTKE BCE JICHCTBUTEIBHBIC 3HAYCHHS.

Teopema o xopHe: mycte ¢yHkuus f Bo3pactaer (yObiBaer) Ha
npoMexxyTke |, umcno a — moboe W3 3HaueHWid, mpuHUMaeMmbix f Ha 3TOM
npomexxytke. Torma ypaBHenume f(X)=a wMeeT CIMHCTBCHHBI KOPEHb B
npoMexxyTke |.

[To BbINIECKa3aHHON TeopeMme clieayeT, 4To Juisi Jiroboro b manHOE
YPaBHEHUE UMEET, U IPUTOM TOJIKO OJIHO, PELICHHUE.

. W3 onpenenenus norapudma yucia cieayer, YTOo TAKUM YHUCIIOM SIBIISIETCS

a.

Ilpumep 24.

Pemmte ypasrerue: 10g,(x*+4x+3)=3.

Pemennue:

JAaHHOMY YPaBHEHUIO YAOBIETBOPSIOT T€ 3HAYCHUA X, ST KOTOPBIX
BBIIIOJTHEHO PAaBEHCTBO: x°+4x+3=2",

IonydaeM 06GBIYHOE KBaAPaTHOE ypaBHEHHE X +4x+3=8 mmm x*+4x-5=0,
KOPHU KOTOPOTO BBIYHMCIIIEM C IOMOIIBIO TUCKPUMUHAHTA: X1=1; X,=-5.

Ilpumep 25.

Pemmre ypaBaenue: 10gs(2x+3)=logs(x+1).

Pewenue:

JaHHOE ypaBHEHHWE OIPEACNICHO ISl TeX 3HAYCHWW X, TPU KOTOPBIX
BBITIOJIHEHBI HepaBeHcTBa: 2x+3>0 m x+1>0 (310 cieayer w3 ompeaesieHUs
jorapudma).

JIJist 9TUX X TaHHOE ypaBHEHHE PAaBHOCWUJIBLHO ypaBHEeHMIO: 2x+3=x+1, u3
KOTOPOTO HaXOJUM X=-2.

Beimonasss mpoBepky, yOexmaeMcs, 4YTo Xx=-2 HE YIOBJICTBOPSCT
HepaBeHCTBY x+1>0. CnegoBarenbHO, JaHHOE YpaBHEHHE KOPHEH HE UMEET.

Ilpumep 26.

Pemmre ypasrenue: 10g”sx-10gsx®-3=0.

Pemenue:

JIAHHOE ypaBHEHHE, BOCIOJIb30BaBIINCH CBOWCTBOM CTEIEHH Jiorapudma,
MO3KHO mepercats B Buze: (10gsx)*-210gsx-3=0.
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CnenaeM 3ameHy
MepernuiieTcss B BHJE:
JTUCKpPUMUHAHT: 1;=3, t,=-1.

IIEPEMEHHOM:

t=logsx,
t2-2t-3=0,

KOPHH KOTOpPOTIoO

TOrga Halc YpaBHCHHC
BBIYUCIIUM  YCPEC3

Bepuemcs k ucxomnoi nepemennoii: 10gsx=3 wmu logsx=-1.
Ucnons3yst omnpenenenue morapudmMa TMOJIy4aeM KOPHU HUCXOJHOTO
ypaBHeHus: x;=5°=125, x,=5"'=1/5=0,2.

3aoanus 01a camocmoamenbHo20 peueHun:

Pemnire ypaBHeHue:!

1
lo IX+—|=2"
1) g;( 25] ’

1 Bapuant 2 BapuaHT 3 BapuaHT
1) log,(5x+6)=0; 1 ng_—5:2_ 1) log, x+log,3=25;
2) lg(x—9)+ X — ’ 2) 4lg® x—2=Igx?,
+2lgv/2x-1=2. 2) 1g(2x) +1g(x +3) =

=lg(12x —4).
4 BapuaHT S BapuanT 6 BapuanT

1) log, (5-log, x)=-2;
2

1) log,(2x-1)=4;
2) 1+1og,(3x+1) =

+1log, (1—2x) =2log, 3.

2) 4lg® x+1gx?2=0. 2)log, (x—x* ~16) =-1. =log, (x* —5).
2
7 BapuaHT 8 BapuanT 9 BapuaHT
1) logs(x-12)=2; 1) log,16-log,2=1/2; 1) logs(x+8)=-2;
2) log,(4—x)+ 2) lg(x-3)+

2) %Ig(x2+2x):
=lgV/x+2.

+lg(x—2)=1-1g5.

Konmponsuwie 6onpocwi:
1. Yrto HazbiBaeTcs JorapuMUIECKUM YpaBHCHUEM?

2. Tlepeuuncnure

CIIOCOOBI

peleHus

YPaBHEHU,

coJiep Kalmx

MEepEeMEHHYIO TI0]1 3HAKOM Jiorapr(ma Wi B OCHOBAaHUU Jiorapudma.

JIumepamypa: [4, c. 66-68]

IpakTnueckoe 3ansitue Ne 9
IIpeoOpa3zoBanue BhIpaKeHUN

Ilenwv pabomor:

CMYOeHm O0JIHCEH:

3HamMb:

- TpaBWiIa
CTEIIEHHBIX BBIPAKCHUM;

ymemy:

npeoOpa3oBaHUs

padrOHAJIbHBIX,

VPPalUOHAIBHBIX,
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- BBIIIOJIHATH Hp€06p330BaHI/ISI PallOHAJIbHBIX, HPppaduOHAJIbHBIX,
CTCIICHHBIX BI)Ipa}KeHHﬁ.

Ceéedenusn uz meopuu:

IIpeobpaszosanue ancebpauyeckux 6vipaxjceHutl, UCTOIb3ys MPUBEIACHUE
npo0Oelt k 001meMy 3HaMeHaTelt0, HOPMYJITbI COKPAIIEHHOTO YMHOKCHHUS.
Dopmybl COKPAUWEHHO20 YMHONCEHUL!

a’ —b?=(a—b)a+b).

(a+b)’ =a? +2ab+b?.

(a+b)’ =a®+3a’b+3ab? +b°.

a’ +b° =(a+b)a? Fab+b?).
rae a, b, ¢ — moOble JeHCTBUTEIbHBIC YHCIIA,
ax? +bx+c=a(x—x Jx—X,)

2
rae a#0, X, ¥ X, — KOpHU ypaBHeHus X + bx+c=0,

OcHogHoe c8olicmBo 0poodu u delicmeust Hao OpodAMU
a-c a a:c

b-c b _E, riae b0, ¢#0;

Eigzaib
cC C c :
gigzad + bc
c d cd :
ac_ac
b d bd,
a.c_ad
b d bc
Ilpumep 27.
a’+b? 2b ab
Yupocrure: [ b J+(a2_b2)+a+b_a2—b2'
Pemenue:

pemiaeM 1o aercTBusaM: 1) aenenue; 2) cioxeHue; 3) BeIYUTaHue.

1) Hcnome3yss QOpMysbl  COKpAIIGHHOTO yMHOXXCHHUS  Pa3sHOCTH
kBajzpaToB: a°—b* =(a-b)(@a+b), cymmsr kybos a’+b* =(a+b)(@® —ab+b?),
MOJTYYUM:

(a3+b3j+(a2_b2):(a+b)(a2—ab+b2)_ 1 _(a®—ab+b%) |
a+b a+b (a-b)(@a+b) (a-b)(@a+b)’
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2) Jns  chaoxkeHuss mpuBeAeM apoOM K 00lIeMy 3HaMEHATEIIO
(a—b)(a+b):

(az—ab+b2)+ 2b  a’—ab+b®+2b(a-h) _

(a-b)a+b) a+b  (a—b)@a+b)
_ a’?—ab+Db?+2ab—2b? _ a’+ab-b?
(a—Db)(a+b) a? —b?

3) BpI11o1HUM BBIYUTAHUE ,Hp06eﬁ C OAMHAKOBBIMH 3HAMCHATCIISIMU
a’+ab-b*> ab _a2+ab—b2—ab_a2—b2_1
a’-b> a’-b’ a’ —b? a’-b®>

lIpeobpaszosanue svipasicenutl, cOOepHCAux paouKaibl

YT0o0BI 0CBOOOIUTHCS OT UPPAMOHATBFHOCTH B 3HAMEHATEIIEe HEOOXO0MMO
U YUCJIHUTENb U 3HAMEHATeNlb JIpOOM MOMHOXKHUTH Ha OJIHO U TO K€ YHCIIO,
COTPSHKEHHOE K 3HAMEHATEIIO.

Ilpumep 28.

J2

OCBO60III/ITGCI> oT I/IppaIII/IOHaJIBHOCTI/I B 3HAMCHATCJIC. \/— .
3+ JE

Penienue:
4TOOBI OCBOOOAUTHCS OT UPPALMOHAIBHOCTH B 3HAMEHATEJIE HEOOX0IUMO
U YUCIWTENb W 3HAMEHATeNlb JAPOOM TMOMHOXHWUTh Ha OJAHO U TO K€ YHUCIIO,

COIIPSKCHHOC K 3HAMCHATCIIIO: (\/§ - \/g), TOrJa IoJIy4ruM:

V2 J2(3-45) _ Jo-vio 610 _J6-+io

J3+45 (ﬁwﬁlﬁ—ﬁ):(ﬁ)ﬂ(ﬁ)ﬁ 3-5 -2

Pewenue uppayuonanvuvix ypagnenuu

Haunbonee dacto HCHONAB3YyEMBIM MpU PELIICHUH HPPALUOHATBHBIX
ypaBHEHUH cmOcOOOB SIBISIETCS BO3BEACHUE O0OEUX 4YacTel ypaBHEHUS B
KBaJpar.

Ilpumep 29.
Pemmnre ypaBHeHue: vx—3=x-9.
Pemenne:

BO3BeJeM 00€ 4YacTH ypaBHEHUSI B KBaJpaT, IPU 3TOM B ypaBHEHUU
MOSIBATCA  TNOCTOPOHHHE KOPHH, TO3TOMY THIPOBEPKA NPU  PELICHUH
UppaLMOHATBHBIX YpPaBHEHUI 00s3aTeNbHA:
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(\/x—3)2 =(x-9);
x—3=x*-18x+81L
x> =18x+81—-x+3=0;

x*-19x+84=0.
[Tonyuunock O0OBIYHOE KBajpaTHOE YypaBHEHHUE, KOPHH KOTOPOTO
BBIYHUCIISIEM Yepe3 TUCKPUMUHAHT: X1=12, x,=7.
BeimosHuM  TpoBEpKy, AJIsI ATOTO TMOJCTaBMM B HAIle HCXOJHOE
ypaBHEHHE TOJIYYUBIINECS KOPHHU:
\V12-3=12-9;
X1:12:
3 =3 (sepno).
J7-3=7-9;
X2:7:
2=-2 (ne sepno).
Ortger: 12.
3aoanus 013 camMoCmoAmebHO20 PeUleHus:
1 Bapuant 2 BapHaHT
Nel. Yopocrure: Nel. Yopocrure:
2
man_Amn) . (.m_ __n _meZ. x 8 ‘x—2x+x+8.
m+n m+n n-m m°—n x> —4  x®+2x 4-x X+ 2

Ne2. OcBoboaurecs OT

J3

V24477

Ne3. Pemmte uppanmonanbHoe
ypaBHEHUE:! Jx=x-6,

HPPATMOHAJIBHOCTH B 3HAMCHATCJIC

No2. OcBobOoaurecs OT
UPPAMOHATBLHOCTH B

23

3HaMeHaTee: —\/— :
57
Ne3. Pemute uppaimonaibHoe

ypaBHEHHE! Jx-5=+3—-x.

No2. OcBoboaurecs OT

RGN

22 7"

No3. Pemmre nppannoHaibHOE
ypaBHeHHE: VX +2 =x—4,

3 BapuaHT
Nel. Yopocrure:

3 2 1 4y?
(Zx—y - 2x+y - 2x—5ij 4x* —y*’

HUppalMOHAJIBbHOCTH B 3HAMECHATECIIC.

4 BapuaHT
Nel. Ynpocrure:

3a% +3ab+3b? - 2a’ —2b?

da+4b 9a®-9b*®
No2. OcBoboaurecs OT
UPPALMOHATILHOCTH B

\/7

3HaMCHAaTeEIIC. m .
No3. Pemmmre nppanunoHaibHOe

ypaBHenue: v x° —12 = Jx.

O BApHUAHT
Nel. Ympocrure:

6 BapuaHT
Nel. Ympocrure:




X+1 2-2x 2x*-2) x*—x
Ne2. OcBobOoauTech OT
UPPAIMOHATFHOCTH B 3HAMEHATEJIE:

J3-42
N

Ne3. Pemmre nppanuonansHoe

(2x—3 X+1 x2+3jx3+1
2X—

ypaBHEHHUE! Jx=x-2.

ypaBHCHHE! Jx+1+/x+3=0.

x3 -8 1 Xx—1
+2X |- T
X—2 4—x 2—X

No2. OcBoboauTecs OT
UPPaIMOHATHFHOCTH B

5
3HaAMEHaTee: \/E—ﬁ :
Ne3. Pemmre uppanmonanbHoe

7/ BapuaHT
Nel. Yopocrure:
( 3 4 2a j 2a+1 a-12
+— + . - :
a-3 a"-5a+6 a-2 3 3(3-a)

Ne2. OcBoboaurecs OT
UPpAlMOHAIBHOCTH B 3HAMEHATEJIC!

R
NERNE

Ne3. Pemmmre nppanmonansHoe

ypaBHEHUE:! V1-x+/1+x=1.

8 BapuaHT

Nel. Ynpocrure:

2 2
X 9—x

27 +x° .

3+x x*-3x

+
3—x

No2. OcBoboaurecs OT
UpPPaIMOHATIBHOCTH B

3HaMCHaTeCIIC.

J5-43
\/7

Ne3. Pemure upparmonaibHoe

ypaBHEHHE: V2x—1-+/x-1=1.

9 BapuaHT
Nel. Ympocrure:
( 1 2c 1 ? (c—3) +12¢
+ + : :
c?+3c+2 +4c+3 *+5c+6 2

1

No2. OcBobGoaUTECH OT UPPALIMOHAIBHOCTH B 3HaMEHATEJE:! ﬁ—m :

Ne3. Pemnre uppannoHaibHOE ypaBHEHUE: Vx—1++2x-1=5,

KOHmPOJleble eonpocwsl:

1. Kakue ¢opmynasl MOXHO MCHOJB30BaThb IMpU NpeoOpa3OBaAHUU

anredpanvyecKux BbIpaKEHUI?

2. Kak MOXHO OCBOOOJIUTHCS OT UPPAIMOHATILHOCTH B 3HaMeHaTee?

3. CdopmynupyiitTe mpaBuia pelieHUs: HPPALMOHATIBHBIX YPAaBHEHHIA.

Jumepamypa: [5, c. 281-283]

IMpakTuueckoe 3ansitue Ne 10

Panuannas Mepa yria. BpamareabsHoe 1BU:KeHUE

Ilenv padomui:
CMYOeHm 00JIHCEH:
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3HAMb.

- OmpejeNieHUs paauaHa, CHHYca, KOCHHYCa, TaHTCHCa W KOTaHTCHCa
YHCIIOBOTO apTyMEHTA,

- 3Ha4YeHHS TPUTOHOMETPUYECKHUX (DYHKIIUH HEKOTOPHIX apTyMEHTOB;

- 3HaKW 3HAYEHUH TPUTOHOMETPUYECCKUX (YHKIIUH MO KOOPJAMHATHBIM
YETBEPTIM;

ymemy:

- TIePEBOANTH 3HAYCHUS YTJIOB U3 PAAMAHHOW MEpPHI yria B TPaTyCHYIO
Mepy ¥ Ha000poT;

- BBIYUCIIITH MPOCTEHIIINE TPUTOHOMETPUIECKNE BEIPAKCHHUS .

Cseoenun uz meopuu:

Paouannas mepa

VYron B 1 paguan — 3TO Tako¥l HEHTPAJIbHBIN yTOd, JUIMHA TyTH KOTOPOTO
paBHA PaJNyCy OKPYKHOCTH.

Panmuannas u  TpagycHas — Mephl  CBsI3aHBI  MEXIy  coOoi

7n
180° pajuaH.

3Ha4YCHUS TPUTOHOMETPUICCKUX (PYHKIIMH MOT'YT OBITh HalI€HBI TaK, KaK

ATO JENAJIOCh B Kypce TIeOMETpPUH, W3 MPSMOYIOJBHOIO TPEYroJIbHUKA C
. s 0 420 aAO
TUIIOTEHY30H paBHOM 1 ¥ 1o ouepeau 3amaBaeMbix yriioB: 307, 457, 60°.

3aBHCHMOCTBIO 1 80°=n paauaH; yroi B n’=

3HAaKU TPUTOHOMETPUUECKUX (QYHKIUI 10 KOOPAUHATHBIM YETBEPTSIM:
Homep koopannaTHOM I I m Y,
YETBEPTH
sina. + — —
cosa.
tga
ctga

+ |+ |+ |+

EnnncTBeHHas yeTHast (QyHKIMS — KOCUHYC
cos(-a))=cosa.
Bce ocranbHbIe OCHOBHEIE TPUTOHOMCTPHUICCKHUC (1)YHKI_II/II/I HCUYCTHBIC:
sin(-a)= -sina;
tg(-a)= -tgo;
ctg(-o)= -ctgo.

Tabnuna 2. 3HaueHns OCHOBHBIX TPUTOHOMETPUYECKUX (DYHKITUN

Pannannas 0 T T T T 27 3 Y4

Mepa yria 6 |4 |3 |2 |3 |4 |6 | "
Ppamycrast | o | 900 | 450 | 600 | 90° | 120° | 135° | 150° | 180°
Mepa yria
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sina 0 l ﬁ ﬁ 1 ﬁ ﬁ i 0
2 2 2 2 2 2
cosa 1 ﬁ Q i 0 — 1 — Q — ﬁ -1
2 2 2 2 2 2
tgo 0 3 1 | 3] - | =43 1 |- 3 0
3 3
ctgo - 3|1 ﬁ 0o |_ ﬁ 1 -3 -
3 3
Paguannas | 77 57 A 3r 5_7r 7_77 & 5
wepayma | g | 4 |3 |2 |3 |4 |6 i
Ppanycnas | 5100 | 5550 | 2400 | 270° | 300° | 315° | 330° | 360°
Mepa yria
sina — E _ Q _ ﬁ -1 _ ﬁ _ Q _ E 0
2 2 2 2 2 2
cosa. — @ — Q - 1 0 E @ ﬁ -1
2 2 2 2 2 2
tgo V3 3| - | =3 1 |- V31
3 3
ctga J3 1 ﬁ 0o | _ ﬁ 1| =3 -
3 3
Ilpumep 30.
Beruuciure: Sin405°,
Penienue:

OTHBIH KpyT — 360° MOKHO «OTOPOCHTEY'

Ilpumep 31.
Bripasute B paqrnaHHON Mepe 3HAUYCHUE yTIJia 36",
Pemenue:

YTOOBI «IIEPEBECTH» TPaTyCHYIO MEpPY yrja B paJHaHHYIO, HEOOXOAUMO

34J1aHHOC 3HAYCHUC YMHOKUTH Ha

2
sin405°=sin(405°-360°)=sin45°= V2 .

T

180°”°

T.0. MOJIy4UM

2
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Ilpumep 32.

Bripasure B rpajiycHOI Mepe 3HaueHue yria

Penienue:

_36°7r_7r
~180° 5

27

5 -

YTOOBI «IIEPEBECTU» PAJMAHHYIO MEpY yria B IpaJyCHyI0, HEOOXOIUMO

3aJIaHHOC 3HAYCHUC YMHOKWUTDH Ha

180°
, T. 0. TIOJIY9UM
2_7z ' 180° _ 360° _700
5 T 5

3aoanus 013 camMoCmoAmMebHO20 PeUleHus:

1 BapuanT

Nel.  Bsipazute B
paluaHHOMN
(rpagycHoit) Mepe
3HAUCHHE yTJia: 600;
T

5"

No2. Beriuuciure:
5in 2010° + 4tg (—855°) +

++/3c0s(—1590°).

2 BapuMaHT
Nel. Bripazure B
paauaHHoi  (TpaaycHOM)

Mepe 3HadeHune yria: 180°;
3

-
Ne2. Boruucnure:

\/Esin(— 5—”} - 6005(— 22—”) +
4 3

2tgﬂ—\/_t 22”

3 BapuaHT
Nel.  Belpazute B
paaHHON
(rpamycHO¥)
3HAUCHHUE YTJa!
or

36
No2. Brruucure:
sin(—390° )+ 4tg (—405°) +
++/3cos?(~420°).

mepe
270%

4 BapuaHT
Nel.  BeIpa3ute B
paaraHHON
(rpagycHOM)
3HAYEHHUE yTJa!
3r

1
Ne?. Beruucnure:
sin1500° +tg (-765°) +

Mepe
120°:

5 BapuaunT
Nel. Bripasute B
paguaHHoW  (TpaaycHOM)

Mepe 3nadenne yria: 310°;
T

5 .

No2. Beruuciure:

\/isin(— 37”} -6 cos(— %) +

6 BapuaHT
Nel.  BeIpazute B
paguaHHON
(rpamycHoit) Mepe

sHauenme yrima: 3607
o
4
No2. Brrumciure:
c0s 2160° + c1g (855°) +

+§cos(1845°). +2tg ——\/_ctg( 23”] ++/3sin(-1590").

7 BapuaHT 8 BapuanT 9 BapuaHT

Nel.  Beipasute B | Nel. Bripazure B | Nel.  Bripazute B
paauaHHON paauaHHOW  (TpaayCHOM) | paguaHHOM
(rpagycHo#) Mepe | Mepe 3Hadenne yriaa: 216°%; | (rpamycHoir) Mepe
3Hauenne yrma: 1500 sHauenne yrma: 907
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3z iz 9z
18 ° 12 ° 5°
No2. Beruuciure: No2. Beruuciure: No2. Beruuciure:
sin 2190° +%tgz(—405°) v \2 sin(— %”j—ecos{%f} c0s 405" ++/31g (750°) +
NE
0 +-=c0s%(-1590°).
++/3c0s(-420). +2tg(_l5_ﬁj_§ctgli’>?ﬂ. 5 008" )

Konmponwvnwvie gonpocwi:

1. Yrto HazbiBaeTcs yriom B 1 paguan?

2. B xakux egquHuIax U3MEpSIOTCS YIIibl?

3. Tlepeuncnute 3HAYCHHUS HEKOTOPHIX TPUTOHOMETPUUECKHUX (DYHKITHA.

Jumepamypa: [5, c. 5-7]

IpakTnueckoe 3ansaTue Ne 11
OcHOBHBbIE TPUTOHOMETPUYECKHUE TOXxKAeCcTBA. POpMYJIbI NPUBEIEHUS

Lenv padomuwi:

CMYOeHm O0JICEH:

3Hamo:

- OCHOBHBIE TPUTOHOMETPUUECKHUE TOKIECTBA;

- (opmynbl npuBeACHMUS,

ymemn:

- BBITIOJIHATH TMPEOOpPa30BaHUS  TPUTOHOMETPHUUYECKUX  BBIPAKCHUH,
HCITOJIb3YsI OCHOBHBIE TPUTOHOMETPHUUIECKHE TOXKACCTBA, POPMYIIBI IPUBEACHUS.

Ceéedenusn u3z meopuu:
OcHosHbvle (hopmynbl mpuecoHomempuu
W3 ompenenenuii cuHyca, KOCHHYCa, TAaHTEHCA M KOTAaHTEHCA CIEAYIOT
OCHOBHblE MPULOHOMEMPULECKUE MOHCOeCEA.
sina+cos’o=1;

sina cos«
tgo=—-; clga =——;
cosa sina
tgo-ctgo=1;
tg’a+1=———; ctg’a+1=——.
Cos” « sin «

OCHOBOI 111 OCTANBHBIX (HOPMYJT SIBIISIOTCS (POPMYIbL CLONCEHU.
cos(a-B)=cosacosP+sinasinf;
cos(a+p)=cosacosp-sinasinf;
sin(a-B)=sinacosP-cosasinf;
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sin(a+p)=sinacosP+cosasinf;
)= 9 g )=

7m
U3 popmyn crnoxenus, nonaras J = o Tae n € Z, nonyyaeM gopmyvl
npugedeHus MpeoOdpa3oBaHus BEIPAKEHHUN BHUA:

7mn 7mn 7mn 7n
in|l —+ 4+ —*ta
sm(2 j cos(2 ) tg(2 j,ctg(z j,nez.

Jliist 3anoMuHaHus 3TUX GOpMys YI0OHO MOJIb30BAaTHCS MHEMOHUYECKUM
MIPaBUJIOM:

1. Ilepen npuBeneHHOW (PyHKIMEH CTaBUTCS TOT 3HAK, KOTOPHIA HMMeEET
ucxojHas (GyHKIIMS B COOTBETCTBYIOIIEH KOOPAMHATHON YETBEPTH:

2. OyHKIUS MEHSAETCS Ha «KO(QYHKIUIO», €CIM N HEUETHO; (DYHKIUS HE
Mensietcs, eciau N 4yetHo. (KodyHkuusimu cuHyca, KOCHMHyCa, TaHT€HCa H
KOTaHI€HCA Ha3bIBAIOTCA COOTBETCTBEHHO KOCHHYC, CHHYC, KOTaHI€HC,
TaHTEHC).

Ilpumep 33.

MoryTt 1 CMHYC M KOCHUHYC OJTHOIO M TOTO € 4HucCja OBbITh PaBHBIMU
coorBeTcTBeHHO: 0,4 11 0,7.

Pemenue:

HCIIONB3YsST OCHOBHOE TPHUTOHOMETPHYECKOE TOXKIECTBO Sin‘o+cos‘a=1,
UMEEM:

0,4°+0,7°=0,16+0,49=0,65.

T.x. 0,65#1 3HaueHHs cHMHyca U KOCHHYCAa OJHOTO M TOTO € 4YKCIa HE

MOTYT OBbITh paBHbIMHU cOOTBeTCTBEHHO: 0,4 1 0,7.

Ilpumep 34.

Haiinute 3HaueHHS [OPYrHMX TPEX OCHOBHBIX TPHUTOHOMETPUUECKUX
bynkuuid, ecnu: sina=-0,8 u n<a<l,5x.

Pemenue:

ICTIONB3Ysl OCHOBHOE TPHTOHOMETPHYECKOE TOXKIECTBO Sin‘a+Cos’a=1,
UMEEM:

cos’o=1-sin’a, Torxa cos’a=1-(-0,8)*=1-0,64=0,36.
T. k. n<a<1,5n (11l xoopauHaTHas YeTBepTH), TO cosa=-0,0.

1 tga_sna tgar = -08_8_4
o ¢opmyie s BBIYHUCIIICM 0 5 6 3

[To popmyre tgo-ctga=1 Beruucisiem ctgo=1: %:

.|>|oo

3aoanusn 014 CAamMoOCmMOAMENbHO20 PEULEHU:
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1 BapuanT

1) MoryTr 14 CHHyC H
KOCHHYC OJHOTO W TOTO
xe yucna OBITH
paBHBIMHU
cooTtBeTCcTBeHHO. 0,5 M
0,5.

2) Haiigute 3Ha4YeHMS
JAPYTHX TPeX OCHOBHBIX
TPUTOHOMETPUUIECKUX
byHKIUH, eciu:

6 T
coso=—— " —<a<r,
4 2

2 BapuaHT

1) MoryTr 14 CHHYC H
KOCHUHYC OJTHOTO U TOTO
xKe qyucia OBITH
paBHBIMHU
CcOOTBEeTCTBEHHO: 0,2 M -
0,8.

2) Haiigute 3HaucHUsA
JIPYTHX TPEX OCHOBHBIX
TPUTOHOMETPHUECKUX
byHKIUH, eciu:

T
sina=£ nO0<a<—,
3 2

3 BapuaHT

1) Moryr 14 CHHYC H
KOCHUHYC OJIHOTO U TOTO
xKe qyucia OBITH
paBHBIMHA
cooTBeTcTBeHHO: 0,6 M -
0,8.

2) Haiigute 3HaucHUsA
JIPYTHX TPeX OCHOBHBIX
TPUTOHOMETPHUECKUX
byHKIUH, eciu:

15 3T
COSO=— U 7<a< 27 .

4 BapuaHT
1) Moryt 1M CHHYC H
KOCHHYC OJIHOTO ¥ TOTO

xKe yuciia OBITH
paBHBIMHU
7
COOTBETCTBEHHO. —— M
25
24
25°

2) Haiigute 3HaueHus
APYTUX TPeX OCHOBHBIX
TPUTOHOMETPHYCCKUX
byHKIUH, eciu:

_ T
sina=0,5 u E<a <.

S BapuaHT
1) Moryr 514 CHHYC W
KOCHHYC OJIHOTO M TOTO

XKe qucia OBITH
paBHBIMU
6
COOTBETCTBEHHO: 3
NG
u 3

2) Haiigute 3HayeHUs
JIPYTUX TPEX OCHOBHBIX
TPUTOHOMETPHUCCKUX
byHKIUH, eciu:

3
cos0=0,4 u 77[ <a<2r.

6 BapuaHT
1) Moryt 514 CHHYC W
KOCHHYC OJIHOTO M TOTO

*Ke quciia OBITH
PaBHBIMH
2
COOTBETCTBEHHO. T u
5
1

N
2) Haiigute 3HaueHUs
JIPYTUX TPEX OCHOBHBIX
TPUTOHOMETPHYUECKHUX
GbyHKIUH, eciu:

Sina:_s u 0<a<—_
5 2

7 BapuaHT
1) MoryT Jiu TaHTEHC U
KOTAHTCHC OJHOTO H

TOTO K€ 4Yuciaa OBITh
paBHBIMHU

COOTBETCTBCHHO. _g )51

5

3
2) Halinure 3Ha4YeHUS
APYTUX TPEX OCHOBHBIX
TPUTOHOMETPHYECKUX
byHKUUHN, eClu:

8 BapuaHT

1) MoryT a1 TaHreHC U

KOTaHT€HC OJHOTO |

TOr0 K€ 4ucjaa OBITh

paBHBIMHU

COOTBETCTBEHHO. 2.4 U
5

12°
2) Haiigure 3HaveHus
JIPYTUX TPeX OCHOBHBIX
TPUTOHOMETPHUECKUX
byHKIUH, eciu:

9 BapuaHT
1) MoryT a1 TaHTreHC U
KOTAHICHC OJHOIO M

TOTO K€ u4ucia OBITh
pPaBHBIMHU
NG

— U

COOTBETCTBCHHO. 5

2./5

=
2) Haiigure 3HaveHUs
JIPYTUX TPEX OCHOBHBIX
TPUTOHOMETPHUECKUX
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V2 _ Vs (bYHKIMH, €CITH:
cosa=? u 3?7[<a<27r. sina=0,7 u E<06<7T.

cosa=0,9 u 0<0€<%.

Konmponwvuwvie éonpocwi:
1. Ilepeuncnure OCHOBHBIE TPUTOHOMETPUUECKHIE TOKIECCTBA.
2. ChopmynupyiTe MHEMOHUYECKOE TIPABUIIO.

Jumepamypa: [5, c. 8-10]

IIpakTuyeckoe 3ansitue Ne 12
CuHyc, KOCMHYC IBOMHOIO yrJja

ILlenwv pabomor:

CMYOeHm O0JIHCEH:

3HAMb.

- (bopmyIibl IBOMHOTO yria TPUTOHOMETPUUYECKUX (DYHKIIHIA;

- (hopMyJIbI MOJIOBUHHOTO apTryMEeHTa TPUTOHOMETPUUYECKUX DYHKITUN;

ymemy:

- BBINIOJIHATH  MPeoOpa3oBaHUS TPUTOHOMETPUUYECKUX  BBIPAKECHUH,
UCITOJIB3YsI (POPMYITBI JBOMHOTO YTIIA.

Ceedenusn u3z meopuu:
Dopmynbl 080UHO20 Yeld MPUSOHOMEMPUUECKUX DYHKYULL

cos 2a = C0s? o —sin’ a,
Sin 2 = 2Sin ¢ COS ¢,

tha:ZELOS,

1-19°x

2 —
ctgza:Ctg—al.

2ctg o

. a
[oxcrasmsist B popMysibl COS2t=1-2sin’t u c0s2t=2c0s’t-1 3nauenue t = o

noJsrydaeM (GOpMYIIbl HOJIOBUHHO20 ap2yMeHma:

sin® == ,
2
,a l+cosa
COs" —=———.
2 2
. ,a l-cosa ,a 1l+cosa
Pasznenus sin 5=, m C0S” — = ——— moJry4daeM GpopMyIry

,a l-cosa

t = .
g 2 l+cosa
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Ilpumep 35.

Boipazure ¢yHKIMM gaHHOrO yria 4depe3 (YHKIHMH BIIBO€ MEHBIIETO

yria, sind2°.
Pentenue:

ucnons3ys popmyiy Sin2a =2sinaCosa | yyeem
sin42°=sin(2-21°)=2sin21%0s21°.

Ilpumep 36.

Brruuciure 2sin15°cos15°,

Penienue:

ucnons3ys popmyiy Sin2a =2siNnaCosa | yyeem
2sin15%c0s15°=sin(2-15%)=sin30°=0,5.

Ilpumep 37.

Beruncnute Sin(w/12).

Penienue:

o gopmyie sin’ %

l-cosa
2

, IMeeM

1-cos” 1- ﬁ 2_J3
sin? - = 6. 2 ~0,068.
12 2 2
3aoanus 01a camoCmoAmebHO20 PeuleHus:
1 Bapuant 2 BapuaHT 3 BapuaHT

1) Beipaszute ¢yHKIUN
JAaHHOTO yIJia 4Yepes
byHKIIIN BIIBOE
MeHbIIero yria: sin54°,
2) Boraucure:

1) Beipaszute ¢yHKIUU
JAHHOTO  yIJia  uepes3
byHKIIUN BJIBOE

. T
MEHBILETO yIiia: th.

1) Beipaszute ¢yHKIUN
JAHHOTO  yria  d4epes
dbyHKIIUN BJIBOE
MEHBIIIero yria: cosl16’.
2) Beruucnure:

1) Beipasute GyHKIUN
JaHHOTO yIJia  4epes
byHKIIUN BIBOE

MEHBIIIETo yriia: Ctg %7; :
2) Beraucnute cosa,

sin a_z
CCJIN 5 o5 )51

1) Beipasute GyHKIUN

JAHHOTO  yria  4epes
byHKIMHA BJIBOE
MEHBIIIETO yria:
sin-"r.

12

. a
2) Berancaute SIN o

1-tg?75° 2) Borumcnure: 2tg15°
2tg 75° 2tg22°30’ 1—tg—215°
1-1g222°30""
4 BapuanT 5 BapuaHT 6 BapuaHT

1) Beipasute GyHKIUN
JAHHOTO  yIjia  4epes
byHKIMHA BJIBOE
MeHbIero yria: tg68°,
2) Beraucnute Sin 2cr

ecau Sina:g u
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T ) 3 T
—<a<r, ecod SN =——u —<a<r,
2 5 2

3—7T<0:<27r.
2

7 BapMaHT 8 Bapuanr 9 BapuaHT
1) Beipaszute ¢yHkuuu | 1) Beipasute ¢yHkumu | 1) Bripasute ¢dyHKImH
JaHHOTO yIJia d4epe3 | JaHHOTO yIyia 4epe3 | JaHHOTO  yria  4Yepe3

GyHKIHH B/IBOE | QyHKIHH BABOC | QyHKIUH BIIBOE
5 . . 0
MEHBIIEro yria: COSZ”_ iflgggamero yraa:  Ctg | mensiuero yria: tg 1627
: o
o 2) Berauciaure COS -,
o 2
2) Berauciute 19 o 2) Borauciute 19 o
3 ecu SiNa=——n
eci Sina == g eomm COSA =2 1 2
7T
—<a<nrw
T .
Z<a<7z_ E<a<ﬁ_ 2

Konmponwsnuvie éonpocwi:
1. 3anummre Gpopmysibl ABOMHOTO yria TPUTOHOMETPUYECKHUX (DYHKIIUMA.
2. 3anummte (GOpMyNbl TOJOBHHHOTO apTryMEHTa TPUTOHOMETPUUYECKUX

byHKIU.

Jumepamypa: [5, c. 8-10], [4, c. 155-157]

IIpakTuyeckoe 3ansitue Ne 13
IIpeoOpa3zoBanue TPUTOHOMETPUYECKHX BbIPAKEHUM c
HCIO0JIb30BAHMEM TPUTOHOMETPHUYECKHUX TOXKIECTB

Ilenv padomuwi:

CMYOeHm O0JIICEH:

3Hamo:

- (opmynel peoOpa3oBaHusl CYMMBI TPHUTOHOMETPUYECKHX (DYHKIIMHA B
IPOM3BENICHUE,

- Qopmynsl npeoOpazoBaHUS MPOU3BEIACHUS TPUTOHOMETPUUYECKHUX
GyHKUHNA B CyMMY;

ymemsn.

- BBIMIOJIHATH TPEOOpPa30BaHUS  TPUTOHOMETPUYCCKUX  BBIPAKCHUH,
WCIIOJIb3YsI TPUTOHOMETPUIECKHE TOXKISCTBA.

Ceedenusn uz meopuu:
dopMynbl TpeoOpa3oBaHUs CyMMbl TPUTOHOMETPUYECKUX (DYHKIUN B
MPOU3BEACHUE!
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a+ﬂcosa—,8

sina +sin g =2sin

2 2
Siﬂa—SiﬂﬂzZSina;ﬂCOSa;ﬂ,
c05a+cosﬂ=2003a;ﬂcosa;ﬁ,
COSOt—COSﬂ=—ZSina;ﬂsina;ﬂ.

tga+tgﬁ:M, a;tzwzk, ,B¢£+7zk,
COSx COS [ 2 2

tga—tgﬂ:M, a¢£+7zk, ﬂ¢£+7zk.
COS @ COS f3 2 2

Jlnst mpeoOpa3oBaHus MPOU3BEAEHUS TPUTOHOMETPUUYECKUX (PYHKUIUN B
CYMMY MTPUMEHSAIOTCS (POPMYJIbI:

sinacos B = %(sin(a + f)+sin(a—p))
COS COS 3 = %(cos(a + 8)+cos(c — ),

sinasin = %(cos(a — B)—cos(a+ p)).

Ilpumep 38.
[TpeoOpasyiiTe B anredpanveckyro cymmy SInSxsin3x.

Penienue:

1o dopmyite sinasin g = %(cos(a — B)—cos(a + 8)) umeem

sin 5 sin 3v = = (cos(5x —3x)—cos(5x + 3x)) = %(cos 2x —C0s8x) = % CoS 2x — % Cos 8x.

Ipumep 39.
Boruncnure: sin40°+sin20°.

Penienue:

HnMEEM

o gopmyie sina +sin B = 2sin a;’gcos a—p

2
0 0 0 0
sin 40° +sin 20° = 2sin 40 ZZO cos 40 ;20 =2sin30° cos10° =2-0,5-0,98 ~ 0,98.

3aoanus 011 CAamMoOCmMOAMENbHO20 PeULeHUs:
1 Bapuant 2 BapuaHT 3 BapuaHT
1) Yupocture: 1) Yupocrture: 1) Yupocture:
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2cosa —sin 2«
sina—-sina+cos’a
2) Boruucnure:
sin75°+sin15°.

3) Beruucnure:
sin52°30°-cos7°30°.

1—sin(2a + 3’;)

sin(z —3a) —sin(-a)
2) Berauciure:
sin75%+sin105°.
3) Beruucnure:
sin37°30°-sin7°30".

cos(2x —2a)
ctg’a -1
2) Berauciure:
c0575%+c0s15°.
3) Beruucnure:
8 cos7a-cos3a.

—sina.

4 BapuaHT

1) Vopocrure:
2sin’ o

1+ cos(r —2a)

2) Boruucnure:

—sina.

57 T
COS— —COS —.

12 12
3) Boruucnure:
cos75% cos105°.

S Bapuanr
1) Yupocture:
2sina —sin 2x

2) Boranciure:

T 1
COS— +CO0S—

12
3) Berunciure:
2 sin(x+a)-cos(x-a).

cosa —cos’ o —sin‘a

6 Bapuanrt

1) Yopocture:
2c0s’ a

1-sin(1,57 + 2cx)

2) Boeranciure:

—cos’ a.

. or . T
sin——sin—.
12 12

3) Beruncnure:
12 sin(-9a)-sin4a.

7 BapMaHT
1) Yopocture:
sina —0,5sin(7 + 2a)

1+ sin(” + aj
2

2) Beruucnure:
t922°30°-tg67°30°.
3) Boruucnure:
4 sinl6a-sin4a.

8 BapuaHT
1) Yopocture:

cos(z +2a)

—£ ———cos’a.
1-19°«x

2) Berauciure:

tg13°30°+tg76°30°.

3) Beruucnure:

4 cos(atp)-cos(a-p).

9 BapuaHT
1) Yopocture:

2c0sa —Sin 2a
sina—sina+cos’a
2) Berauciure:
tg30°%+tg60°.
3) Beruucnure:
4 co0s15°in20%in40°,

Konmponwvuwvie éonpocwi:
1. Tlepeuncnure OCHOBHBIC TPUTOHOMETPUUECKUE TOXKIECTBA.

2. Ilepeuncinure
GyHKIIHA.
3. Kakue €CTh

dbopMynbl  TBOMHOTO

bopmyIbl TUTSI

TPUTOHOMETPUUECKUX (PYHKIIIA?

Jdumepamypa: [4, c. 162-164]

IpakTnueckoe 3ansaTue Ne 14

Penienue TpUroHOMeTpPUYECKUX YPABHEHUMN

Ilenv padomuwr:
CMYOeHm O0JINHCEH.
3Ham».

yria

npeoOpa3oBaHUs

TPUTOHOMETPUYECKUX

CYMMBI
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- (opmynbl s pelleHUus TPUTOHOMETPUUYECKUX ypaBHEHUU B 0O0IIEM
BU/JIC U YACTHBIE CITy4Yau PEIICHNUS;
ymems.

- pemaTth NPOCTEHIINEe TPUTOHOMETPUUECKUE YPABHEHHS.

Ceeodenusn u3z meopuu:
Pewenue npocmeriwiux mpueconomempuueckux ypagHenuil

Ypaenenue oS t=a

OdeBuIHO, UTO €ciH |a|[>1, To ypaBHEHHE COS t=a He UMeeT pelICHHH, T.K.
|cos t|<1 mns aroboro t.

[lycth |a|<l. Hamo nHaiiTu Bce Takue umcina t, uro COS t=a. Ha otpeske
[0; T] cymecTByeT TONBKO OMHO pEUICHWE ypaBHEHUs COS t=a — 3TO YHCIO
arccCos a.

Kocunyc — verHas (QpyHKuus, ¥, 3Ha4uT Ha otpe3ke [-m; 0] ypaBHeHue
TaKXe€ UMEET €IMHCTBEHHOE PEUIEHUE — 3TO YHCIIO —arcCOoS a.

Wtak, ypaBHeHue COS t=a Ha oTpeske [-m; ©| jumHOW 27T uUMeeT 1Ba
petenust t=tarccos a (coBmanaromiue npu a=1).

BcnencTrue nepuogMYHOCTH PYHKIMU KOCHHYC BCE OCTaJIbHBIE PELICHUS
OTJIMYAIOTCST OT HaWIeHHBIX Ha 27N, (NE€Z), T.e. GpopMyia KOpHEH ypaBHEHUS
COS t=a umeeT BUL:

t=tarccos a+2nan, (n € 2).

Ipumep 40.

Pemmre ypaBHeHue: COS t=1/2.

Pewenue:

o ¢opmyie t=tarccos (1/2)+2xzn, (n € Z).

[Tockonbky arccos (1/2)=n/3 npuxoaum k otBety t=+ n/3+2zn, (n € Z).

Ilpumep 41.

Pemure ypaBuenue: cos t=-0,2756.

Pemenue:

o popmysie t=tarccos (-0,2756)+2xn, (n € 2).

3nauenue arccos (-0,2756) HaxoauM ¢ TMOMOIIBIO KaJbKYJISATOPa HIN 10
tabnuie B.M. bpaauca, oHo npumepHo paBHo 1,85.

Wrak, npuxoaum k otBety t=*1,85+27n, (n € Z).

Ilpumep 42.

Permre ypaBHenue: COS (2x-1/4)=1/2.
Pemenue:

o ¢popmyiie

2x-m/4=+arccos (1/2)+2xnn, (n € Z).
[Tockonbky arccos (1/2)=n/3 monyuaem
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2x-m/4=+ 1/3+2xnn, (n € Z)
2x=m/4+ /3+2nn, (n € Z).

PaznenuB 00e yacTu ypaBHEHHsS Ha 2 TIOJIYYHUM OTBET: Xx=m/8+m/6+7N,
(n€2).

Vpaenenue sin t=a

OdeBuIHO, UTO €CJd |a|>1, To ypaBHEeHHE SIN t=a HE UMEeT PEIIeHUH, T.K.
sin t|<1 ms mo6oro t.

[Tpu |a|<1 Ha oTpeske [-1/2; m/2] ypaBHEeHUE SIN t=a UMeeT OHO pelIeHue
t;=arcsin a. Ha otpeske [n/2; 3n/2] dbyHkums cuHyc yObIBaeT M MPUHUMAET BCE
3Havenus ot -1 10 1. ITo Teopeme 0 KOpHE ypaBHEHHE M Ha STOM OTPE3KE UMEET
OJTHO pEIICHHUE.

DT0 pelIeHne ecTh uncio ty=m-arcsin a, T.k. sin t,=sin (x-t;)=sin t;=a.

Kpome Toro, mockosbky -m/2< t;<n/2,

nmeeM -1/2<-t<n/2

U m-1t/2<n-t1<n+m/2,

T.c. 1/2< ,<3m/2, L,E€[n/2; 3n/2].

Wtak, ypaBHeHue Sin t=a Ha oTpeske [n/2; 37/2] umeer nBa pelieHUsS
t;=arcsin a u ty=m-arcsin a ( copmangaromue npu a=1). YUuThIBasi, 4TO MEPUOT
CHHYCa paBeH 27, MoJyJYaeM cpopMynE/ JUISL PELICHHs ypaBHEHHS Sin t=a:

t=(-1)"arcsin a+nk, kEZ.

Ilpumep 43.
J2

Pemmre ypaBHeHue: Sin tZT :

Penienue:

o dopmyie t=(-1)“arcsin (%)"‘ﬂ:k, (k € 2).

[Tockombky arcsin (@ )=n/4 npuxoaum k otsery t=(-1)* w/4+nk, (k € Z).

Ilpumep 44.

Pemmire ypaBuenue: sin t=0,3714.

Pemenue:

o dopmyie t=(-1) aresin (0,3714)+nk, (k € 2).

3nauenue arcsin (0,3714) HaxoauM ¢ MOMOINBIO KaJIbKYyJISTOpPa WM IO
tabmuiie B.M. bpanuca, ono npumepso paBao 0,3805.

Urax, npuxomum t= (-1)0,3805+7k, (k € Z).

Ilpumep 45.

;o)

Pemure ypaBHeHue: Sin | — = |=
P (10 2
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Penienue:

(GYHKIUS CHHYC HEYETHAsI, [I03TOMY SiNn (% — %] =-sin (% —~ %) =- % :
Torma o popmysie: (E__j =(-1) arcSIn[— gj +7k, (kK € 2Z).

N

T.x. arcsin| - X2 [=—Z  umeem
2 4

(E‘EJ =(-D(-Z )k, (k€ 2)

NN

2 10 +(-1) (——jwzk (k € 2).

YMHOkHUB 00€ 4aCTH ypaBHEHHUS HA 2, OJTYyYUM OTBET:

T k+1 7T
K=2+(D (Ejuﬂk, k € 2).

Ypasnenue tg x=a
[Ipu nrobom a Ha uHTepBaie (-m/2; m/2) cymecTByeT OAHO yucio t , 9To
tgt=a, — ato arctg a. Iloatomy ypaBHeHue tg X=a umeer Ha uHTEpBajie (-m/2;
7/2) NJIMHOW T €IUHCTBEHHBIN KOPEHb.
OyHKIUS TaHTeHC uMmeeT nepuo] m. Clie1oBaTeabHO, OCTalbHBIE KOPHU
ypaBHeHus tg t=a oTiimyaroTcs ot HaigenHoro Ha 7tn, (N € Z), T.¢.
t=arctg a+nn, (n € 2).

Ilpumep 46.

Pemmnre ypaBHenue: tg t= J3.
Pewenue:

no opmyiie t:arctg(\/§ )+7tn, (n€ 2).

T
[Tockonbky arctg(\/_ )— IPUXOJIUM K OTBETY 1= 3 +7n, (n € 2).

Ilpumep 47.

Pemnre ypaBuenue: tg t=5,177.

Pemenne:

o popmyne t=arctg(5,177)+nn, (n € 2).

3nauenue arctg(5,177) HaxoauM C MOMOINBIO KaJIBKYJIATOpa WM II0
tabauie B.M. bpaauca, ono npumepso passo 1,38.

Wrak, npuxonum t=1,38+xn, (n € Z).
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Ceoonasi mabauya pewieHus NpPoOCmMenuux

MPUSOHOMEMPUYECKUX
ypasHeHuu

YpaBHeHHE Pemienue

sinx=a | x=(-D)*arcsina+k,keZ

cosx=a X =zxarccosa+ 27K,k € Z
tgx=a X=arctga+ 7K,k e Z
ctgx=a X =arcctga + 7K,k € Z

Yacmuvie cayuau  pewieHus  nNpoCmMeuiux  mpucoHOMempuiecKux
ypasHeHuu
YacTHble ciyyan
YpaBHeHue
P a=-1 a=0 a=1

sinx=a X=—%+27zk,keZ X=7K,keZ x:%+27zk,keZ

cosx=a X=r+27K,keZ X:%+ﬂk,keZ X=27K,keZ

tgx=a x:—%+7zk,keZ X=7K,keZ x:%+7zk,keZ

3z

ctgx=a x=", trkkeZ X=%+7zk,keZ x=%+7zk,kez

3aoanus 01 cAamMoCmoAmMenabHO20 PEULeHUA:
Pemire ypaBHEHUA:
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1 BapuanT 2 BapuMaHT 3 BapuaHT
(X 7 i 1
1) Sln(E—szO; 1) Sinng; 1) SInZX:E;
7)_q. 2) 2005 X =~/2;
2 3) tg(3x+—j:—,
3) tg2x =+/3. 3) tg2x = —/3. 6) 3
4 BapuaHT 5 BapuaHT 6 BapuaHnt
(X V3 3 : ( 7[}
sin| — |=——- SinX =—- 1) sin| 2x+— | =1:
1) ( 2) 5 1) 5 ) 3
X _ 7 :
cos(—x =—- 2) cos| 2x —— |=-1;
T X
T 3 tg(x——]zs_ g = = /3
3) tg(Zx 10) 0. ) 3 3) 97
7 BapMaHT 8 BapuanT 9 BapuaHT
1) 25inx:—ﬁ; 1) ZSInXZX:—l; E 25in(5)=\/§;
3 2) cos 5% )= 2
2) COS3X = ———; 2 4 2’
2 2) COS X = ———
3tg| 3x+= |=—/3. |3) ctg 2 =3
3) 29 6, Vo 2 ' 3) ctg(2x+45°)=—1.
Konmponvuwvie éonpocwi:
1. Ilepeuuncnute bopmybl TUISL pereHns IIPOCTENIINX

TPUTOHOMETPUYECKUX YPABHEHUH B 0011IEM BUJIE.

2. Tlepeuncnute ¢GOpMyIbl YaCTHBIX CIIy4aeB PEUICHHUS MPOCTEHUIINX
TPUTOHOMETPUUECKUX YPABHEHHUM.

Jumepamypa: [4, c. 181-187], [5, c. 69-74]

IIpakTuyeckoe 3ansitue Ne 15
PelieHue TPUTOHOMETPUYECKMX HEPABEHCTB

Ilenv padomuwr:

CMYOeHmM O0JIHCEH:

3HAMDb:
- (opmyibl

HEPaBEHCTB;
ymems.

TUTST

pelIeHus

MPOCTEUILINX

TPUTOHOMETPUUECKUX

- pemath NpoCTeHIIe TPUTOHOMETPUUECKHE HEPABEHCTBA.
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Ceeodenus u3z meopuu:

[IpocTelIMMU  TPUTOHOMETPUYECKHMMHU HEPABEHCTBAMHM  HA3bIBAKOTCS
HEpPABEHCTBA

sin x<m, sin Xx>m, €0S X<m, €0s X>m, tg x<m, tg x>m, ctg x<m, ctg x>m,
rae M — JaHHOE YUCIIO.

Pemmts npocrelimee TPUroHOMETPUIECKOE HEPABEHCTBO — 3HAYUT HAUTH
MHOXECTBO BCE€X 3HAYEHUW AapryMEHTa, KOTOpbIE OOpallaloT JaHHOE
HEPaBEHCTBO B BEPHOE YMCIIOBOE HEPABEHCTBO.

Ilpumep 48.
i 1 1
Pemute HepaBeHCTBO: 1) Sin X> I 2) COS X>— >
Pemenue:
1) pelieHue WUIIOCTPUPYETCS PUCYHKOM 1 crieBa: 31aech Touke M
7T o T T
COOTBETCTBYET YIroJ rx M, — yron 5 M3 — yron 5 + 7, My— yron 3 +7,
T o o« S5
HepaBeHCTBO BBITIOSHSIETCS IS E <X< ? u E + 7T <x< F + 77 . O0mum
pELIEHUEM CIIY’KUT HEPABEHCTBO!
/4 or
—+ 7K <x<—— + 7K kEZ.
6 6
2) JlaHHOE HEpaBEHCTBO WILIIOCTPUPYETCS PUCYHKOM | cmpaBa: 311ech
2r 27
TOYKE M7 COOTBETCTBYET YIroj 3 M, — yron — 3 O6mwmM pereHueM

HCPABCHCTBA ABJISICTCA

2
—?ﬂ+27zk<x<2?7z+27zk, k€Z.

A(1;0)

N2

o

Pucynok 1. PemieHue TpuroHoOMeTpUue€CKOro HEPaBEHCTBA.

3aoanusn 013 cAmMoOCmMOAMENbHO20 PEUIEHUA:
Pemute HEpaBEHCTBO:!

1 BapuaHT 2 BapuaHT 3 BapuaHT
1) sin(2x)<1; 1) 2sin2x > —1; 1) 2sinx<—/2:
2) cos(Zx —f) >-1; 2) Cos(ﬁj < _L

4 ’ 2 2
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3) ctggsﬂ/ﬁ_

X
ctg —>+/3
3) g J3.

2) COS3X >—§-

3) 3tg(3x+%j >3,

2) 2c0sX <~/2 :

3) tg(3x)2§.

2) cos(1-x) > % :

3) tg(x—%)<3_

4 BapuaHT 5 BapuaHT 6 BapuaHnt
(X ] 2 (X
= : Ne | sinf — |>0;
1) 25'”(2j>\/§, 1) sinx<—~; 1) '(2]> ;
2, V3 cos(x+£j<1-
2) COSX<=—~; 2) cos3x = =~ 2) 3 )<h
3) ctg(2x+45°)<-1. | 3) tg2x > 3. 3) tg2x > /3.
7 BapMaHT 8 BapuanT 9 BapuaHT
: 1 : 3 X J3
1) SiIn2xX > —: sinx<=. sinl 2 |> -2,
) > 1) 5 1) sin| x

2 cos§<ﬂ-
) 1 5

T
tg| 2x—— [=0
3) g( 10) )

KOHmPOJleble eonpocwsl:

1. Yro
HEpPaBEHCTBAMMU?

Ha3bIBACTCsA

MPOCTEUIINMU

TPUTOHOMETPUYECKUMHU

2. TlpowutrocTpUpyiTe pelIeHne HepaBeHCTBA SIN X>M Ha OKPYKHOCTH.

Jumepamypa: [4, c. 192-193], [5, c. 75-80].

IIpakTuyeckoe 3ansaTue Ne 16
IHocTpoenne rpagukoB dJIeMeHTAPHBIX GyHKIUH

Ilenv padomuwi:

CMYOeHm O0JIHCEH:

3HANb.

- DJeMeHTapHbIe QYHKIIMH, YTO SBISICTCS UX TpapuKaMH;

ymemn:

- CTpOUTH rpaduKu dIEMEHTAPHBIX HYHKIIUMA.

Ceedenusn u3z meopuu:

Yucnosas ¢pynxyus
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Uucnooit ¢yHkumer ¢ obnacTteio ompenenenuss D HaspiBaeTcs
COOTBETCTBHE, TMPH KOTOPOM KaXJAOMy 4YHCIy X ©3 MHOoXkectBa D
COIIOCTABJIICTCS IO HEKOTOPOMY TIPABHITY YHCIIO ), 3aBUCSIIEE OT X.

@OyHKIMM O00BIYHO 0003HAYAIOT JIATUHCKUMH OykBamu. PaccMotpum
npousBosibHyt0 ¢yHknuio f. HesaBucumyio mepeMEHHYI0 X Ha3bIBAaIOT
aprymeHToM (QyHKIHHA. YWCIO Y, COOTBETCTBYIOIIEE YHCIY X, Ha3bIBAIOT
3HayeHueM QyHKuM f B Touke x W obo3HavaroT f(x). OOmacTs omnpeneneHus
¢ynknun f obosnavator D(f). MuoxkectBo, coctosimee m3 Bcex umcen f(x),
TaKWX, YTO X MPHHAICKHT oOmactu omnpeneneHus QGyHkuuu f, HazpBaroT
oOacThio 3HaueHUH QyHKIH 1 o6o3uaqyaroT E(f).

I'papuxom ¢ynkmum f Ha3BIBAIOT MHOXKECTBO BCEX TOYCK (X; V)
KOOpJIMHATHON Tiockocth, rae y=f(x), a x «mpoberaer» Bco 00JacTh
omnpeeneHus GyHkuuu f.

I'pagpux nunetinoti hynkyuu
JIuneliHast pyHKIUA 3a7aeTcs ypaBHEHHEM y=ax+D. ['padukom muHeHHO#
byHkuuii apisiercs npamasi. YUToObl MOCTPOUTH MPSMYIO JOCTATOYHO JIBE TOUKHU.

Ilpumep 49.

[Toctpouts rpadux Qynkumnm y=2x+1.

Pemennue:

HaiijieM JiBe TOYKU. B kauecTBe OJIHOM M3 TOYEK BHITOJIHO BHIOPATH HYJIb.
Ecmu x=0, To y=2-0+1=1.

bepewm emie kakyro-HuOYIb TOUKY, Hamipumep, 1. Ecim x=1, To y=2-1+1=3.

[Ipu odopmiennn 3agaHuii KOOPIWHATHI TOYEK OOBIYHO CBOJATCS B
Ta0JIUILY:

X 0 1
y 1 3
JIB€ TOUKH HAWJEHBI, BHIMIOJHUM YEPTEK:

Pucynok 2. Fpa(bﬁK bynkuun y=2x+1

[Tpu opopmieHun yepTexa Bceraa noAnuchiBaeM rpaduxu.
Yacmuvie cnyyau tunetHol GyHKyuu
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Pucynok 3. YacTtHble ciryyaun rpaduka JTuHEHHON QYHKIIUN

1) Jluneitnas ¢ynkuus Buga y=ax (a#0) Ha3bIBaeTCA MPSMOI

X
MPOMOPIUOHATLHOCTBIO. Hampumep, y= - I'padux MPSIMOU

MPOMOPIIMOHAIBHOCTH BCETJla MPOXOJUT uepe3 Hayalo KOoopAuHAT. Takum
o0pa3oM, MOCTPOEHUE MPSIMOW YIPOLIAETCS — JOCTATOYHO HAWTH BCEro OAHY
TOYKY.

2) VpaBHenue Bunma y=b 3amaer mnpsmyto, mapamienbHylo ocu Ox, B
4acTHOCTH, caMa ocb Ox 3amaetcs ypaBHeHueM y=0.

3) VpaBuenue Buja x=b 3amaer npsMyio, nmapaienbHyio ocu Oy, B
4acTHOCTH, caMa ocb Oy 3amaetcst ypaBHeHreM x=0.

I'pagpux keadpamuunoti, Kyouueckou hyukyuu

Iapabora. Tpapux kBampatmuHoii GyHkmum y=ax’+bx+c (a0
npeacTaBiser coboil mapaboiy. PaccMoTpuM KaHOHMYECKHH Cirydail: y:XZ.
OGnacTs ompefelneHns — T000e IeHCTBHTENbHOE urcio. OYHKmusS y=x
siBIsieTcst Y€THOM. Ecim pyHKwmst siBisieTcst 4€THOM, TO ee TpaduK CHMMETPHYCH

oTHOcHUTENBHO ocu Oy.

T i1 3 4 s

PI/IC-yHOK 4 -Fp-a(blxn{ (byHKImH 'y:X2

Ilpumep 50.
[ocTpouts rpaduk GyHKIHUEA y=-x"+2x.
Pewenue:
b 2
CHayaJla HaxOJWM BEpIIMHY Tapabomipl: X, = x, =———=1,

* 2a' =2
PacCunTHIBAEM COOTBETCTBYIOIIEE 3HAYCHHE «HTpek»: y=-1°+2-1=-1+2=1.
Takum oOpa3om, BepirHa HaxoauTcs B Touke (1; 1).
Temepp  HaxoguMm  JOpyrue  TOYKHA, TPH  OTOM  TOIB3yEeMCS
CUMMETPUYHOCTBIO MapadoJIbI.
x|-2|-110|1 2|3 ]| 4

y | 83|01 0]-3]|-8
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Breimonaum YCPpTCIK:

PucyHnoxk 5. Fpa(bﬂk DYHKIHH y=-x"+2x

Jlit  kBagpatmuHOi  QyHKmME  y=ax’+bx+c  (¢#0) crmpaBemtHBO
cnenyromiee: Eciun a>0, To BeTBH mapabosbl HanpasieHsl BBepx. Eciu a<0, to
BETBH 1MapaboJIbl HAPaBJICHbBI BHU3.

Kybuueckas napabona
Ky6uueckas mapabona 3amaercs GyHkmuei y=x°. O61acTb OMpeIeIeHN s,
o0JlacTh 3HAUYCHH — JI000€ JEeUCTBUTEIbHOE 4YHCHIo. DYHKIUS SBISETCA
Heu€THOU. ['paduk cTpouM 1o Toukam:
X -2 -1 0 1 2
y -8 -1 0 1 8

Pucynox 6. Fpa(f)m( dyHKIHH y=X

I'padux bynkuum y = Jx.

Oonactp onpenenenusi: D(y): [0; +o0). O0nacte 3navenuit: E(y): [0; +o0).
To ectb, rpaduk (QyHKIIMU MOTHOCTHIO HAXOAMTCS B TMEPBOM KOOPAMHATHOU
yetBepTH. [Ipu mocTpoeHnn nmoadupaeM Takue 3HAUCHUS «UKC», YTOOBI KOPEHb
U3BJIEKAJICS HALENO:

X 0 1 4 9
y 0 1 2 3

Crtpoum rpaduxk:

Pucynox 7. I'paduk bynkuun y = Jx
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T'unepbona

1
OO6muii BH]I y=;. Oo6nacte onpenencaus: D(y): (-oo; 0) m (0; +o0).

Oo6nactes 3Hauenuii: E(y): (-o0; 0) m (0; +oo). OyHKIHSA ABIACTCS HEYETHOM,
rurnepoojia CAMMETPUYHA OTHOCUTEIIBHO Hadala KOOpIUHaT.
Brimonnum ueprex:

i

1
Pucynox 8. I'padpuk dynkuuu Y = <

a
I'padux ¢ynxuuu Buga Y =; (a#0) mpenacTaBiAOT cOOOM JBE BETBH

TUNEpOOITHI.

Eciu @>0, 1o rumepbonia pacrnosiokeHa B TEpBOH U  TpeThel
KOOpIMHATHBIX YeTBepTsax. Eciau a<0, To rumepboia pacmosioxkeHa BO BTOPOU |
YETBEPTON KOOPAMHATHBIX YETBEPTSIX.

Ilpumep 51.

[TocTpouTs MpaByro BETBb TUNEPOOIBI V = — .
x

Pemnienue:
3HAYCHUS X BBITOTHO MOJOMPAEM TaK, YTOOBI JICIHUI0OCH HAIIEIIO:
X 1 2 3 6
y 6 3 2 1

Brimonnum ueprex:

6
Pucynox 9. I'paduk pynkmum V = <

3aoanusn 014 CAMOCmMOAMENbHO20 PEULEHU:
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IToctpouts rpaduku GyHKIUII:

1 BapuanT 2 BapuMaHT 3 BapuaHT
1) y=x?+2x+3; 1) y=x?-4x; 1) y=-x*+2x-1;
2) y=2x; 2) y=~2x; 2) y=—Vx;
2 o 8 Byl d -
) y=--. ) y=—". ) V=oo
4 BapuaHT 5 BapnaZHT 6 BapuaHnt
1) y=xe+ 1 x; 1) y=-2x+3x; 1) y=x+ L x+3;
2 \/} . 2
2) y=—3x; 2)7=q7 2) y=3Jx;
3) V= _Z 3) y= 9 3) y= S
) 3x’ )Y X 5x°
7 BapuaHT 8 BapuanT 9 BapuaHT
1) y=x?-6X; 1) y=-x*+8x+1; 1) y=-2x*+x-3;
1 __1x Jx
2) y =3V, 2) y=—3vy, 2) y="7";
3) y=2 3) y=-> >
)Y X )Y . 3)y=—;.

Konumponvuwvie gonpocwi:
1. Yrto HazbiBaetcs GyHKIUEH?

2. Yto sBnsercs rpadUKoM JTMHEWHOMN, KBaAPATUIHON (PYHKITHI?

Jumepamypa: [5, c. 319-322]

IpakTuyeckoe 3ansitue Ne 17

IIpomexkyTkn BoO3pacTaHusi, yObIBaHHMS, HAHOOJIbIlIEe, HAUMEHbIIIEe
3HaYeHUusA PyHKuuM. TOUYKH IKCTpeMyMa

ILlenv pabomor:
CMYOeHm QO0JIHCEH:
3Ham».

- omnpeneneHus Bo3pacraroiei (yObIBarolei) GyHKInuy;
- OmnpeleseHus: TOYKH MakcuMyMa (MUHUMYyMa) QYHKIUU;

ymemn:

- HaxXOJUTL INPOMECKYTKH MOHOTOHHOCTHU (PYHKHI/II/I,

- BBIYUCIIATH TOYKHU SKCTPEMYyMa (I)YHKHI/II/I

Ceedenusn uz meopuu:
Bospacmanue u yovieanue ¢ynxyuii
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®dyuknus f Bo3pacTaeT Ha MHOXeCTBe P, eciu Ui JIOOBIX X1 U Xp W3
MHO’KeCTBa P, TaKHX, YTO X»>X1, BRIIOJHEHO HepaBeHCTBO f(X)>f(Xy).

®Oyuknus f yOpIBaeT Ha MHOKECTBE P, €Cld ISl JIIOOBIX X; M Xp W3
MHO’KeCTBa P, TaKHX, 4TO X»>X1, BRIIOJHEHO HepaBeHCTBO f(X,)<f(Xy).

WupiMu ciioBamu, GyHkis f HaspiBaeTcs Bo3pacTraromieil Ha MHOXECTBE
P, ecnu OosbllieMy 3HAYEHUIO apryMEHTa M3 3TOTO0 MHOXECTBA COOTBETCTBYET
Oonbiice 3Hauenue ¢GyHkiun. DPyHknms f HaseiBaercs yObIBaromield Ha
MHOXeCTBe P, eciau OoJblIeMy 3HAYCHHIO apryMEHTa W3 3TOr0 MHOXECTBA
COOTBETCTBYET MEHbIIICE 3HAUCHHE (DYHKIIHH.

Ilpumep 52.

Jlokaxute, uto pyukuus f(X)=1/X sBisercs: yObIBarOIICH.

Pewenue:

obmacte ompeaeneHus ¢yukmuu: (-o; 0) m (0; +oo0). Paccmorpum
noBeieHrne QYHKITUN Ha KaKJOM WHTEpBaJIe:

(-0; 0): x1=-8, xp=-4, T.e. x>x;, Torma f(-8)=-0,125, f(-4)=-0,25, T.e
f(x2)<f(x1), a 3naunt pynkuus f(X)=1/X sBrseTcs yobIBaromiel Ha UHTepBaje (-oo;
0).

(0; +o0): x1=4, x,=8, T.e. x,>x;, Torna f(4)=0, 25, f(8)=0,125, T.e. T.e
f(xo)<f(x1), a 3HaunT pynkuus f(X)=1/x seusercs yobBaromeit Ha uaTepBaie (0;
+0).

Onnako 3Ta QyHKUMS HE SBJISIETCS yObIBaIolled Ha OOBEIUHEHUU ATUX
npomexxyTkoB. Hammpumep, 1>-1, wo f(1)<f(-1).

[Mpu uccnemoBanuy (GYHKIUH HAa BO3pacTaHWE M yOBbIBAHHWE MPHHSTO
yKa3bIBaTh MPOMEKYTKH BO3pacTaHWs W yObIBaHWS MaKCHMAJbHOW JJIMHBI,
BKJIFOYAst KOHIIBI (€CJIM, KOHEYHO, OHU BXOJSAT B OTH MPOMEXKYTKH). Tak, MOXHO
ObuTO cKka3ath, yTo (yHKiusa f(X)=1/X sBrsercst yObiBaromieii Ha oTpeske [2;
500]. D10 BepHO, HO TaKOW OTBET HEIOJIOH.

IIpu ucciaenoBaHuM MOBEACHHUS (QPYHKIMM BOJM3M HEKOTOPOM TOUYKH
yI00HO MOJIb30BATHCS MOHATUEM OKPECTHOCTH.

OxpecmHocmblo MOYKU a Ha3bIBaeTCs JIOOOH HMHTEpBA, COJAEPKAIIMMA
9Ty Touky. Hampumep, unHTepBan (2; 6) — oaHa M3 OKPECTHOCTEH TOYKH 3,
unTepBai (-3,3; -2,7) — OKPECTHOCTh TOYKH -3.

Ixcmpemymol

Touka xo Ha3bIBaeTCS Mmouxol munumyma GyHKmu f, eciu 171 Bcex x w3
HEKOTOPOM OKPECTHOCTH Xg BBITTOJHEHO HepaBeHCTBO f(X)>f(Xo).

Touka xo Ha3bIBaeTCs mouxou maxcumyma Gyukiuu f, ecau s Beex x u3
HEKOTOPOM OKPECTHOCTH Xg BBITTOJHEHO HepaBeHCTBO f(X)<f(Xo).
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[To onpenenenusm 3HaueHue GyHkiwn f B Touke MakcuMyma xq SIBJISCTCS
HauOOJIBIIUM Cpeld 3HAYeHUH (QYHKIMKA W3 HEKOTOPOM OKPECTHOCTH JTOM
TOYKH, T03TOMY rpaduK QYHKIUU B OKPECTHOCTH X(, KaK MPABUIIO, UMEET BUJT
[NIAJIKOTO0  «XOJIMa» WJIM 3a0CTPEHHOTO «IHUKa». B  OKpecTHOCTH TOYKH
MUHUMYMa TpaduKy, Kak MpaBUIIO, U300paXaloTcs B BUJAE «BIIAJIUHBD), TOXE
WJIY TIAJKOW WM 3a0CTPEHHOM.

JIJist Touek MakCMMyMa U MUHUMYMa (DYHKIIMH TIPUHATO o0Iiee Ha3BaHUE
— UX Ha3bIBAIOT MOYKAMU IKCIMPEMYMA.

3HadyeHne (QYHKIMM B OTHUX TOYKaX HA3BIBAIOT COOTBETCTBEHHO
MaKCUMyMaMH W MUHUMyMaMHu (yHKOuH (00IIee Ha3BaHWE — DKCTPEMYM
byaknun). Toukm MakcumMyma O0O03HAYAIOT Xmax, @ TOUYKH MHHHUMYMA Xmin-.
3HadeHust PYHKIIUU B ITUX TOYKAX 0003HAYAIOTCS COOTBETCTBEHHO Yimax, Ymin-

Ilpumep 53.

Hauepture scku3 rpaduxa dynkiuu f, ecnu uzBectHo, uro f Bo3pacraer
Ha MpoMexyTKe (-00; 2] u yObIBaeT Ha MpoMexyTke [2; +oo). Kakoit OyaeT Touka
x=2?

Pewenue:

CXEMAaTUYHO T'pauK MOKHO N300pa3uTh B BUJE!

VAN
[

Pucynox 10. Dcku3 rpaduka

['padmk mMeeT BHI TIAAKOTO «XOJIMa», a 3HAYUT TOYKA X=2 — TOYKa
MaKCHMyMa.

3aoanusn 011 CAamMoOCmMOAMENbHO20 PEUIEHU:
Hauepture 3cku3 rpaduka dynkuuu f, onpeaennure BUI TOUEK, €CIIH:

1 BapuaHT 2 BapuaHT 3 BapuaHT

f BO3pacTaeT Ha | f BO3pacTaet Ha | f BO3pacTaer Ha

npomMexytke (-c0; 2] u | mpomexyTtkax (-oo; -2] u | mpomexxyrke [1; 4] u

yObIBaeT Ha | [0; 3], yOwBaeT Ha | yObiBaeT Ha

POMEKYTKE [2; +00). npomexytke [2; 0]. npomexyTkax (-oo; 1] u
[4; +o0).

4 papuaHT S BapHaHT 6 BapuaHT

f BO3pacTaer Ha | f BO3pacTaeT Ha | f BO3pacTaer Ha

npomexyTkax (-oo; -5] u | mpomexxyrke (-o0; 5] u | mpomekytke (-00; 0] u

[1; 5], yOwBaeT Ha |yObiBaeT Ha | yObIBaeT Ha

npomexyTkax [-5; 1] [5; | mpomexyTke [5; +o0). npomexyTke [0; +o0).

+00).
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/ BapuaHT

f BO3pacTaeT Ha
npomexytke [-1; 2] u
yOBIBaeT Ha
npoMexxyTkax (-oo; -1] u

[2; +o0).

8 Bapuanr

f BO3pacTaer Ha
poMeXyTKax (-oo; -4] u
[2; 4], yOsiBaer Ha
npoMexyrtkax [-4; 2] [4;
+00).

9 BapuaHT

f BO3pacTaer Ha
npoMexyTkax (-oo; -3] u
[2; 5], yOwiBaer Ha

npoMexytkax [-3; 2] [5;
+00).

KOHmPOJleble eonpocwsl:

1. Kakasa
HEKOTOPOM ITPOMEKYTKE?

dbyHKIMS Ha3pIBaeTCcs Bo3pacraromieil  (yObiBaromied) Ha

2. JlaiiTe onpeneneHre TOUYKe MaKCUMyMa (MUHUMYMa) (PyHKITUH.

JIumepamypa: [5, c. 42-46]

IIpakTu4yeckoe 3ansitue Ne 18
ApudmMeTnyeckue onepannu HaJg GyHKIUAMHA

ILlenwv pabomor:
CMYOeHm OO0JIHCEH:
3Ham».

- rpauKy 3IEeMEHTAPHBIX PYHKIUH;

ymemsy.

- cTpouth rpaduk PyHKIIUU KaK KOMIO3HUIIUIO IBYX (PYHKIIUU.

Ceedenusn uz meopuu:

[Toctpoenue

rpaduka

CYMMBI

(mpou3BeneHuUs)

IBYX  (hyHKIUH

MPOU3BOJIUTCS  CIOKEHUEM (YMHOXKEHHEM) OpJWHAT TOoueK TIpadHuKoOB C
OJIMHAKOBBIMH a0CIICCaAMMU.

Ilpumep 54.

[Tycte nanbl Tpaduku GyHKIMA Y=X u Yy=Sin X. [Toctpouts y=X+sin X u
Yy=XSIN X, SBISIONIMXCS COOTBETCTBEHHO CYMMOW WM TIPOHM3BEIACHUEM 3aJIaHHBIX

rpaduKoB.
Pemenue:

rpaduku GyHKIUK Y=X+SIN X 1 y=XSin X:
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——y=x

T y=sin (x)
+3in (x)
= (x)

—_—y=x

—yx

Pucynok 11. I'paduku Gyskiumit y=x, y=sin X, y=x+sin x, y=xsin x

[Tycte u3BecteH rpaduk y=f(X) 1 HykHO MOCTpOUTH TpaduK (QYHKIUH
f(x), x>0
—f(x), x<0

3HauuT, YacTh rpaduka, JEKaINyl0 B BEpXHEHM KOOPAMHATHOU
HOJIYIJIOCKOCTH, U3MEHSTh HE HaJ0, a 4acTh Ipaduka, JIekKallyl0o B HUKHEH

KOOPAMHATHOM MOJTYTIJIOCKOCTH, HY>KHO 0TOOpa3UTh CHUMMETPUIHO
otHOcUTENbHO ocH Ox.

y=|f(X)|. TTo onpenenennro, |f(x) :{

[Tycts m3BecteH rpaduk Y=f(X) u HyxHO MOCTpouTh rpaduk GyHKIUH
y=f(|x|). 3ameTum, uro pu x>0 f(|x|)=f(x), a dynkuus y=f(|x|) uernas. [Toatomy,
4T100BI ocTpouTh rpaduk ¢ynkuuu Y=f(|X|), Hy)kHO 4wacTh rpaduka GyHKIUH
y=f(X), nexanryro B JIeBOH KOOPJAMHATHOM IMOJYIUIOCKOCTH, OTOPOCUTH, a YacTh
rpaduKka, JIEXKallyl0 B MPAaBOM KOOPAMHATHON TMOIYIUIOCKOCTH, OTOOPa3UTh
CUMMETPUYHO OTHOCUTENILHO ocu Oy.

3aoanusn 014 CAMOCMOAMENbHO20 PEUIEHU:
[TocTpouTs rpaduku GyHKIHIA:

1 BapuaHT 2 BapuaHT 3 BapHaHT

1) y=x+cos X; 1) y=Xcos X; 1) y=x+tg x;

2) y=|x*+2x+3|. 2) y=|x*-4x|. 2) y=|x*-6x].

4 BapuaHT S BapuaHnT 6 BapuanT

1) y=xtg X; 1) y=x+ctg x; 1) y=x ctg X;

oy d Ny 3 Ny

7 BapuaHT 8 BapuanT 9 BapuaHT

1) y=-x+sin x; 1) y=-x sin X; 1) y=-x+C0s X;

2 =-2. 2) b= 2) =
X S5x 2x
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Konmponsuwie eéonpocwi:
1. Kak nmoctpouts cymmy (Iipou3BeicHUE) ABYX (DYHKITHIA?
2. Kak mocTpouTh MOIYJIb QYHKITH, MOIYJIb aprymMeHTa?

Jumepamypa: [4, c. 103-105]

IIpakTuyeckoe 3ansaTue Ne 19
HocTpoenne rpaguxos

Ilenv padomuwr:

CMYOeHm O0JIHCEH:

3Hamo:

- CBOMCTBa (PYHKIINIA;

- CcXeMy uccieaoBaHust GyHKINH;
ymems.

- cTpouth rpaduku QPyHKIUH.

Ceéedenusn u3z meopuu:

Yemmuoie u Heuemuwvle hyHKyuU

PaccmoTtpum (yHkiMu o0nacTd oOnpeneiaeHuss KOTOPbIX CUMMETPUYHBI
OTHOCHUTEJILHO Hauajia KOOpJAWHAT, T.€. JJIsl TI000ro x U3 00JacTH ONpeeaeHuUs
(GyHKUIHMM YHCIIO (-X) TAK)Ke MPUHAIIEKUT obsactu onpeaesnenus. Cpeau Takux
(GyHKIUH BBIJIEISIOT YETHBIC U HEUETHBIC.

Oyukuus f HaspIBaeTcs YETHOM, eciM Ui J1I00Oro Xx U3 00JacTH
onpenenenus f(-X)=f(x).

Oyukuus f HaspIBaeTCsS HEYETHOM, €CIM IS JO00Or0 X U3 00JacTH
onpenenenus f(-xX)=-f(x).

Ilpumep 55.

Omnpenenure Kakas U3 QyHKIUHN SBISETCS YETHOU (HEYETHOM): y:x4, y:xs.

Pewenue:

dyukumst y=x' wernas, T.x. x'=(x)%, T.e. Y(-X)=¥(X), a QyHKIMI y=x°
SIBIIETCS HEeIeTHOM, T.K. X =(-x)°=- x%, T.e. y(-X)=-p(X).

Ilpumep 56.

x° +X
Jokaxute, uto ¢pynkuus f(X)= &y deTHasL.
Peurenue:
BbruuciuM f(-x):

(=xP+(=x) =x=x_ =(*+x) _ xX*+x

f(_X):(_x)?’_(—x)_—x3+x_—(x3—x)_ x* — X

=f(x),
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X3 + X

X3 —X

T.C. f (X) = — YCTHas I10 OIMPCACICHUILO.

Ceoticmea epagurxog.

1. I'paduk yeTHOM PYHKIIMM CUMMETPUYEH OTHOCUTEILHO OCU OpJIMHAT.

2. I'padbuxk HeyeTHOW GYHKUUU CUMMETPHUUYEH OTHOCUTENIBHO Hauasa
KOOPJAUHAT.

W3 >TuX nBYX mpaBWiI BBITEKACT CIEAYIOIIEe: PH MOCTPOCHUH Tpaduka
YETHOW WM HEYCTHOW (YHKIIMHM JTOCTATOYHO TOCTPOUTH €r0 4YacTh IS
HEOTPHUIIATETHHBIX X, & 3aTEM OTPA3HUTh MOJYyUYEHHBIN TpaK OTHOCUTEIILHO OCH
opavHAT (B cllydae 4YeTHOM (YyHKIMM) WIM Hayaida KoOpAWHAT (B ciyyae
HEUYETHOI).

Panee Mbl cTpounu rpaduku QyHKUIMN «110 Toukam». Bo MHOrHX cioyyasx
3TOT METOJ AACT XOPOUIUE PE3YJIbTATHI, €CJIH, KOHEYHO, OTMETUTH JIOCTATOYHO
0osbIIoe Ynciao ToueK. OJHAKO MpU 3TOM MPUXOAUTCS COCTABIATH OOJIBLINE
TaOJIMIBl 3HAUEHUH (PYHKLIMHU, a TJIaBHOE, MOKHO HE 3aMETUTh CYLIECTBEHHBIX
0COOEHHOCTEN (PYHKIIMU U B UTOT€ OMIMOUTHCS IPU NOCTPOCHUU TpadukKa.

Jisg Toro 4YtoObl MU30€XaTh OMIMOOK, HAAO HAYYUTHCS BBIABIATH
XapaKTEpHbIE OCOOEHHOCTH (PYHKIMHU, T.€. MIPEIBAPUTEIBHO IPOBECTU €€
UCCIIEJOBAHHUE.

Cxema uccnedosanusi hyHKyuiL:
1. Haiftu obnacthb onpejieneHus U 00J1acTh 3HAUCHUN TaHHOW (QyHKITUH.

2. Bersicauth, oOmamaer nu QYHKIUSA OCOOCHHOCTSAMH, OOJICTYAOITUMU
UCCJIEI0BAHKE, T.€. SIBISETCS U (PYHKIUS YETHOU (HEYETHOM ), NEPUOINYECKOM.
3. Beruncnuth KoopauHaThI rpaduka GYHKIIUU C OCIMH KOOPAUHAT.

4. HaiiTi mpoMexXyTKH 3HaKOTIOCTOSTHCTBA (DYHKIIHH.

5. BeisicHUTh, Ha KakuxX MPOMEXYTKax (YHKIUS yObIBa€T, a Ha KaKUX
BO3pacTaer.

6. HaiitTu Toukm »dKcTpemyma, BHA OJKcTpeMymMa (MUHUMYM WM
MaKCUMYM) Y BBIYUCIIUTH 3HAYCHUS (YHKIIUU B 3TUX TOUKAX.

7. UccnenoBath mOBefeHUE (YHKIMM B OKPECTHOCTH XapaKTEPHBIX
TOYEK, HE BXOASAIIUMX B OOJAcTh ompezeneHus (Hampumep, Touka x=0 s
¢yukuuu f(X)=1/x), u npu 60bMUX (TI0 MOJIYJIFO) 3HAYCHHSX, APTYMECHTA.

Heo0xoammo 3aMeTUTh, 4TO 3TOT TUTAH KMEET MPUMEPHBIN XapakTep.
3aoanus 01a camoCcmoaAmebHO20 peuleHus:

[Toctponts rpaduk GyHknmu f, eciim U3BECTHHI €€ CBOHCTBA!
| 1. | CgoiictBo dyukuun | 1 Bapuant | 2 Bapuant | 3 BapuaHT | 4 BapuaHT |
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OobnacTh [-6; 6] [-5; 4] [-4; 4] [-5; 3]
OTIPEICIICHUS
OO6nacTh 3HAYCHUIN [-2; 5] [0; 6] [-3; 6] [0; 5]
2 | Touku nepecevenus rpaduka:
a) ¢ ocero Ox (-4; 0), (0; 0) (-4; 0), (3; 0)
(-2; 0) (-1, 0),
(2,5;0)
6) c ocero Oy (0; 2,5) (0; 0) (0; -2) (0; 4,5)
3 | [IpoMexxyTKH 3HAKOIIOCTOSIHCTBA:
a) f(x)>0 [-6; -4), [-5; 0), (-4.-1), | [53)
(-2, 6] (0; 4] (2,5; 4]
0) f(x)<0 (-4; -2) - (-1; 2,5) -
4 | IlpoMexyTKH:
a) BO3pacTaHMs [-3; 1], [-5; -2], [-4; -2], [-3; 1]
[4; 6] [0; 4] [1; 4]
0) yObIBaHUS [-6; -3], [-2; 0] [-2; 1] [-5; -3],
[1; 4] [1; 3]
5.1 | Toukn MakcuMymMma, Xmax=1 Xmax=-2 Ximax=-2 Xmax=1
MaKCUMyM (DYHKIIUH Yimax—3 Yimax—2 Yimax—2 Yimax—2
5.2 | Toukn MHHUMYMA, | Xmin1=-3, Xmin=0 Xmin=1 Xmin=-3
MHHUMYM (QyHKITHH Ymin1=-2; Ymin=0 Ymin=-3 Ymin=2
Xmin2—4
Ymin2=1
6 | JomosHUTETHHBIC (-6; 3), (-5; 0,5), (4; 6) (-5; 3)
TOUYKH Tpaduka (6; 5) (4; 6)
Koumponwnuie sonpocwi:
1. Ilepeuncnure cBOMCTBA (DYHKIIHIA.
2. [lepeuncnute OCHOBHBIC ATAIbI UCCIICIOBAHUS (QYHKITHH.
Jumepamypa: [4, c. 103-105], [5, §2, c. 21-40]
IIpakTuyeckoe 3ansaTue Ne 20
Crenennas pyHkuus, ee rpaduk u cBoiicTBa
Ilenv padomuwi:
CMYOeHm O0JINHCEH:
3HAMDb:
- CBOICTBa cTeNeHHOW (DYHKIINU C pa3IMIHBIMU TIOKA3aTEIISIMHA CTETICHH,
yMems.
- CcTpouTh TpadUK CTEMEHHON (YHKIUU C Pa3IUYHBIMHU IOKA3aTEIISIMH
CTETICHH.
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Ceéedenusn uz meopuu:
CmeneHnnas QyHKYus ¢ HamypaivbHbIM noKazamenem
—.n )
OyHKIUSA y=x, TAe N — HaTypaJlbHOE YHUCJO, HAa3bIBACTCS CTEIEHHOMN
dbyHKIMEN ¢ HaTypalbHBIM Noka3areneM. [Ipu n=1 nonydaem QyHkIuI0 y=Xx.

IIpsimas nponopyuonarbHocmy

[TpstMOli  MIPOITOPIIMOHAIBHOCTRIO ~ Ha3bIBaeTCS  (QYHKIUSA, 3aJaHHAs
gopmynoit  y=kx", rTme umcmo Kk  HaseBaeTcs  KOX((PHUIMEHTOM
IPOTIOPITUOHAIEHOCTH.

[epeurcaum cBoiicTBa GyHKIMU y=KX:

1. OGnacte omnpeneneHus: GYHKIIMA — MHOXKECTBO BCEX JICHCTBHTEIBHBIX
qHCell.

2. y=kx — Heuetnas pynkius, T.K. f(-x)=K(-x)=-kx=-k(x)=-f(x).

3. IIpu k>0 dynkius Bo3pacraeT, a npu k<0 yObIBaeT Ha BCEH YMCIOBOI
IIPSIMOM.

Pucynox 12. I'padux ¢pynakmmm y=Kkx

Ipu N=2 monydaeM dyskmmio y=x°. IlepedrciuM cBOHCTBa (ByHKIUHM
2

y=x":
1. OGnacTe onpeaeneHus: GyHKIIUU — BCSI YUCIIOBAsI MpsiMasi.
2. y=x’ — uerHas pyHKuws, T.K. f(-x)=(-X)* =x’=f(x).
3. Ha mpomexyTtke [0; +00) dpynkius Bo3pactaet. Ha nmpomexytke (-oo; 0]
byHKIIUS yOBIBAET.

4. T'padrkoM QYHKIHH Y=x" SIBISETCS MapadolIa.

Y

=3-2-1 0 1 2 3 x

Pucynox 13. Fpa(bmc dyHKIHH y=X°

ITpu n = 3 nony4yaem QyHKIHIO y=x3, €€ CBOICTBA:

1. OGnacTh onpeaeneHus: GyHKIIUUA — BCSI YUCIIOBAs TIpsiMas.
_.3 —(\3 —_ 3

2. y=x" — neuetHas pynkus, T.K. f(-x)=(-X)" =-x"=-f(x).

3. @yHKIHUS y=X" BO3PACTAET HA BCEW YUCIOBOM MPSIMOM.

4. Tpaduk byHKIMK y=x" HA3BIBACTCS KyOUIECKOH I1apaGoIIoii.
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Pucynok 14. I'padux dyHKmmn y=x>

[Iyctb N — IMpPOU3BONBHOE YETHOE HATypaJbHOE YHCIIO, OOJbIICE ABYX:
n=4,6,8,....

B sToM ciydae QyHKIMs y=x" oOIagacT TeMHU XK€ CBOMCTBAMH, YTO U
dynxuus y=x°. Ipadux Taxoi (GYHKIMH HAIOMHHACT Mapaboly y=x°, TOIBKO
BeTBU rpaduka mpu |nj>1 kpyde uAyT BBepx, yeMm Ooubine N, a npu |n|<l
«TeCHee MPUKUMAIOTCS» K OCH X, 4eM OoJibLIe N.

[TycTh N — mpon3BOIBLHOE HEYETHOE YHUCIIO, OoJbiee Tpex: N=5, 7, 9, ... .

B stoMm ciydae QyHKIus y=x' o0NazaeT TEMHU K€ CBOWCTBAMH, 4TO M
byt y=x°. T'paduk Takoil (YHKIMH HATOMHHAET KyOMUYECKYyIO Mapaboiy
(TOJIbKO BETBM rpadika TeM Kpyde UIyT BBEPX, BHU3, 4eM Ooublie N). OTMeTHM
Takke, uTo Ha mpomexyrtke (0; 1) rpadux cremenHol Qynkuum y=x" Tem
MeasieHHee oTaanseTcss oT ocu Ox ¢ pocToM X, yeM OosbIe N.

Cmenennasn (yHKYyusl ¢ yeavlm ompuyameibHbiM noKazameiem.
PaccMotpuM (yHKIMIO y=x ", rae N — HaTypaabHOEe 4mcio. Ilpu n=2

1
-2 ) )
nojyyaem y=x - uiu y=— . CBoiicTBa 310 (QyHKIUU:
X

1. dynkuus onpeaeneHa npu Beex x# 0.

1
2. y="_7 —UeTHai GyHKUHS.
1
3. Y=z~ yobiBaeT Ha (0; +o0) 1 Bo3pacraer Ha (-0; 0).

Temu ke CBOHCTBaMU 00I1aaI0T M00bIE (YHKIMHU BHAA Y=X ' IPH YETHOM
N, OOJIBbILIEM JIBYX.

3 n
OyHkuMy  BUAA y=1/x e Jx Y= Ux 00JIaTal0T TEMH KeE
CBOMCTBaMHU, KaK U (PyHKITUS y=x"
Cmenennas QyHKYUs: ¢ NOIOHCUMELHBIM OPOOHBIM NOKA3amesem
PaccMoTpuM (QYHKIMIO y=x', rje I — IOJOKHMTEIbHAas HEeCOKpaTUMast
npoOb. [lepeuncium HEKOTOPBIE CBOMCTBA ATON (DYHKITUU:

1. O6nacth onpeaeneHus — iyd [0; +o0).
2. yHKIMS HU Y€THAs, HU HeUSTHAs..
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3. ®ynkuus y = x" Bospacraer Ha [0; +o0),

e
el
e

\é A
f]j V=X 2

e

~
~
{
Bei
Wi

7] i I3 (}|; X

Pucynok 15. rpa(l)-I/IKI/I CTETICHHBIX (PyHKINN

5

—y?2
Ha pucynke cneBa nzobpaxkeH rpaduk GyHKIIHH Y =X Ou saxmouen

Mex Ty rpadukaMu GYHKITUH y=x" 1 y=x", 3aJIaHHBIX Ha MpoMexkyTKe [0; +00).
[Tono6HeI BUA MMeeT rpaduk moboii Gpynkuun Buga y=x', rae  >1,
2
—y3
Ha ToM ke pHCYHKe mocepenHe n3o0paxeH rpaduk dyrkmua I — %
[Tono6HBIM BUA MMeET rpaduk 060 cTENEHHOM yHKINK y=X, T1e O<r<1

Cmenennas @yHKyus ¢ ompuyamenbHolM OpOOHbIM NOKA3amenem

PaccMoTpuM (pyHKLIMIO y=Xx', rae I — MOJOXKUTEIbHAs HECOKpaTUMas
npoOb. [lepeuncnum cBoMCTBA 3TOM PYHKITUU:

1. O6nacTh onpeaesieHuss — mpoMexyTok (0; +o).

2. OYHKIMA HU YeTHAasi, HU HEUYETHAs.

3. ®ynkuus y=x" yosiBaeT Ha (0; +00).

Ilpumep 57.
1
IToctpouts rpaduk GyHKIHK ¥ =X 2.
Pewenue:
MOCTPOUM TaOJIMIly 3HAYECHUN TAHHOU (QYHKIUU:
1 1
X — — 1 4 9
9 4
1 1
3 2 1 — -
g 2 | 3

Hanecem nonydeHHblE TOYKM HA KOOPJIAUHATHYIO IJIOCKOCTh U COCIAUHUM
YX TIJIABHOM KPUBOM:

el

—
<
Il
>
/NI

1

2

Pucynox 16. I'padpux pynkmmm y = x
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[TonoOHBIA Bua uMeeT rpaduk o000l QyHKIMM y=x', rae I —
OTpHIaTeIbHAsS IPOOH.

3aoanusa ona camocmoamenvbHozo peuienus:
ITocTpotiTe rpaduk HyHKIINK U OMUIIATE €€ CBOMCTBA!

1 Bapuant 2 BapuaHT 3 BapuaHT
y:2«/x+1. y=2—i/;. y=1+‘§/;‘
4 BapuaHT S BapuaHT 6 BapuaHnt
y=3x". y=\/;—4. yzl—i/;.
7 BapMaHT 8 Bapuanr 9 BapuaHT
y=+/x+3. y=3x* +1. y=+x—2+1.

Konumponvuwvie gonpocwi:
1. Yrto Ha3bIBaeTCs CTENEHHON (DyHKIUEH?
2. Tlepeuncnurte BUIBI CTENICHHBIX (PYHKIIHA.

3. Ilepeuncnure cBoiicTBa (GYHKIUM JUIS DPA3NAYHBIX IOKa3aTesei
CTCIICHHU.

JIumepamypa: [4, c. 106-109]

IpakTuyeckoe 3ansitue Ne 21
Jlorapugmuueckas pyHKuus, ee rpaguk U CBOMCTBA

Ilenwv pabomor:

CMYOeHm QO0JIHCEH:

3HamMb.

- OCHOBHBIEC CBOWCTBA JIOTapU(MOB;
ymemy:

- crpouTh rpaduk  jgorapudmuyeckod  QPyHKIMH C  pa3HBIMU
OCHOBAHUSAMH.

Ceedenusn uz meopuu:

[TycTh a — nooXKUTENBHOE YUCIIO, aF1.

®dyukiuio, 3aganay0 Gopmyiaoi Y=10g.X Ha3bIBAIOT J102apugmuyeckol
@yHKYUell ¢ ocHoB8aHUeM a.

[TepeuriciiiM OCHOBHBIE CBOWCTBA JIOTapU(MHUUECKON (PYHKITUU:

1. Obnacth onpeneaeHuss — MHOXECTBO BCEX IMOJOKUTENbHBIX yucen Ry,
T.¢. D(l0g,)=(0; +).

2. O061acTh 3HAYEHUH — MHOXKECTBO BCEX JECHCTBUTEIBHBIX UHcel R, T.e.
E(log,)=(-00; +o0).
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3. Jlorapudmuueckass (yHKIUMS Ha BCeM 00JacTH  OIpeaeeHus
Bo3pacTtaeT npu a>1 unu yosiBaet mpu 0<a<l.

Jlig moctpoeHus rpaguka 3aMeTHM, 4To 3HaueHue (0 jorapudmuueckast
dyHKIHs nprHEMaeT B Touke 1; 10g,1=0 mpu mobom a>1, T.k. a’=1.

BcenenctBue Bospactanus ¢yHKuuu npu a>1 momydaem, yto mpu x>1
jorapumuueckas (QyHKUMS MPUHUMAET MOJIOKUTEIbHBIC 3HAYEHUS, a TpHU
0<x<1 — oTpunaTeIbHBIC.

Ecimu 0<a<1 ,to norapudmuueckas pynkuus yobiBaeT Ha R., mostomy
GYHKIUS TPUHUMAET TOJIOKHUTENbHbIe 3HaueHus npu 0<x<l, a mpm x>1 —
OTpHIIATEIbHBIE.

Onupasch Ha BCe BBIINIECKA3aHHOE CTPOUM TpaduKy JorapuMHUUECcKOi
bynkiun y=10g,X mpu a>1 u npu 0<a<l.

y
! 78 [rm—
/ \ ‘ V<

:::IU_\',;‘\‘
g '
;{‘/J/TA/ ¥ &
% °NlF
¥ ] T NS

Pucynox 17. I'padux norapudmudeckoit GpyHKIIUN

CHpaBGIUII/IBO CIICAYIOMICC YTBCPKICHUC!: I’pa(bHKI/I MOKa3aTeJIbHON M

JorapupmMuyecKon byHKIUH, AMEIOINX  OJMHAKOBOE OCHOBAaHUE,
CUMMETPUYHBI OTHOCUTEILHO TIPSIMOH y=X.

Ilpumep 58.
Pewmnts rpaduuecku ypaBuenue log,x=-x+1.

Penienue:

nocTpouM rpapuku GyHkuui y=logox n y=-x+1 B 0HON KOOPAMHATHOU

IIJIOCKOCTH.
¥

Pucynok 18. I'paduku pynkuunit y=logyx u y=-x+1

I'paduku >THX QyHKIMI IepecekaroTcs B TOUKE ¢ abciuccoi x=1.
[TpoBepka mokaspIBaeT, 4YTo Xx=1 — KOPEHb JJAHHOTO YPaBHCHHMS.
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3adanusn 0na camocmoamenbHoz0 peuienun:
Pemure rpaduyuecku ypaBHEeHUE:

1 BapuanT 2 BapuMaHT 3 BapuaHT
— — —_ — 2 —

log, (x+3)=x-1, lg(1—x) = x* —1. %Iogz(x+1)=x.
4 BapuaHT S BapuanT 6 BapuanT
1+log,(x+2)=2-X. log, Xx=x-3, log, x =2,

2
7 BapuaHT 8 Bapuanr 9 BapuaHT

log, x=2x-7. lg(1—x) =5-x.
log, x|=1-xX. 3
2

Konmponwvnwvie éonpocwi:
1. Yro Ha3biBaercs JorapupmMuyeckor GyHKIHUEH?
2. Ilepeuncnure cBoicTBa JOoTapuMHUIECKON (DYHKITHH.

Jumepamypa: [4, c. 111-119]

IIpakTHyeckoe 3ansitue Ne 22
Kocunyc, ero rpagpuk u cBoiicrea

Llenv padomoi:

CMYOeHm O0JICEH:

3HaAMb:

- OmnpeneneHue TPUTOHOMETPUIECKUX HYHKITUN;
- CBOWCTBA TPUTOHOMETPUYECKUX (PYHKITUH;
ymemy:

- CTPOUTb KOCUHYCOU]TY.

Ceedenusn u3z meopuu:

DyHKYUU CUHYC U KOCUHYC

Yucnopsle GyHKIINH, 3a0aHHbIe (POpMyIaMu Y=SiN X 1 Y=COS X, Ha3bIBAIOT
COOTBETCTBEHHO CHHYCOM M KOCHHYCOM (1 0003Ha4aroT Sin u COS).

Obnacte  ompezneneHuss d3TUX  QYHKOUH —  MHOXECTBO  BCeX
NeUCTBUTENBHBIX uuncen. OO0nacTbio 3HauYeHUUW (PYHKIUN CHHYC M KOCHHYC
sBisiercs otpe3ok [-1; 1]. T.e. D(sin)=D(cos)=R; E(sin)=E(cos)=[-1; 1].

Ceoticmea @yHKYuULl CUHYC U KOCUHYC

JUTsT TI000TO X CIIpaBeJIUBBI PAaBEHCTBA:

1) sin(-x)=-sin X, cos (-X)=cos X;

2) sin(x+2zmn)=sin X, COS(X+27N)=C0S X, re N — MPOU3BOJLHOE IIEJIOC
YHCIIO.
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Cunycouda

[Toctpoum rpaduk ¢dynkum cunyc Ha otpeske [0; 2x]. Hdus storo
orMetuM Ha ocu opauHaT Toukd (0; -1) u (0; 1), a Ha ocu aOCIUCC TOUKY C
abcuuccoit 2n (muHa otpeska [0; 2m] mecTh kieTok ~ 6,28). Jlaee moab3ysch
BBIYHCIICHHBIMU 3HAYEHUSMH CHUHYCa TOCTPOMM Trpaduk (PyHKIIMH HA OTPE3KE
[0; 2w]. BHe atoro otpeska 3ametum, 4dto SIN(X+27wN)=SiN X W ¢ MTOMOIIBIO
napajuIeIbHBIX MEPEeHOCOB BIOJb OocM OX BJIEBO M BIPABO JOCTPOUM Ipaduk
byHKIMH Ha oTpe3kax [-4mw; -2x], [-2x; O], [27; 4x]. ['padmk cuHyca Ha3bIBacTCs
CUHYCOHJION.

Jia moctpoeHusi rpaguka KOCHHyca HEOOXOJUMO BOCIIOJIb30BAThCS
dopmyoii €0S X=Sin(X+m/2). 10 03HaYaeT, 4To rpapuK KOCHHYCa MOTydaeTCs
u3 rpaduka cHHyca ¢ MOMOIIBIO MapaUIeIbHOTO MEPEeHoca Ha PAacCTOsIHUE T/2
BiIeBO Brosib ocu Ox. IToatoMy rpaduk QyHKIuM Y=COS X Takke SBISIETCS
CUHYCOHJION.

CBenem U3BECTHBIC CBOMCTBA (PYHKITMH B TaOIHIly (BCIOAY ToJiaras, 4To N
— MPOU3BOJIBHOE 11€JI0€ YUCIIO).

DyHKIUA

y=sin X y=CO0S X
1.1 OGnacTe onpeaeneHus R R
1.2 O6nacth 3HaUYCHUH [-1; 1] [-1; 1]
2.1 YeTHOCTH (HEYETHOCTBH) HeueTnas YetHas
2.2 Hanmenbmmii 2n 2n
TTOJIOYKUTETbHBIN TTEPUOT
3.1 Koopaunatst TOYEK (mn; 0) (n/2+7n; 0)
nepecedeHus rpaduka ¢ ocsio Ox
3.2 Koopaunatst TOYEK 0; 0) 0; 1)
nepecedeHus rpaduka ¢ ocsto Oy
4.1 TIpoMeXyTKH, Ha KOTOPBIX (27n; m+27n) (-m/2+27mn; w/2+27n)
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byHKIUSA MPUHUMAET

MIOJIO’KUTEIIHHBIC 3HAYCHHSI

4.2 TIpoMeKyTKH, Ha KOTOPBIX (-m+27n; 27n) (m/2+27n; 31/2+27n)
byHKIIHS MPUHUMAET

OTPHIIATEIILHBIC 3HAYCHUS

5.1 IIpoMexyTKH BO3pacTaHUS [-t/2+27n; m/2+27n] [-n+27n; 27n]
5.2 TIpoMexxyTKH yOBIBaHUS [/2+27n; 3w/2+27n] [27tn; t+27n]
6.1 Touku MuHUMYyMa -1t/2+27Nn 27N
6.2 MUHUMYMBI (QYHKIIHH -1 -1

6.3 Touku Makcumyma w/2+27n 21N

6.4 MakcumyMbl PyHKIIMU 1 1

3aoanus 01 camMoCmoAmebHO20 PeuleHus:

Nel. TlocTtpouTh CXxeMaTU4YECKHM KOCHHYCOWAY Ha WHTEpBaie [-3m; 37| u
BBITIOJIHUTD CJICAYIONINE YIPAKHEHUS:

1) [IpowsmrocTpupoBath 1o rpaduky, 4yTo:

a) (YHKIHS COS X HE MOXKET MPUHUMATh 3HAYCHUH, MPEBOCXOIAIIMX 10
a0COJIFOTHOM BEeJTMYMHE €IMHHUILY, T. €. -1<C0S X<1;

0) KaXJI0My JIEUCTBUTEIILHOMY 3HAYEHHUIO X COOTBETCTBYET TOJHKO OJIHO
3HAaYEHHUE COS X (CBOMCTBO OHO3HAYHOCTU KOCHUHYCA);

B) IpU  3aMEHE  MPOU3BOJBHOIO  3HAYEHHS  aprymMeHra  x
MIPOTHUBOIIOJIOKHBIM €My 3HAYCHHEM — X 3HaueHWe (YHKIIMH HE U3MEHSCTCS, T.
¢. C0S(-x)=C0S x (CBOMCTBO YETHOCTH KOCHHYyca). Kak MOYXHO HCITOJIb30BaTh
CBOMCTBO YETHOCTH KOCHHYCA IPU TIOCTPOCHUH €T0 TpaduKa;

r) TpU HM3MEHEHWW TPOW3BOJIBHOTO 3HAYEHUS apryMeHTa Ha 4YHUCJIO,
KpaTHOE YHCITy 27, 3HauYeHWe QYHKIUA COS X HE W3MEHsAeTcs, T. .
COS(x+2mk)=COS X  (CBOMCTBO TEPHOAMYHOCTH KOCHHyca). Kak MOXHO
UCIIOJIB30BATh MIEPHUOJUIHOCTh KOCHHYCA TIPH MIOCTPOCHHUH €T0 rpaduka;

1) TpU W3MEHEHUU TPOU3BOJIBHOTO 3HAMEHHUS apryMeHTa Ha YHUCIO T
3HaueHUe (PYHKIIMHU ) 3aMEHSIETCS MPOTUBOIOJIOKHBIM €My 3HAUCHUEM -V, T. €.
COS(X+m)=-COS X;

e) ypaBHeHume cosx=0,5 mmeeT OECUHMCICHHOEC MHOYKECTBO PEIICHUM.
Ha3BaTh HECKOJIBKO YaCTHBIX PEIIEHUN 3TOTO YPABHECHUS.

2) YkazaTh HHTEpBaJIbI, B KOTOPHIX (PYHKIIHS Y=COS X MPUHUMAET:

a) TI0JIOXKUTEIbHbIC 3HAUCHUS;

0) oTpullaTeNbHbIC 3HAUCHUSI.

Kakpne deTBepTH €IWHUYHOM OKPYKHOCTH COOTBETCTBYIOT OTHUM
WHTEpBajaM.

3) Beigenuth Ha ocu aOCITUCC M HA €AUHUYHONW OKPYKHOCTH HMHTEPBAJIBI,
B KOTOPBIX (PYHKIUSI y=COS X:

a) BO3pacCTacrT;

0) yObIBaer.
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[IpowmoctpupoBarh Ha rpaduke, UYTO B JIIOOOM HHTEpBaje
MOHOTOHHOCTH KOCHUHYC TOCJIEAOBATEIbHO NMPUHHUMAET BCE CBOM BO3MOXKHBIC
3HAUCHHUA, KaXKIOMY H3 KOTOPHIX COOTBETCTBYET TOJBKO OJHO 3HAUYCHUE
aprymMeHTa B paccMaTpuBaeMOM MHTEpBAJIE.

Ne2., ITo rpaduky GyHKIHH y=COS X OTBETHTH HA CICAYIOIINE BOPOCHI:

1) Kak uzMensieTcs cos X, €clid apryMeHT X:

a) YBEJIMYUBACTCS OT -27 JIO T

0) ymensbInaercs ot 2,51 a0 1,57?

2) UeMy paBeH KOCUHYC uncia: a) m; 0) 2mw; B) -0,57; 1) -2n?

3) Uro menbiie: a) cos 0,7 uau cos 1; 6) cos(a/2+1) wmu cos(n/2-1)?

4) Ipu kakux 3HaUYEHUAX X PyHKIHS cos X paBHa: a) 0; 0) 1; B) -1?

5) TlpowmutocTpupoBaTh Ha rpaduke, 4TO HE CYHICCTBYCT 3HAUYCHHMA
aprymMeHTa X, Mpy KOTOPbIX (PYHKIUS cos X Oblia paBHa 2.

Konmponvuwvie éonpocwi:

1. Kakue ¢yHKIIMM Ha3bIBAIOT CHHYCOM M KOCUHYCOM?
2. Uro siBnsiercsa rpadukoM QyHKIMM CUHYC U KOCUHYC?
3. Tlepeuuncnute cBoiicTBa (PYHKITNH CHHYC M KOCHHYC.

Jumepamypa: [4, §37, c. 171-174]

IIpakTuyeckoe 3ansaTue Ne 23
Koranrenc, ero rpaguxk u coiictsa

Ilenv padomuwi:

CMYOeHm O0JIICEH:

3Hamb:

- olpezesieHue TPUTOHOMETPUUECKUX (QYyHKIUH;

- CBOWCTBA TPUTOHOMETPUYECKUX (PYHKITUH;
ymemn.:

- CTPOUTH rpapMKU TPUTOHOMETPUUECKUX PYHKIUH.

Ceedenusn u3z meopuu:

Yucnosele (yHKIUY, 3a1aHHbIe popmynamu Yy=tg X u y=Ctg X, Ha3bIBAIOT
COOTBETCTBEHHO TAHI'CHCOM M KOTaHT'€HCOM (M 0003HavaroT tg u CtQ).

OGnacTeio omnpeneneHus (PYHKIMM TAHTEHC SIBISETCS MHOXECTBO BCEX
YHUCcell X, I KOTOPBIX COS X#0, T.e. Bce unciia x#m/2+nNn, rae N - Ipou3BOILHOS
nenoe uucio. OOnacTeio ompeneneHuss (QYHKUMHM KOTAHTEHC  SIBJSIETCS
MHOKECTBO BCEX YHCEN X, JJIsi KOTOPBIX SN X#0, T.e. Bce uucna x£an, rae N -
IPOU3BOJIBHOE LEJI0E YUCTIO.

OO6nacTh 3HaAYCHHI TaHTeHCca (KOTAaHTEeHCA) — BCS YMCIIOBAS MPsSMas.

74



Ceoticmea yHKYUll MaH2eHC U KOMAHSEHC:
JUTst TI0OOTO X CIIpaBeJIUBBI PABEHCTBA:

1) tg (-x)=-tg X, ctg (-x)=-ctg X;

2) tg (x+7n)=tg X, ctg (x+nn)=ctg X, rae N — IPOU3BOIBHOE IIEJIOC YUCIIO.

[Toctpoenue rpaduka TaHreHca Ha WHTepBaie (-m/2; m/2) aHAJIOTUYHO
IOCTPOCHUIO cUHYyca. BenenctBue Toxaectsa tg (X+nn)=tg X rpaduk TaHreHca
Ha BCEW o0macTu OmpeAcsieHHus ToiydaeTcs u3 Tpaduka Ha HHTEpBaie (-
7/2; w/2) mapajyuienbHBIM MIEPEHOCOM BI0JIb ock Ox BIIEBO M BIPaBO HA T, 27T U
T.1. ['paduk QyHKIIMK TaHTEHC HA3bIBAIOT TAHTEHCOMIOM.

Pucynox 21. F pa:cp'm:( c[)yHKuHH y=tg X

Jlnst moctpoeHus: rpaduka y=Ctg X BOCIHOJIb3yeMCsl TOXKIECTBOM Ctg X=-
tg (x+m/2). U3 »TOro ToXKIaeCTBa CIEAYeT, YTO JJIS TOCTPOCHHUs rpaduka
KOTaHT'€Hca HeOOXOAUMO CABUHYTH T'pavK TaHreHca Ha 7/2 BIEBO BJOJb OCH
Ox 1 0TpasuTh MOIYYCHHYIO KPUBYIO OTHOCHTENBHO ocH Ox.

1)

Pucynox 22. Fpé(bfﬂ( (byHKuHH y=ctg x

CBeneM n3BeCTHbIE CBOMCTBA (PYHKIMI B Tabiuily (BClOy moJiarasi, 4to N

— IPOU3BOJIBHOE LIEJ0E YUCIIO).

DOyHKIUA

y=tg X y=ctg X
1.1 O6sacTh onpeaeacHus (-m/2+7n; m/2+7n) (mn; m+mn)
1.2 O6GnacTh 3HaueHUMN R R
2.1 YeTHOCTH (HEYETHOCTB) HeueTnas HeueTnas
2.2 HauMmeHbIIMH  MOJIOKUTEIBHBIN T T
IEPHOJ
3.1 KoopauHaTel TOYEK IE€pPECEUCHUS (mn; 0) (/2+mn; 0)
rpaduka ¢ ochto Ox
3.2 KoopauHaTel TOYEK IepeceueHUs (0; 0) Her
rpaduka ¢ ocsto Oy
4.1 IIpoMexyTKH, Ha KOTOPBIX (PyHKIHSA (mn; m/2+7n) (mn; ©/2+7n)
PUHUMAET TOJI0KUTEIIBHBIC 3HAUCHHUS
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4.2 TIpoMexyTkH, Ha KOTOpbIX pyuknus |  (-n/2+7n; ©tn) (-m/2+7n; 7tn)
NPUHUMAET OTPHUIIATEIHHBIC 3HAUCHUS

5.1 ITpoMeXyTKH BO3pacTaHUs (-m/2+mn; w/2+7n) Her

5.2 TlpoMexxyTKr yOBIBaHMS Her (mn; mtt+mn)
6.1 Toukn MUHMMYMa Her Her

6.2 Toukn MmakcuMyMma Her Her

3adanun ona camocmoamenbHo20 peuleHuA:

Nel. Tloctpouth cxemMaTH4eCKH TaHTeHCOUly Ha uHTepBaie (-3n/2; 3m/2).
[Tpu noctpoeHuu:

1) OTMETUTH Ha OCH a0CIUCC TOYKH, COOTBETCTBYIOIINE YUCTIAM:

-1,5x; -m; -0,57; 0,57; m; 1,57 (3a enuHuIly mMaciitaba NPUHATH OTPE3OK,
paBHbIil 1 cMm);

2) uepe3 touku (-1,5m; 0); (-0,57w; 0); (0,57 0) m (1,57; 0) mpoBectn
(MyHKTHUpPOM) HpsIMbIE, TApAJLJIEIbHbBIE OCH OPANHAT;

3) OTMETUTH TOUKHU TAHTEHCOUIBI C OpAUHATAMHU *1;

4) BBIYEPTUTH (OT PYKH) TAHTEHCOU/TY.

Ne2. [Tonb3ysice cxemaTudeckuM rpadukoM (QyHKIUU y=1g X BBIIOJTHUTH
CJIEYIOINE YIIPAKHEHHUS:

1) VYkazarb uHTEpBalibl, B KOTOPHIX (YHKIMS TPUHUMAET: a)
MOJIOKUTENIbHBIC 3HAUCHHUS; 0) OTpUIIATEIbHBIC 3HAUCHHUSI.

2) Omnpenenuthb, MpU KaKWX 3HAYEHUsX x Ha uHTepBaie (-3m/2; 3m/2)
dbynkuus y=tg X: a) yosiBaeT; 0) BO3pacTaeT; B) MPUHUMAET 3HAYCHHUE, PAaBHOE
HYJIO; T') TEPSIET CMBICI.

Bripazuts GpopMysioit MHOKECTBO TaKUX 3HAUYCHUH X, TPU KOTOPBIX y=tQ X
TEpsIeT CMBICIL.

3) Ybemuthbcs, YTO KaxAOMy JOMYCTUMOMY 3HAUEHHUIO apryMeHTa X
COOTBETCTBYET TOJIBKO OJHO 3HaYCHHE (PYHKIIHH.

4) TIlpowmmoctpupoBaTh Ha Trpaduke, 4to (QyHKIUS y=tg X ecTb
neproarueckas QyHKIHS ¢ TICPUOIOM T, T. €. tg(x+mk)=tg X.

5) Iloka3zath, YTO KaXIOMY 3HAYEHHIO (PYHKIMA ) COOTBETCTBYET
OecurcIeHHOe MHOYKECTBO OTPEICIICHHBIX 3HAUYEHUN apryMEHTa X.

6) Pemuth HepaBeHCTBa: a) tg X>-1; 0) | tg X |<L.

Ne3. Tloctpouth Ha OgHOM YepTexe rpaduku QyHKIMHA: y=x; y=SIiN X U
y=tg x, ecan 0<x<m/2. [Tonb3ysch yepTeKOM, MPOUIUIIOCTPUPOBATH HEPABEHCTBO
sin x<x<tg x.

Konmponwvnuvie éonpocwi:

1. Kakue ¢pyHKIMM Ha3bIBAIOT TAHT€HCOM U KOTAHTE€HCOM?
2. Yro siBnsercs rpadpukoM (PyHKIMN TAHT€HC U KOTAHT€HC?
3. Ilepeuucnure cBoiicTBa PyHKIMI TAHT'€HC U KOTAHTEHC.
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Jumepamypa: [4, §37, c. 176-177]

IIpakTuyeckoe 3ansitue Ne 24
IMapajuteabHBbIN EPEHOC, CAMMETPHUS OTHOCUTEJIBHO 0OCEH OPAMHAT

Ilenv pabomuwr:

CMYyOeHm QO0JIHCEH:

3Ham».

- TpaduKH SIEeMEHTAPHBIX (PYHKIINIA;

- (opmyiel mpeoOpazoBaHus TPadhUKOB,;

ymemy:

- BBIIOJHATH  INOCTpOeHHE  TIpadukoB  (QYHKUUMH C  [OMOIIBIO
napajuIeIbHOrO NMEPEHOCa, CAMMETPUU OTHOCUTEIIBHO OCEH OpJIMHAT.

Ceedenusn uz meopuu:

Tapannenvnulii nepernoc uva sextop (0; b) sdonw ocu opounam.

O6Gosnavas udepes (X'; ¥') KOOpPAMHATHI TOYKH, B KOTOPYIO IIEPEXOIMUT
IIPOM3BOJIbHAS TOYKA (X; Y) TUIOCKOCTH MPH JAHHOM MPEOOPa30BaAHHH, ITOTYIHM
(bopMybL:

x'=x
y'=y+b’
Jlns moctpoenust rpaduka ¢pynkuuu f(x)+b, rme b — mocrosiHHOE UMCIIO,

Hazo «mepeHectu» rpaduk ¢pynkuuu f(x) Ha Bekrop (0; b) Bmonb ocu Oy BBepX
eciu b>0, Bau3 — ecim b<0.

Ilpumep 59.

octponTh rpadukn GpyHKIHiL: a) y=sin X+2; 6) y=x>-5.

Pewenue:

a) B COOTBETCTBHH C MPaBUIOM TpaduK QyHKIHH y=SiN X+2 MmoyrydaeTcs
U3 y=SiN X mapajuieIbHbIM IEPEHOCOM B10Jb ocu Oy BBEpX Ha JIBE CIUHUIIBI;

0) rpadux ¢dyHKIUU y=x2-5 MOJYyYaeTCd U3 y=x2 MapaJUICIIbHBIM
nepeHocoM Bl1osib ocu Oy BHU3 Ha MATh €IMHMII.

llapannenvuwiii nepernoc 60onv ocu abcyucc Ha BekTop (a; 0) 3amaercs
dbopmynamu:
!’
xX'=x+a
y=y
I'papux ¢ynkumu y=f(x-a) momywaercs u3 rpaduxa dynkmum y=f(X)
MIEPEHOCOM BJIOJIb OCH a0CIMCC HAa a €IuHUIL BrpaBo, ecian a>0, BIeBO — eciu
a<0.
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IIpumep 60.

IToctpouts rpadukn GpyHKIHIA: a) y=COS(X-7/4); 6) y=~/x+1.

Pemenue:

a) B COOTBETCTBMU C TpaBWwioM rpaduk QyHKIUU y=C0S(X-7/4)
noJydaercss u3 y=C0S(X) mapajuieIbHBIM TIEPEHOCOM BAOJb ocu Ox BIpaBO Ha
m/4;

0) rpaduk yHKINH y=\/x—+1 MoJIy4yaercsl u3 y=x/; rapajuieIbHbIM
nepeHocoM B11oJib ocu Ox BIEBO HA OJIHY €IUHUILY.

[Tpu oceBoii cummempuu omuocumenvro ocu Ox Touka (X; Y) mepexoauT
B TOUKY (X; -Y).

[Tpu oceBoit cummempuu omnocumenvro ocu Oy Touka (X; Y) mepexoauT
B TOUKY (-X; Y).

[Tpu HeHTpaIbHON cummempuu omnocumenbHo Hayaia koopounam (X; Y)
HEPEXOIUT B TOUKY (-X; -Y).

3aoanusn 01 camMoCmoAmMebHO20 PeUleHUs:

Nel. [lana touka A(4; 6). [loctpouth TOUKy B, CAMMETPHYHYIO TOYKE A
OTHOCHUTEJIbHO OCH aOCIIUCC, U HAUTH KOOpAMHATHI 3TOW ToukH. [lokazaTe, 4To
eclu TOYKH A U B CUMMETPUYHBI OTHOCUTEIIBHO OCH a0CIHMCC, TO UX a0CHUCCHI
PaBHBI, @ OPJAMHATHI OTINYAIOTCS TOJIBKO 3HAKAMH.

Ne2. IToctpouth TOouky A(-3; 5) M TOYKy B, CHMMETPHYHYIO TOYKEe A
OTHOCUTEIBHO ocu opauHaT. [lokazaTs, 4To eciu TOYkd A U B CUMMETPUYHBI
OTHOCUTEJIBLHO OCH OpPAHMHAT, TO UX OPAMHATHI PaBHBI, a AOCIIMCCHI OTINYAIOTCSA
TOJIbKO 3HAKAMH.

Ne3. Tloctpouth B OJHOW cHCTeME KOOpAWHAT Tpaduku QyHKIUN
(3amucaTh HEMOYKY JTBUKCHHUS):

1 Bapuant 2 BapuaHT 3 BapuaHT
y=sin X, y=CO0S X, y=1g X,
y=sin (X-7/6), y=CO0S X-2, y=tg (Xx-7/2),
y=sin x+2. y=c0s (x+7/3). y=tg x+3.
4 BapuaHT 5 BapuanT 6 BapuaHT
y=x’, y=x’, y=x°,
y:x2+4, y:(x-l-l)z’ y:x3+l,
y=(x-3)°. y=x*-2. y=(x-2)°.
/ BapMaHT 8 Bapuanr 9 BapuaHT
y=l], y=3%x, y=,

=|x- =|x+
y=h-2], y=ix—4. y=pet],
y=|x|+6. y=|x|-2.

y=%x+1.

KOHmPOJleble eonpocwsl:
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1. Kakumu popmymnamu 3agaeTcs napauiesIbHbIA epeHoc?
2. Kak moctpouTh TOYKY CHMMETPUYHYIO OTHOCHUTEIIBHO  Ocei
KOOpJUHAT?

Jumepamypa: [5, c. 23-25]

IIpakTnyeckoe 3ansaTue Ne 25
IHapajuieIbHBIN IEPEHOC, PACTAKEHUE, CKATHE

Ilenv padomuwr:

CMYOeHm QO0JIHCEH:

3Hamo:

- TrpaduKu dIEeMEHTAPHBIX PYHKIIUN;

- (bopmyiel mpeobpazoBaHus TpadUKOB,;

ymems.

- BBINIOJIHATH  MOCTpoeHHEe  TpadukoB  GYHKIUA €  [TOMOIIBIO
napajieIbHOTO MEPEHOCa, PACTXKEHUS, CKATHUSL.

Ceéedenusn u3z meopuu:
Pacmsocenue 60onv ocu Oy ¢ xodpduimeHToM K, koTopoe 3amaercs
dbopmynamu:
x'=x
y'=ky’
Jlns moctpoenus rpaduka Gpyukiuu y=Kf(x) Hamo «pacTsaHyTh» rpadux
¢dyukuun y=f(x) B k pa3 Bronb ocu opaunat (|k|>1).
Ecmu 0<|k|<1, To pacTsxeHue ¢ kKoahduimeHToM K Ha3bIBAIOT CIKATHEM.

Ilpumep 61.

1
[TocTpouts rpaduku GyHKIMI: ) y:§ COS X; 6) y=-2x°.
Pemenue:

1
a) B COOTBETCTBUHU C MPABHIJIOM rpaduk (yHKIUU y=§ COS X MOJy4aeTcs

U3 Y=COS X C’)KaTHEM BJIOJIb OCH OpJUHAT ¢ KO3 dUineHTom 3;
0) rpaduk QyHKIIUN y:—2x2 MOJIY4YaeTCs U3 y:x2 pacTsHKEHUEM BJOJIb OCH
OpAUHAT ¢ KO3PPUIIUEHTOM 2.

Pacmsiocenue 0o ocu Ox ¢ xoddduimeHToM K, koTopoe 3amaercs
dbopmynamu:
x'=kx

y=y

79



Jis moctpoenus rpaduka ¢ynkiun Y=f(x/K) Hago moaBeprayTh rpadux
bynkiun y=f(x) pactsoxenuio ¢ kodddunrentom K BIoJIb ocH abCIUCC.

Ilpumep 62.

[Toctpouts rpaduku pyukmmii: a) y=sin(x/3); 6) y=cos(2x).

Pewenue:

a) B COOTBETCTBUU C IpaBmwioM rpaduk ¢pyHkmuu y=sin(x/3) moiryuaercs
U3 y=SiN X pacTshkeHneM BaoJb ocu Ox ¢ KodppummeHTom 3;

0) rpaduk QyHkmmuH y=C0S(2x) mosydaeTcss M3 y=COS X CXKATHUEM BIOJb
ocu Ox ¢ ko3pPurenTom 2.

3adanun ona camocmoamenbHo20 peuleHuA .
[TocTpouth B OHOM cucTemMe KoopAauHaT rpaduku (GyHKIMMA (3amucaTh
HEMOYKY JTBUXKCHHUS):

1 BapuanT 2 BapuaHT 3 BapHaHT
_1 y:COSX’ :—Xz’
YT y =2C0SX—3, W2
2 4
y=-+2 y=£cos(x+£)_ y 3"
1 2 4 y:_(ZX_Z)Z
 2x-3
4 BapuaHT S BapuanT 6 BapuanT
y =sinx, 1 y =sinx,
1. Y T y =sin3x-1,
y==sinx+2, 3
y = 2sin(x +2) X’ y‘ES'”(X_E)'
= 3)- 3
2x+4°
7 BapuaHT 8 BapuanT 9 BapuaHT
y=x, y=x, y=cosx,
x> 5 y=4-+/2x, y =1+c0s2X,
y=—+¢, 1
2 y=1+1Jx. y=1->cosX.
y =—(x-1)° 2 3

Konmponwvnuvie éonpocwi:
1. Kakumu popmynamu 3amaercs pactsxeHue (cxarue)?

Jumepamypa: [5, c. 24-26]

IpakTuueckoe 3ansitue Ne 26
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ChoocoObl 3ajaHMsi NOCJI€I0BATEIbHOCTE, CBOMCTBA YMCJIOBBIX
nocjeaoBaTeJIbHOCTEN

Lenv pabomuwi:

CMYOeHm O0JIHCEH:

3Hamb:

- cIocoObl 3a7]aHMs TOCIIEI0BATEIbHOCTEH;

- CBOICTBA YMCJIOBBIX MOCIEAOBATEIBHOCTEN;

ymemsy.

- BBIYUCIIITH WIEHBI MOCIEA0BATEILHOCTEN TI0 00IIIEeMY WICHY;
- 3amaBaTh GOPMYIION OOIINIA YICH IMOCIEA0BATEILHOCTH.

Ceedenusn uz meopuu:

Yucnosas nocneoosamenvrocms — Gyakiusa suga y=f(x), XEN, roe N —
MHO’KECTBO HATypalbHBIX uYmcel (WiM (YHKIUS HATypajJbHOrO apryMeHTa),
oboszuauaercs Y=f(n) wnm y1, Y, ..., Yn, -...

3Ha4YCHUS Y1, Y2, Y3,...Ha3bIBalOT COOTBCTCTBCHHO IICPBBIM, BTOPBIM,
TPCTBHUM, ... WICHAMH I10CIICAOBATCIIbHOCTH.

IlIpumep 63.
BBIUHCITHTE TIepBbIe TPH 3HAYCHHS TS DYHKIHH Y=n°,
Pemenue:
mofcTaBmsist B Y=N° 3Hadenms N=1, N=2, N=3 MONy4HM MeEpBbIC TPH
3HauYeHUs PYHKIUU:
yl:]_Z:]_;
y,=2°=4;
y5=3°=9.

Cnocobwl 3a0anus nociedosamenbrHocmel

[TocnenoBaTeIbHOCTH MOYKHO 3aJ1aBaTh PA3IUYHBIMHU CIIOCOOAMU, CPEIH
KOTOPBIX OCOOCHHO BaXHbl TpHU: AHAIMTHYCCKUN, OMHCATEIbHBIN W
PEKYPPEHTHBIN.

1. ITocnenoBaTenbHOCTh 3a/laHa AHAIMTUYECKH, €CJIM 3a7aHa ¢hopmylia ee
n-ro wiena: y,=f(n).

Hanpuwmep, y,=2n—1 — nocnenoBatenbHOCTh HEUETHBIX uncel: 1, 3, 5, 7,
o, ...

2. OmnucarenpbHblil €roco0 3amaHysl YHCIOBOM IMOCJIEI0BATEILHOCTHU
COCTOMT B TOM, 4YTO OOBSICHICTCSA, U3 KaKuUX DJJIEMEHTOB CTPOMUTCS
MTOCJIEIOBATCIBHOCTD.

Hanmpumep, «Bce 4neHsl mociaeaoBaTEeILHOCTH paBHBI 1». DTO 3HAYHMT,
peub UJET O CTallMOHApHOM nocaeaoBarensHoctu 1, 1,1, ..., 1, ....

Wnu, Hanpumep, «IlociaenoBaTenbHOCTh COCTOUT U3 BCEX MPOCTHIX YHCEI
B MOPSKE Bo3pacTaHus». TakuM o0pa3om, 3ajaHa MOCIeI0BaTeNbHOCTh 2, 3, 5,
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7, 11, .... Tlpu TakoM cmocoOe 3aJaHusl MOCJIEI0BATEILHOCTH B JaHHOM
NpUMEpe TPYAHO OTBETUTh, YeMy paBeH, ckaxkem, 1000-i1 saeMeHT
MOCJIEIOBATEILHOCTH.

3. PexyppeHTHBII crioco0 3a/iaHus MOCIeI0BATENbHOCTH COCTOUT B TOM,
YTO  yKa3blBae€TCs  MPaBWJIO, IMO3BOJSIONIEE  BBIYMCIUTH N-Ml 4jieH
MOCJIEA0BATEILHOCTH, €CIIM U3BECTHBI €€ MPEABITYIINE YICHBDI.

Hampumep, y1=3; Yo=Yn—1+4, ecu n=2, 3, 4,....

3nech Y1=3; Yo,=3+4=7; y;=7+4=11; ....

MoOXHO BUJIETh, YTO MOJIyYEHHAs] B ’TOM IPUMEPE MOCIEI0BATEIbHOCTD,
MOKET OBITh 3a7]aHa ¥ AaHAIMTUYECKH: Y,=4Nn—1.

Ilpumep 64.
Boruuciuth creyronye YeThipe wieHa nocienoBaTesbHocTu Yi1=1; Y,=1;
Yn=Yn—2+yn—1.
Pemrenmue:
u3 Gopmynbl Yo=Yi—2+Yn—1 BHIHO, YTO KaXIbIH CIEAYIONUNA YJIeH
MOCJIEIOBATEILHOCTH PABEH CyMME JABYX MPEAbIAYIIUX, IOITOMY:
y1=1; yo=1; y3=1+1=2; y,=1+2=3; y5=2+3=5; y¢=3+5=8.

[TocnenoBaTenbHOCTh, COCTABICHHYIO B 3TOM NPUMEPE, CIEIUAIBHO
M3y4yaloT B MaTEMaTHUKE, TOCKOJIbKY OHa 00JaJacT PsIOM MHTEPECHBIX CBOMCTB
U npuiioxkeHuil. Ee Ha3pIBalOT mociaeaoBaTeIbHOCThI0 PUOOHAYYN — 110 UMEHHU
UTaIbIHCKOrO0 MaTemMatuka 13B. 3agare (OpMyJoi MOCIEI0BATEIBHOCTD
duboHaYUU PEKYPPEHTHO OUYEHB JIETKO, a aHATUTUYECKH — OYEHb TPYIHO. N-€
guciao duboHauun BBIpaXKaeTcs 4epe3 ero IMOPSAKOBBIH HOMEp Cleayromen

dbopmyoii:
L _L[(1eBY) (1-45)
" U5l 2 2 '

Ceoticmea uucio8vix nociedo8amelbHoCmell

YucnioBas mocie0BaTeIbHOCTh — YaCTHBIN CITydail YMCIIOBOM (DYyHKIINH,
II03TOMY pan CBOWICTB byHKINNA paccMaTpUBaKOTCS u IUIA
MIOCJIEIOBATEILHOCTEM.

[TocmenoBaTenbHOCTh {Yn} Ha3BIBAIOT G03pacmaioujell, eClii KaxKIbli ee
YJIeH (KpoMe TIEPBOT0) OOJIBIIE MTPEABITYIIETO:

Y1<Y2<Ys< ... <Yp<yptl<....

[TocnemoBaTenbHOCTD {Yn} HAa3BIBAIOT yObl8aAIOWell, €CITN KX bl e¢ WieH

(KpoMe MepBOro) MEHbIIE MPEIbLAYLIErO:
Yi>Y2>Y3> ... >V, >yn+1 > ...

Bospacratomue u  yObIBalomKe MOCIEI0BATEILHOCTH  OOBEAUHSIOT

OOIIIUM TEPMUHOM — MOHOMOHHbBLE NOCIE008AMEbHOCHIU.
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1y =2 —1-
Hampumep, y1=1; y,=n" — Bo3pacraroias nocieJoBaTeNbHOCTb, a Y1=1;

1
y=—
n

- Y6BIBaIOHIaH IHOCJICA0BATCIbHOCTD.

[TocnenoBaTenbHOCTh HA3BIBACTCS NEPUOOUYECKOL, €CIU CYIIECTBYET
TaKoe HaTypajdbHOE YHCIO T, YTO HA4YMHAs C HEKOTOPOTO N, BBIMOIHSIETCS
paBeHCTBO Y,=Yp+T. Yncno T Ha3bIBaeTCs JUIMHON MIEPHO/IA.

Hanpumep, nocnegosarensHocts Y,=(-1)" neproanuna ¢ quHOM nepuona

T=2.
3adanus 01a camocmoamenbHo20 peuleHun:
1 Bapuant 2 BapuaHT 3 BapuaHT
1) Haiigute mepsbie msaTh | 1) Haiinure mnepsble |1) Haiiaure nepBble
YJICHOB [ATh YJICHOB | ISITh YJICHOB

IIOCJICAOBAaTCIbHOCTH, 51
OIIpCACIINTC €C BUO IIO €TI0

3aIaHHOMY obmemy
n
YIeHY: U, = ——
Ye tn n+1

2) Haiigure n-ii  wieH

IIOCICAOBATCIIbHOCTH IIO €€

[TOCJIEI0BATENLHOCTH, 1
OIpEAeIuTe €€ BHU II0
€ro 3aJaHHOMY
oO1eMy YIICHY:
1+ (Y™
B n
2) Haiigute n-ii uien

n

TIOCIIEIOBATEIHHOCTH, U

OTIpeICIIUTE €€ BUJ 10

ero 3aJJaHHOMY

o01emy YJICHY:

1

U, = ————
(3n-1)2n+1)

2) Haiinure n-ii uien

IIOCICAOBATCIIbPHOCTH, )41
OIIpCACIINTC €€ BHUA 11O €TI0

3aJIaHHOMY oOmemy
qJIeHY: U, = 2n

2n+1
2) Haiigure n-ii  wieH

IIOCJICAOBATCIIBHOCTH I10 €€

JAHHBIM HepBI)IM qJICHAM.
1 3~ 3

—+ + +...

1.2 1.2.3 1.2.3-4

MTOCJIEN0BATEILHOCTH, 1
OIpECITUTEe €€ BHUJ TI0
ero 3aJJaHHOMY
o01emy YIICHY:
~(n+1)

" 2n
2) Haiigure n-ii unen
MOCJIEA0BATEILHOCTH
10 €€ JIaHHBIM IEPBBIM
YIeHaM:

JIAHHBIM TEPBBIM WIEHAM: | [ociIe10BATENLHOCTH II0CJIENOBATEIBHOCTH
1+§+E+Z+ 10 €€ JaHHBIM IepBbiM | 110 €€ JTaHHBIM HEPBLIM
2 4 6 8 YIeHaM: YJICHAM:

11 1 1 2 4.6 8

35 7 9 4 9 16 25
4 BapuaHT S BapuaHT 6 BapuaHT
1) Haiigute mepsbie msaTh | 1) Haiinure mnepsole |1) Haiinure nepBbie
YJICHOB ISTh YJICHOB | IISITh YJICHOB

MOCJICI0BATEILHOCTH,
OMNpeeNIUTe €€ BUJ 10
ero 3aJJaHHOMY
o0memy YJICHY:
n+1

u, = () 12

2
2) Haiinute n-ii uieH
IOCJICI0BATEIbHOCTH
10 €¢ JaHHBIM IEePBBIM
YJICHAM:

LEE S S 2.3,4_5
3-6 5.8 7-10 5 8 11 14
7 BapMaHT 8 BapuaHT 9 BapuaHT
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1) Haiigute mepBbie MSThH
YJICHOB

NOCJIEN0BATENBHOCTH, U
ONPENEIINTE €€ BUJ IO €0

3aJIaHHOMY obmemy
) 2" +3

I‘I.]_IeHy. Un = W

2) Haiigure n-ii wieH

IIOCJICIOBATCIILHOCTH 110 €€
JJAaHHBIM TICPBBLIM YJICHAM:
1 1.2 1.2.3 1-2-3-4Jr

9 25 49 81

1) Haiinure nepBbie
SITh 4JICHOB
HOCJIEZI0BATEIBbHOCTH, U
OMPEETUTE €€ BHJ 10
ero 3aIaHHOMY
o0miemy YIIeHY:

n+ 1
u, =(-1)" n

2) Haiigure n-ii unen
[IOCJIE0BATEILHOCTH
10 €€ JaHHBIM IIEPBBIM
YJICHaM:

1) Haiinure nepBbie
ISITh YJICHOB
MIOCJIEI0BATEIBHOCTH, U
OTIpEeJICITUTE €€ BHJ IO
ero 3aJJaHHOMY
o01emy YJIEHY:
37”
u“‘@n+nz
2) Haiigute Nn-ii uien
MOCJIEI0BATEIbHOCTH
10 €€ JaHHBIM MEPBBIM
YJICHAM:

Konmponvnuwie eonpocwi:
1. Yro Ha3wpIBaeTCId YUCIOBOH IIOCIIEN0BATEILHOCTHIO?

2. Ilepeuncnure crocoObI 3aaHuUs MTOCIIETIOBATEILHOCTEH.

3. TlepeuncnuTe CBOMCTBA YHUCIOBBIX MOCIICIOBATEIHHOCTEH.

Jumepamypa: [4, c. 71-73]

IIpakTuyeckoe 3ansitue Ne 27
Boiuuciienue npeaesioB pyHKIUM B TOUKeE, HA 0€CKOHEYHOCTH

Ilenv padomuwi:
CMYOeHm O0JIHCEH:
3Hamo:

- omnpeneneHue npenena GyHKINH;
- CBOWCTBA U MpaBUJia BEIYUCIEHUS MPEAEIIOB (QDYHKIINH;

ymemn.

- BBIYUCIIATH Npeaenbl QYHKIMHU B TOYKE, HA OECKOHEYHOCTH.

Ceedenusn uz meopuu:

IIpeoen ¢pynxyuu

Yucno A uaswiBaroT npeaenaoM ¢yukiuu f(X) B Touke a ecnm mpu x—da,

f(x) —A4.

lim f (x) = A

X—a

becxoneuno manvie u becxoneuno donvuue GyHKyuu
®Oyukius f(X) Ha3pIBaeTCss OECKOHEYHO MaJION TIPU X—d, €CITH
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lim f(x) =0

X—a
Oyuknwus f(X) Ha3pIBaeTCs OECKOHEYHO OOJIBIION IIPH X—a, €CITU
lim f(x) =00

X—a

Ceoticmea 6ecKoOHeuHO MAbIX U OECKOHEYHO OONbUUX PYHKYUIL

Ecin pynkmuu f(X) u g(X) 6eckoneuno Majisie npu x—a, To (f(X)+g(X))
OECKOHEUHO MaJtas IPH X—d.

Eciu ¢pynkius f(X) 6eckoneuno manas npu x—a u g(X) — orpaHrueHHas,
to (f(X)-g(X)) — 6eckoneyHo Mamasi.

limf(x)=A
Ecmu cymecrByer *—2 , a g(X) — OeckoHe4YHO OOJIbIIAs TPH
: . f(X)
lim(f (x) +g(x))=c0 lM-—-+=0
X—>a, TO -2 .22 g(x)
L
Ecim npu x—a, f(X) — OeckoHeuHO Mamas, TO F) _ Geckoneuno
OombIIast.
1

Ecim npu x—a, f(X) — OeckoHewHo OoiibInasi, TO F(X) _ Gecroneuno
Majiasi.

Teopemvl 0 npedenax
Ecmu cymectBytoT npenenst pynknuii f(X) u g(X), To cymectByer npenen
CYMMBI (Pa3HOCTH) 3TUX (DYHKIIMI, KOTOPBIA paBeH cyMMe (Pa3HOCTH) MPEEIIOB
bynkrmit f(X) u g(x):
lim(f (x) £ g(x)) =1im f(x) £ lim g(x)

Ecnu cymectBytot npenenst ¢pyuknuii f(X) u g(X), To cyiectByer npeae
NPOU3BEACHUS 3THX (YHKIIMH, KOTOPBIH paBEeH MPOM3BEACHUIO MPEICIOB dTHX
GyHKITUH:

lim(f(x)-g(x))=Ilim f(x)-limg(x).
X—a X—a X—a

Ecnu cymectBytor npenenst Gpyukuuii f(X) u g(X) npu x—a u npeaen
g(X)#£0, To cylmecTByeT MpeAes YacTHOro 3TUX (YHKIMH, KOTOPBIA paBeH
OTHOIIICHHIO UX MPE/ICIIOB:

- f(X) lim f(X)

_ Xx—a

S39(x)  limg(x)

CH@}ICTBI/IGZ MOCTOSIHHBIM MHOXKHUTEIb MOKHO BBIHECTH 3a 3HAK mnmpeacia:

lim (kf (x)) =k lim  (x)
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Ilpumep 65.
_9x® +8x-1
Beraucnuts npenen lim— .
x—1 Ox -1
Pemenne:
3/1eCh MPUMEHNMA TeOpeMa O TIpeiesie YaCTHOTO.
PaznoxuM Ha MHOKHUTENN KBaJIpaTHBIA TPEXWIEH, AJIA 3TOr0 JOCTaTOYHO
. 2 _ :
HANTH KOPHH X1 U X, KBaIPATHOI'O ypaBHEHUS ax +bx+c=a(x—x1): (x—x>):

9x2+8x—1=9'(x—%)-(x+1).

[Tox 3HaKOM Mpejena COKpaTUM OJMHAKOBBIE MHOXKHUTENIU U MEeperieM K
npeaeny:

g(x_;j(ﬁl): jim &%=+

2
lim X 8=ty _lim(x+1)=1+1=2.
x—1 Ox -1 x—1 Ox -1 x—1 Ox -1 x—>1
Ilpumep 66.

. X+ Xx—2
Boraucnute npeaenlim ———.
-l x* —x°—=X+1

Pemienue.
0
OOHApYXUB HEOIPESIECHHOCTD 0’ pPACKIIABIBAEM MHOTIOWIEHBI B

YHCIIUTENE U B 3HAMEHATENE HA MHOKUTEIIH:
y X2 4+ X -2 (Oj  (x-1(x+2) . x+2
im === = =

= =1lim =lim—5—— =
ol X2 —x2—x+1 \0) ot (x? -1 x-1) o1x2-1

Uucnutens ApoOM CTPEMHUTCST K KOHEYHOMY TMpejaeily, paBHOMY 3, a
3HaMeHaTeNb NMpu x—>1 sBiseTcs OECKOHEYHO Malio, Toraa IpoOb mpu x—1
SBJIIETCSI OECKOHEUHO OOJIBIIOHN.

JIist  pacKpwITUSI HEONPENENEHHOCTH —  CIEAyeT UHUCITUTEeNb U
o0
3HaMEHAaTelb Pa3/IeTUTh Ha OJTHY U TY )K€ CTApIIYI0 CTENeHb EPEMEHHOM.
Ilpumep 67.

2x3 +5x* —7x+3
5x3 —3x-10

Brrancnuts npenen Iim1
X—>

Penienue:
2x° +5x2 —7x+3
5x° —3x-10

B 33JIaHHOM TIpeJene Iirq YUCINUTEIb U 3HAMEHATEIb HE
X—>

o0
HMCIOT KOHCYHBIX IIPCACIOB, HUMCEM HCOMNPCACICHHOCTL —. HOIICJ'H/IB
o0

3
OIHOBPECMCHHO YUCJIUTCIIb U 3HAMCHATCIIb HA X , ITOJIYYHUM
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5 7 3

3 ) 2+ ———+—
i 2X° +5X° —=7x+3 (oo i X x> x® 2
m ={—=Ilm =—
x> Bx® —3x-10 0 ) xo® 3 10 5

R

5 7 3 310
T. K. Kakgas u3 apoded X x> x* x* X° gpusgercs GECKOHEUHO MAnoi U

CTPEMUTCA K HYJIHO.

3aoanus 011 cAamMOCMOAMENbHO20 pewienun;
Breraucnure Ipeacibl.

1 BapnaHT 2 BapuaHT 3 BapuaHT
) 2 _ x® —27
1 lim x> +1. 1 lim X—25; Dlim ;
X—>— lX 1 x>5 X+4+5 x->3 X —3
— — 2 4x* —11x -3
2y lim X —2X=3. 2) lim —X_*F2X__. 2)lim —————=;
x—>3 X% —9 x>-2 X% +5X + 6 x>3 3x* —8x—3
4x? X% —-3x_ 3 lim 1+2x+x° |
S)me ’ 3lim x2_8 " )leox +x?-80"
1—+/x+1 - X—2 4)lim
Hlim—m2——mm——. Dlim ———. /
W= X I X+2 -2 03—
4 BapuaHT 5 BapuaHT 6 BapuaHT
3 3 x3 _
D lim X2—+1; 1)Imx;64; Dlim ;L;
xa—lZ(X _1) x—>—4 X + 4 x—1 ] —
Nl 3x2 —17X +10 | 2) lim 3x% +5x+2 2) lim 2x° —7x—4
o 3x* —16x+5 ' x>23X° +8x+4’ x—>4 3x? —13x + 4’
4
. x®-3x?+11 ) 3 _2x+6 3)"m1——x_
3) lim ; 3) Iim ; X—>c0 2 _gx?*’
yim x? —1+3x° )Xﬁw—3x3+x2—26 1-—x 8X
X VX+2 -3 4)I|
4)lim A lim ———— /
) 0\/3+x—\/3 X L T x? —49 02—
7 BapuaHT 8 BapnaHT 9 BapuaHT
x4 _ 25 -9 3x° - 2x
1) lim —; 1 I| 1) lim>2—<2 -
) i, x2 5 ) 9\/_— )xmzx —5x
2 lim AX® —7x+3. 2)“m4 —11x -3, 2 lim x*—5x+6
x—>1 3x2 —2x —1 x—>3 5x? —16X + 3 X5 -3 '
3)"m10x —X—6. 3) lim 29%” —5x+4. 3 i X226 43,
x—e 33X — X x—>e 20X —5 x> 335
2X
aylim —— N 4) lim V2x 4) lim al .
+x —/4—x 202 —x—+/2+x | V0 5y _f5ix

Konmponsnwie 6onpocwi:
1. Yro HazbIBaeTcs npeaesioM GyHKIMH B TOUYKE.

2. CKOBKO TPEIETIOB MOXKET UMETh (DYHKIIHS B TOUKE?
3. ChopmynupyiiTe TeOpeMbl 0 Ipeaeax.




Jumepamypa: [8, §18-19, c. 156-185]

IIpakTuyeckoe 3ansitue Ne 28
IIpaBusia BeIYMCJIEHUS] IPOU3BOIHBIX

Ilenv padomuwr:

CMYOeHm QO0JIHCEH:

3Hamb:

- CHCTEMY U OIpe/ieTICHHE MPOU3BOIHOM;

- Ta0JHMYHbIE PEIICHHS] MPOU3BOJHBIX AIEMEHTAPHBIX (YHKIUNA, B TOM
quCJie 00OpaTHBIX TPUTOHOMETPUYECKUX (PYHKITUH;

- npaBuia auddepeHIUpoBaHus GyHKIIUN;

ymems.

- HAXOJUTh MPOU3BOJIHYIO (PYHKIUY;

- HaxoauTh Auddepeniman GyHKINN;

- nuddepeHpoBaTh JIEMEHTApHbIE (PYHKITUH.

Ceedenusn uz meopuu:

Tabauunvie  3HaQYeHUs  NPOU3BOOHLIX  DIEMEHMAPHBIX  (DYHKYUL,
MPUSOHOMEMPUYECKUX U OOPAMHBIX MPUSOHOMEMPUUECKUX PYHKYUUL:

c'=0 (sinx)' = cos_x (arcsin x)' = —~ :
(x") =nx"* (cos x)" = —sin x 1-x
1
(kx+b) =k , (arccos x)' = —
(th) = 2 :|.—X2

(ex)’ = e* CoSs™ X 1
(@")=a*Ina (ctgx)’ = ——— (ardtgx)’ =1 e
(Inx) == (arcctgx)' =— >

X 1+X
(log, x)" =

xIna

Hpaeuﬂa 6blUYUCTICHUA I’lpOuS’GOOHle.'
1. (xxy)=x=+Y,

2. (xy)' =xy+xy',
a (1} _Xy—w
y y
Ilpumep 68.
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1
Beraucnute npoussoaayio Gyakimun f(x) = —2x° -3 x> +5X,

Pentenue:
BOCITOJIb3YeMcs (hOpMyJIaMH M TTPaBUIIOM | BBIYMCIICHUS TTPOU3BO/IHBIX:
!

f'(X)=(—2X2—%x3+5xj =-2.2x""— 3 L a5 - ax— 22 45,

Ilpumep 69.

Brruucnure npousBoanyo ¢dyHkuu f(X) = Ix(x=3).

Pemenue:

BOCIIOJIb3yeMcs (pOpMyJIaMH U MPABUIIOM 2 BBIYUCIICHUS MPOU3BOJIHBIX:

£ = (Vx(x=3)) = (V%) (x=3) + Vx(x-3) =%(x—3)+\/;-1.

[IpuBenem apodu kK 06meMy 3HAMEHATEIIO:
x—3+2x 3x-3

f/(x) = J_(x 3)++/x = P

3aoanus 01 cAamMoCmoAmMeIbHO20 PEULeHUA:

BrruncnuTe npon3BoaHy0 QYHKIUU:

1 BapuanT 2 BapuaHT
_y3 _ ay?2 -

2) f(x)—(x+1)\/—; 2

3) f(x )_x +2

4) f(x)=x> Inx.
5) f(x)=4tgx —5"

2) () =(Xx-2)x;
3 10 =227
4)f(x)_(x +3)(x—4)
5) f(x)=2ctgx+7"

3 BapuaHrt 4 BapuaHTt

1) f(x)=2x4—4x+1l+§; 1) f(x)=3x5—2x+5+§;
2) f(X)=(x=2VX; 2) f(x)=Inx-(x®=5);
3)f()_e +1. 3)f()—9X+1
4)f(x)—lnx(x+3). 4) f(x) = (x* =1)(x+5)

5) f(x) =3sinx+4* 5) f(x)=5sinx—-14"

S BapuanT 6 BapuanT

1) f(x)=6x>—-3x"*—5x+5;

1) f(x)=3x3—2x+2\/;+£2;
X 2) f(x)=(x*+DVx;

2) T(X)=6B-x)(x*+1) ;




6X

x?+1
4) f(x)=Inx-x*
5) f(x)=>5ctgx —9*

3) f() =

x®—3x
X+2
4) f(x)=(x*-1)-Inx
5) f(x)=2tgx +6"

3) T =

7 BapuaHT
1) f(x)=-2x%+3x*+5x-1;
2) f(x)=(x*-2Vx;

3) f(x):X4;2

4) f(x)=Inx(e*-1).
5) f(x) =-9cos x +5"

8 Bapuanr

1) f(x)=4x° +%x4 —-0,5x* -5;

2) £(X)=xB-X);
X*+4
3x
4) f(x)=e"-log, x
5) f(x) =3cosx+8"

3) f(x)=

9 BapuaHT
1) f(x)=2x®—-4x*-5x+3;

2) f(x)=(x-2]x;

3 T =22

4) f(x) = (x® =1 (x* +1)
5) f(x)=2sinx—9tgx +10"

10BapuaHnTt

1) f(x)=4x>+3x*-15x+1;
2) f(x)=(x-2)log, x;
x¥-2
x> +3
4) f(x)=(x*+3)(x* -4).

5) f(x)=2cosx—7ctgx +5*

3) f(x)=

11 papuanT

1) f(x)=5x"+4x> +11x+1;
X

2) f(x)=(x-3)e";

x2 +1
3) f(x)= v ;

4) f(x) =log, x(x+3).
5) f(x)=3sinx+4"

12Bapuanr
1) f(x)=2x5—2x+51+2;
X
2) f(x)=Inx-(x*-5);
5x+1
3) f(x)= oz

4) f(x) = (x* =1)(x* +5)
5) f(x) =6sinx—ge*

Konmponwvuwvie éonpocwi:
1. [lepeuncnure 3HAYCHHUS

GyHKIIHA.

IMPOU3BOAHBIX  HCKOTOPBIX TaOJIMYHBIX

2. ChopmynupyiTe paBuia BEIYUCICHUS TPOU3BOIHBIX.

Jumepamypa: [8, §29-30, c. 286-297]
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IIpakTuyeckoe 3ansaTue Ne 29
BoruuciieHue Npou3BOAHBIX CI0KHON PyHKUMU

Lenv pabomoi:
CMYOeHm O0JIHCEH:
3HAMb.

- CHCTEMY U OIIPEJEIICHUE IPOU3BOJHOM, BTOPOM NPOU3BOJHON H
IIPOU3BO/HBIX BBICIINX MOPSIKOB;

- Ta0JHMYHBIE PEIICHUS] MPOU3BOJHBIX AJIEMEHTAPHBIX (YHKIHMA, B TOM
quciie OOpPATHBIX TPUTOHOMETPUUYECKUX (PYHKIIMIA;

- TpaBUJIa BBIYUCIIECHUS TPOU3BOAHON CI0KHON (DYHKIINH;

ymemy:

- HAXOJUTh MTPOU3BOAHYIO CIOKHOU (DYHKIINH;

- HAXOJUTbh BTOPYIO MPOU3BOJHYIO U MPOU3BOJIHYIO BBICIINX MOPSIIKOB.

Ceedenusn u3z meopuu:
IIpouseoonas cnoaicholl hynkyuu

IIycts Qynkuus ¥ = f(X), xe(a;b), umeer npoussomuyro B TOuKe
xoe(a;b), a pynxkuua z= f(X) umeer npoussoanyro B Touke ¥, = 9(X,) . Toraa

cnoskaas ¢yukius Z(X) = f(g(X)) uMeer mpou3BOAHYIO B TOYKE Xg, KOTOpas
BBIUHCIISCTCS 110 (hopMyJIe:

Z'(%) = (F(9(%)) = T'(¥o) - 9'(%) .

Ilpumep 70.
BrlumciuTe Npous3BoAHyo GyHKimu Y = (X° +3x+10)°,
Pewenue:

OpEeICTaBUM 3a/IaHHYI0 (YHKIMIO KaK KOMIIO3HMIIMIO KBagpaTHUYHON
(GYHKUIMU U CTETIEHHON

y = (x* +3x+10)%;
g(x) = x* +3x+10;
f () =(g(x))*;
/00 = ((9(x))*)" =29(x) - (9(x));
y' =2(x* +3x+10) - (x* +3x+10)' = 2(x* +3x +10)(2x + 3).
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IIpouzeo0nvie gvicuiux nopsoKkos

Bropass nmpousBoaHas 3TO NPOW3BOJAHASL OT MEPBOM MPOU3BOJIHOM, T.€.

y'=(y"),uTt.nm.

[Ipon3BoHBIE BBICIIKX MOPSAKOB 0003HAYAIOTCS PUMCKUMHE LU (ppamMu.

Ilpumep 71.

HaiiTn 4eTBepTYIO NPOU3BOAHYIO p = x° +4x+12,

Penienue:

BBIYHCIICM TTOCIICAOBATCIIBHO ITPOU3BOJIHLBIC!:

y' =6x"+4;
y" =30x";

y" =120x°;
yV =360x2

3aoanusn 014 CAMOCMOAMENbHO20 PEULEHU:
Brrunciaure 3HaueHNE «CI0KHON» TPOU3BOJHON B YKa3aHHOM TOUKE:

1 BapuanT

1) f(x)=sin*x; f'(z/4);

2) f(x)=Incosx; f'(-x/3);
3) f(x)=sin2x—cos’x; f'(0);
4) f(x)=Intgx; f'(z/4);

5) f(x)=e""; f'(0).

2 BapuaHT

1) f(x)=cos®*x; f'(-x/4);
2) f(x)=Insinx; f'(x/6);

3) f(x)=sin®x+cos2x; f'(0);
4) f(x)=Inctgx; f'(-z/4);
5) f(X)=e"%; f'(x/4).

3 BapuaHT

1) f(x)=Insin’x; f'(z/4);
2) f(x)=cos?x?;, f'(Nzl2);
3) f(x)=2sin?xcosx; f'(x/2);
4) f(x)=tg?3x; f'(0);

5) f(x)=e""*—-3e**; {'(0).

4 papuaHT

1) f(x)=-2sin’x; f'(-z/4);

2) f(x)=Incosx; f'(z/3);

3) f(x)=2sin2x+3cos3x; f'(0);
4) f(x)=Intgx; f'(z/4);

5) f(x) =e "™ {/(0).

S BapuauT

1) f(x)=Incos*2x; f'(z/8);
2) f(x)=sin* x+cos* x; f'(z/4),
3) f(x)=Incos2x; f'(z/8);
4) f(x)=Intg2x; f'(z/8);

5) f(x)=e™>-2e""%; {'(x/4).

6 BapuaHrt

1) f(x)=Intg?2x; f'(x/24);
2) f(x)=cos’x; f'(x/4);

3) f(x)=sin*x—cos*x; f'(z/4);
4) f(x)=e"™ —e % f'(n/2);
5) f(x)=Insinx; f'(z/4).

7 BapuaHT

1) f(x)=Incos®4x; f'(x/16);
2) f(x)=4cos’x; f'(z/4);

3) f(x)=4sin®2x; f'(z/8);

8 BapuaHT
1) f(x)=Invsinx; f'(z/8);
2) f(x)=cos*3x; f'(x/6);
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4) f(x)=Intg3x; f'(x/12); 3) f(x)=Inytg3x; f'(x/12);
5) f(x)=e" +e”; f'(x/2). 4) f(x)=arcsin4x+e*; f'(0);
5) f(x)=5arccos Jx; £(1/2).

9 BapuaHT
1) f(x)=In+cos2x; f'(-z/8); 2) f(x)=sin*6x; f'(x/3);
3) f(x)=Inycig3x; f'(-z/12); 4) f(x)=arctg/x; f'(1/4);

5) f(x)=5arccosv1-x; f'(1/2).

Konmponwvuwvie gonpocwi:
1. ChopmynupyiiTe TmpaBuiia BBIUKCICHUS MPOU3BOJHBIX CIOXKHOM

byHKIUH.
2. Uto Ha3bIBae€TCS BTOPOU MPOU3BOIHON TaHHON QYyHKIUU?

Jumepamypa: [4, c. 236-237], [8, §31, c. 297-301]

IIpakTuyeckoe 3ansaTue Ne 30
Haxoxnenne HauMeHbIEro, HaMOOJbIIero 3HaYeHHss (QYHKIHH HA
oTpe3Ke

ILlenwv pabomor:

CMYOeHm OO0JIHCEH:

3HAMb.

- ompeneNeHne TOUYEK MaKcuMyMa (MUHUMYMa) (QyHKITUH;

- 3aBUCHUMOCTH TTOBEACHUS (YHKIIUU OT 3HAKA MEPBOM MTPOU3BOHOM;

ymemy:

- MPUMEHSTH TIEPBYIO TPOU3ZBOJHYIO [IJISi HAXOXIEHHUS MPOMEKYTKOB
MOHOTOHHOCTH (DyHKIIUU;

- HAXOWTh HAMMEHBIIIee, HAaNOOoIbIIIee 3HaUeHNE (DYHKITUN Ha OTPE3KeE.

Ceedenusn u3z meopuu:

Il HaxoocoeHuss HaumeHvuwe2o U HAUOOIbLUIE20 3HAYEHUL @YHKYUU,
HeNnpepvl8HOl 8 HEKOMOPOM NPOMENCYMKe, HeOOX0OUMO:

1) HaliTH KPUTHUYECKUE TOYKH, TIPUHAJJICKAIIHNE 3aJaHHOMY IPOMEXKYTKY,
Y BBIYHUCIIUTH 3HAUYCHUS (PYHKITMH B 3THX TOYKAX;

2) HalTH 3HaYCHUS (PYHKIIMH HA KOHIIAX MPOMEKYTKA,

3) cpaBHUTH IMOJYUYCHHBIC 3HAYCHUS; TOTJA HAMMEHbBIIEEe W HAHUOOJbIICE
W3 HUX SBJISIOTCS COOTBETCTBEHHO HAWMEHBIIUM M HAWOOJIBIINM 3HAYCHUSIMU
GyHKIIUM B pacCMaTpUBAEMOM MTPOMEKYTKE.

Ilpumep 72.
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Haiinute  Hamboipliee ¥ HAaWMEHbIIEE  3HAYCHHS  (DYHKIIUH
1
2 3
y=3x+2x"+ gx Ha ipomexyTke [-2; 0].

Pemenue:
BBIYUCIIUM KPUTHYECKHE TOYKH (DYHKIIMH, MPUHAIICKAIINE 3a]aHHOMY
MIPOMEKYTKY, C TOMOIIBIO TIEPBOM TPOU3BOTHOM:
y' =3+4x+x%;

X +4x+3=0;

D=16-12=4;
—4+2

X12 = 5 ,

x, =-1 X, =-3

T.k. -3¢[-2; 0], x=-1 — kpuTHUYECKas TOUKA.

) =312 i) =312 Lo gt _ 4t
D =302+ S (D) =34 2- 2 =15,y -1z

Brerauciaum 3HaueHUS CI)yHKI_[I/II/I Ha KOHIax IpOMCIKYyTKa:

1 8 2 2 )
—2)=3(-2)+2(-2)? +=(-2)° =—6+48-—-=2-25=_% [ p__2
$(-2)=3(-2+2(-2) +(-2) =225, D)=
0)=0.
CpaBHI/IM ITOJIYYCHHBIC 3HAYCHUI. HAMMCHBIIICC 3HAUCHUC Q)YHKHI/II/I

1 o
paBHO —1§ U JIOCTUTaeTCsd €10 BO BHYTPEHHEW TOUYKE IIPOMEKYTKA, a

HauOoJbLIee 3HaYeHne paBHO 0 U TOCTUTAETCsl HAa MPAaBOM KOHIIE MPOMEXYTKA.

3aoanusn 014 CAMOCMOAMENbHO20 PEULEHU:
Haiinute HanMeHsblliee U HamOoJIbIIIee 3HAYCHUS (PYHKIHMA B 3aJaHHBIX
MPOMEKYTKaX:

1) y=x*—6x+13 na npomesxytke [0; 6];
2) y=8-05x" na npomexytke [-2; 2];

1
3) y :Exz —§x3 Ha mpomeskyTke [1; 3];

4) y =6x*—x° ma npomexytke [-1; 6];
5) y=x°-3x*-9x+35 nHa npomexyTke [-4; 4];
6) y=-24x+9x* —x*+10 na npomexytke [0; 3];

1
7) y=x-2x"+ gxs Ha npomexyTke [-4; -1];

3 2 1
8) y= gx—gxz —§x3 Ha npomesxyTke [-3; 1];
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1 1
9) y=-3x- Exz + gxg Ha nmpoMexyTke [-5; 0].

Konmponwvnwvie éonpocwi:
1. ChopmynupyiiTe npaBuiia BEIYUCICHUS HAUMEHBIIET0 U HAUOOJbIIIETO
3HaueHUs (PYHKIIUU Ha POMEKYTKE.

Jumepamypa: [4, c. 111]

IIpakTuyeckoe 3ansitue Ne 31
IMocrpoenue rpapukoB GyHKUUM

ILlenwv pabomor:

CMYOeHm QO0JIHCEH:

3Ham».

- 00I1YI0 CXEMY MOCTPOEHHUS rpapuKOB (PYHKIIHIA;

ymemy:

- HccneaoBaTh QYHKIUIO C TOMOIIBIO TIEPBOIA, BTOPOU MTPOU3BOAHOM;
- cTpouTh rpaduku GyHKIIUH.

Ceedenusn uz meopuu:

Obwas cxema nocmpoerus 2paguros QyHKyuii.

1) waiiTi o0nacTh onpeaeaeHus GyHKIUY,

2) HaWTH TOYKHU HepeceueHus rpaduka QyHKIMH C OCIMH KOOPIUHAT;

3) HaWTH NPOMEKYTKH MOHOTOHHOCTH (YHKIIMH W IKCTPEMYMBI
byHKIUY;

4) HaWTH MPOMEKYTKH BBITYKIOCTH M TOYKH Iepernoa;

5) moctpouth Trpaduk (QYHKIMH, WCIOJB3Ys IMOJYUYCHHBIC PE3yJIbTAThI
UCCIICTOBAHMSI.

Ilpumep 73.

HccnenoBaTth GyHKIUIO Y = (x+1)-(x—2f u NOCTPOUTH €€ rpaduk.

Pewenne:

1) JlanHast GyHKIUS SBISETCS MHOTOWICHOM (MOXHO PaCKPBITh CKOOKH,
MOJIy4YMM MHOTOYJIEH TpPEThel CTeNeHH), TMO03TOMY OHa OIpeJeseHa,
HenpepeiBHa U auddepeHuupyeMa npu J0o0bix  x. [losromy obnacth
onpeneneHus GyHKIUU — BCS YUCIIOBAs MPsMast.

2) BbluncniuM ToukM mepecedeHus rpaduka  (QYHKIHM € OCSIMH
koopauHat: rpaduk dyrkimn y=(x+1)-(x—2)* mepecekaer ocb Ox mpu y=0, T. e.

(r+1)-(x-2)*=0;
x+1=0 i (x—2)°=0;
x=-1 unm x=2.
I'padux dbyuxuun y=(x+1)-(x—2)° mepecexaer ocs Oy mpu x=0, T. e.
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y=(0+1)(0-2)*=1-4=4.
T.o. mbl monyuunu tpu Touku: (—1; 0), (2; 0), (0; 4).
3) Haiinem mpoMeXyTKH MOHOTOHHOCTH (DYHKIIUH M €€ IKCTPEMYMBI C
TTOMOIIBIO TIEPBOX MPOU3BOIHOM:
»'=((x+1)-(-2)%) =3x- (x-2).

N3 ypaBHeHus y =0 HaliileM KpUTHUECKUE TOUKHU:

3x-(x—2)=0;
X]_:O, X2=2.
Pe3ynbTaThl pelieHus 3aHeceM B TaOJIuUILy:
X (—o0, 0) 0 (0; 2) 2 (2; +o0)
y / + 0 — 0 +
/v . \ ) /v
Y
BO3pacTacT max yOBIBaeT min BO3pacTacT

@yHKIMs Bo3pacTtaeT Ha MHTepBasax (—oo, 0) m (2, +o0), yObIBaeT Ha
uaTepBaie (0; 2), uMeeT MakCUMyM Tpu X=0 B MEHEMYM TpH X=2: Ymax=V(0)=4;
Ymin=y(2)=0.

4) HaiineM TpOMEXYTKH BBIMYKIOCTH W TOYKH TIEpernda ¢ MOMOIIBIO
BTOPOU IPOU3BOIHOM:

y=Bx (x-2)) '=6-(x-1).
Kpusas Beimykina tam, e y < 0, T. €.
6-(x-1) <0,
x <1

Kpusas Boruyra tam, rae y />0, 1. e. x > 1.

Ha unrtepBane (—oo, 1) kpuBas BbilykJia; Ha uHTEpBajie (1, +oo) — BorHyTa.

Touky neperuba Haiigem u3 ypaBHenus y’=0. T. o., x=1 — abcuucca
TOYKM Tmiepernda, T.K. 3Ta TOYKa pa3feisieT HWHTEPBaIbl BBIMTYKIOCTH H
BOTHYTOCTH KpuBOM. OpanHaTa Touku neperuoda: y(1)=2.

Pe3ynbrathl penieHus 3aHeceM B TaOJIUILY:

X (=0, 1) 1 (1; +o0)
y V4 _ 0 +
, /\ ) \/
BBIITyKJIA neperud BOTHYTA

5) ITo noay4eHHBIM TOYKAM CTPOUM TpaduK:
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Pucynok 23. I'padux dysxmmm y=(x+1)-(x—2)°

3adanun ona camocmoamenbHo20 peuteHuA:
Uccnenyiite cieayromue GyHKIIMU U IOCTPOUTE UX TpadUKH:

1 BapuanT 2 BapuMaHT 3 BapuaHT
y=—x"+8x*+9. y =x° —3X. y=x>+6x>+9x+8.
4 BapuaHT S BapuanT 6 BapuanT
y=x"-5x*+4. y=x>—6x*+9x-3. y=x%-12x+4.,
7 BapuaHT 8 BapuanT 9 BapuaHT
y=—x+X. yzlx“_gXZ_ y=£x3—2x2.

4 2 3

Koumponwvnwie gonpocul:

1. Uto Ha3biBaeTcsi 00JacTbiO OIpeAeNeHUs U O0JacThi0 3HAYCHUU
byHKIUN?

2. llpuBenute mnpuMepbl NPUMEHEHUsSI [EPBOM  NPOU3BOAHON K
UCCIeIOBaHUI0 (DYHKITUH.

3. IlpuBenute TpUMeEpsl TPUMEHEHWsS BTOPOW TMPOM3BOAHOM K
UCCJEI0BAHNUIO (DYHKLIUH.

4. PacckaxuTe OOIIYIO CXEMY HCCIEAOBaHUSA U TMOCTPOEHHUS Tpaduka
(GyHKUIHU.

Jumepamypa: [1, §31, c. 297-301], [1, §38-39, c. 342-353, ¢. 360]

IpakTuyeckoe 3ansitue Ne 32
Bbluncienne HeompeaeleHHBIX HWHTETPajoB MeTOA0M 3aMeHbI
NnepeMeHHOM

Ilenv padomuwi:

CMYOeHm 00JIHCEH:

3Hamo:

- TaOJuIly 3HAYCHUN HEONPEACIICHHBIX HHTETPAJIOB;

- CYTbhb METO/Ia 3aMEHbI IEPEMEHHON B HEOTIPEICICHHOM UHTETpaJIe;

ymemn:

- BBIUMUCIATH  HEONpEJEJICHHbIE  MHTETpajbl  METOJOM  3aMEHBI
IIEPEMEHHOM.
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Ceéedenusn uz meopuu:
Tabauunvie 3HauenUss HeOnpeOeleHHbIX UHMe2Pal08

o . _ dx 1 X
.dX_XJrC _[smxdx— COS X+ C J'ﬁ:—arctg—+c
n+l cos xdx = sin C o ° i
. xdx = sin x +
x”dx:—x +C J. dx = l| x~a
J n+1 dx jﬁ__n—JrC
B a‘—x 2a |X+a
dx >— =1gx+¢C
—:In\x\+c cos™ X
J x dx
) J' —— = —ClgX +C
- a sin‘ x
a‘dx=—+c
J Ina
e*dx =e*+c

Hnmezpuposarue memooom 3amervbl nepemeHHou
CymHOCTh MHTETPUPOBAHUS METOJIOM 3aMEHBI MEPEMEHHOHN (CrocoOomM

MOJICTAHOBKH) 3aKJIFOYAETCs B TPeoOpa30BaHUU UHTETpalia j f (x)dx B mHTErpaN

IF(t)dt , KOTOPBIM  JIErKO  BBIYMCISETCA 110  TaONUIE  3HAYESHUMH
HEONPEIEIEHHBIX HHTEIPAJIOB.
Jlist HaXOXKJEHHsT MHTErpaja I f (X)dX samensemM mepeMeHHYyI0 X HOBOIA

nepemenHol . Jluddeperuupys paBeHCTBO, MOTy4aeM BeIpakeHue dx.
[locne Toro kak HMHTErpans OTHOCHTEIbHO HOBOW mNepemMeHHou t Oyxaer
HalJIEH, C MOMOIIbI0 0OPATHOM MOACTAHOBKU OH MPUBOJIUTCS K IEPEMEHHOM X.

Ilpumep 74.
Brruncnure nHTETpan METOAOM 3aMEHBI IEPEMEHHOM: Icos(Sx +3)dx.
Pewenue:

C INOMOIIBK 3aMEHbl YaCTU MOJABIHTETPAIBHOTO BBIPAXKEHUSI IIPUBEAEM
3aJIaHHBIN MHTETpaj K TaOJIUIHOMY BUITY:

t=5x+3
(5x+3)'dx = dt _ _
Joos(x+dx=lpax—ct |- ¢ Joostdt = 2 to= XD g
dx:g
S

Ilpumep 75.
Bpruncnure uHTErpal METOAOM 3aMEHBI IEPEMEHHOM: _[(Zx +1)"%dx .

Penienue:
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C TOMOUIBIO 3aMEHbl YaCTH MOJBIHTETPATHHOTO BBIPAKEHUS MPHUBEIEM
3aJIaHHBIN MHTETpaji K TaOJIUYHOMY BUJTY:

j(zx +1)dx =

t=2x+1
(2x+1)'dx = dt
2dx = dt

dt

dx = —
2

tt (2x+ 1"
+Cc= +C

—%Itlodtz

2*11 22

3aoanus 0na camocmoamenbHo20 peuenHun:

Breraucnoute CICAYIOMNC MHTCIPaJIbl MCTOAOM 3aMCHBI HepeMCHHOﬁZ

1 BapuanT 2 BapuaHT 3 BapuaHT
1) [(<* +3)°xdx; 1) [4(x" —1)*x’dx; 1) [ OO0 6x2dx |
. L-2x%)*’
sinv/x
2 dx xdx
, _ ) '[ \/; ) J.4x +1°
3) .[COS xdx ; 3) | X 3) [(7-2x)°dx;
2) I sin3xdx (4-3x)%" 3
2 + €0S 3X 4) J.3/(3x+1)2dxl 4) Ix+5dx_
4 BapnaHT S BapuauT 6 BapuaHT
. sin2xdx . 1) | (x® +1)x2dx;
D J.(5><+1)3 1 J.l—c052x’ J.ﬁ
2 I dx - 2) I—dx ; Z)J +andX;
B T Va-9x?’ dx
3) I(5t ~1)*dt; 3) I(sz —3)*x%dx; J(sz +1)°’
4) [3/(-ax+1)°dx. 4) [ Xdx
'[ J.(Sx“ +3)° 4) J.l 4x
7 BapuaHT 8 BapuanT 9 BapuaHT
1) jtgxdx; 1) Ixz«/x3 +5dx ; 1) jsin 3xdx ;
Z)I x2dx 2) [ cos xdx . 2) Ix\/l—xzdx;
Vi-x%’ V1-sinx 3) [ 12t 12xdx
4 2.3 .
3) ISxZde; 3) [(x*~2)"xd; (5x° +1)*’
(X COS Xdx
4) J‘Zx\/(l—sz)ng. 4) Ism(gjdx J«/1+3sinx '

Konmponwnuvie eonpocet:
1. Kakas ¢yHKIMs HassiBaeTcsi mepBooOpasHoit i ¢pyakiuu f(X), mpu

Xe (a; b)?

2. Uto Ha3bIBaE€TCS HEOMPEACICHHBIM HHTETpaIoM?
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3. Ilepeuncnute ocHOBHbIE (POPMYIIbI HHTETPUPOBAHUSI.
4. Chopmynupyiite CyTh METO/Ia HEIIOCPEICTBEHHOTO HHTETPUPOBAHMSL.
5. Chopmynupyite CyTh METOJIa 3aMEHBI TIEPEMEHHOM.

Jumepamypa: [4, c. 310, c. 316], [5, ¢. 219-222].

IIpakTuyeckoe 3ansaTue Ne 33
Boruuciaenne HeolpeaeJTeHHbIX HHTErpajioB MeTO/I0M
HHTErPUPOBAHMS 0 YACTAM

Ilenv padomuwr:

CMYOeHm O0JIHCEH:

3HAMb.

- Ta0JHIly 3HAYCHUI HEONPEeIeICHHBIX HHTErPAJIOB;

- CyTh METOJIa UHTEIPUPOBAHUS T10 YACTAM;

ymemy:

- BBIYUCIISITH HEONPEIEICHHBIC HHTETPAJIBI METOJIOM MHTETPUPOBAHUS 110
qacTsIM.

Ceedenusn u3z meopuu:
Humeepupoeanue no wacmsm
Boruucnss quddepennuan npon3BeieHNs, UMEEM:
d(uv) =udv+vdu,
OTKYyJa

udv =d(uv) —vdu.

Ecmu muddepennmansl 1Byx GyHKIMA paBHBI, TO UX HEOINPEACICHHbBIE
MHTErpaisl coBnanaroT. [loatomy

fudv=[d(uv)—[vdu
H, CJICA0BATCIIbHO,
fudv=uv—[vdu.

C nomoripio 3ToN (GOpMyJibl BHIYUCIECHHUE HUHTErpasia IUdV CBOJIUTCA K
BBIYMCIICHUIO MHTErpaja IVdU , €CJIM TIOCJICTHUM OKaYKETCS MPOLIE UCXOTHOTO.

Ilpumep 76.
BbrurciuTe HHTErpai METO0M UHTETPUPOBAHUS 110 YACTSM: j X sin xdx .

Pemenue:
npeoOpasyst 4acTH MOJBIHTErPAIbHOTO BBIPaKEHUS, IPUBEAEM 3a/IaHHBIN
WHTETpal K TAOJIMYHOMY BUITY:
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dv = sin xdx

u=x
Ixsin xdx = Idv :_[sin xdx| = —xcosx+'|'cos XdX = —XCOS X +SINX+C
du = dx
V =—CO0S X
Ilpumep 77,

In xdx
x?

Breraucnoute HHTCTPAJI MCTOJI0OM UHTCTPUPOBAHUA 110 YACTAM! j

Penienue:
npeoOpaszyst 4aCTU MOABIHTETPATILHOTO BBIPAKEHMUS, TIPUBEIEM 3aaHHBII
WHTETpal K TAOJIMYHOMY BUTY:

I dv:d—)z(
u=Inx X
In xdx In x dx Inx 1
= dv=|x?dX=—"+| S=——F—-=
X 1
V=—=—
X

3aoanus 014 cAamMoCmoAmMebHO20 PEUleHU:

Brraucimire cdieayromue HWHTCrpajlibl MCTOJAOM HHTCTPUPOBAHHA 110
JaCTSIM:
1 Bapuant 2 BapuaHT 3 BapuaHT
1 jxcos xdx; ) j(l_ x) sin xdx ; X ,[ In;(gdx |
Xe“dx arctgxadx ’
2) I ; 2) j g : 2) j X €0S 3xdX _
e®* cos xdx X _ ’
3) I _ 3) Ie cos(x 3)dx. IZXeXdX
3) :
4 BapuaHT S BapuaHT 6 BapuaHT
I 2 XdX
1)In xdx; 1)Ilnxdx; 1)Isin2x-
Xsin xdx X coS(5x — 7)dx ’
2) J ; 2) I ( ) ; 2) Ixe‘zxdx_
3 i o e* cos xdx ’
3) Je sin(2x 4)de 3) I : 3) Iarccoszxdx
7 BapHaHT 8 BapuaHnT 9 BapuaHT
3X o X
1) J'e sin 2xdx; 1) IXZ dx; 1) jxarctgxdx;
. 2 _—x
2) J'(Bx—4)lnxdx; 2) I(x—5)sm2xdx; 2) IX e dX;

3) I arccosxadx

3) Iarcsinxdx

3) J-x2 sin xdx |

KOHmPOJleble eonpocwsl:
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1. Chopmynupyiite cyTh METO/Ia MHTETPUPOBAHUS IO YACTSIM.
Jumepamypa: [4, c. 310, c. 316], [5, c. 219-222].

IIpakTuyeckoe 3ansitue Ne 34
BoiuuciieHue onpeieIeHHbIX MHTErPaJioB Pa3jinYHbIMH CIIOCO0AMH

Ilenv padomuwr:

CMYyOeHm 00JIHCEH:

3Ham».

- (opmyny Herotona-Jleiibuna;

- CYTb METOJIOB BHIUMCIICHHSI ONIPE/ICTICHHBIX HHTETPAJIOB;

ymemy:

- BBIYUCIISITH  OMNpPEACNICHHbIE  MHTETpalbl ~ METOJAaMH:  3aMEHBI
NIEPEMEHHOM, 110 YaCTSM.

Ceedenusn uz meopuu:

JIns BBIYMCIICHUS OmpeneieHHoro wmHTterpana ot ¢yHkuuu f(X) B ToMm
ClIy4yae, KOrjga MOKHO HaWTH COOTBETCTBYIOLIMK HEOIPEIEICHHBIM HHTErpall
F(x), cnyxut popmyna Herotona — JleiiOauma:

T f(x)dx = F(x)[. = F(b) - F(a),

T.€. OINPECIICHHBIN UHTETPal PAaBEH PA3HOCTH 3HAYEHUN TTEPBOOOPa3HOM
IIPY BEPXHEM U HUIKHEM IIPEJeIax UHTETPUPOBAHUSL.

Ilpumep 78.

10

Brruncnuth onpeaeneHHbIi nHTerpal I(3t2 +2t+1)dt,
0

Pemienue:
o ¢opmyine Herorona — Jleiioauna:

0 3 2z 10
fErratendi=| T+ =-+t| =(E+t+t) =
) 3 2 ), 2
= (10° +10% +10)— (2° + 2% + 2)=1110 - 14 = 109.

Boruucnenue onpedeﬂennoeo unmezpaia MemoooM 3aMeHbl nepemeHHou”
HpI/I BBIYUCIICHUHN  OINPCACIICHHOIO HMHTCIrpajla MCTOAOM  3aMCHBI

b
MePEMEHHOM (CITOCOOOM TOJCTAHOBKH) OIPEASICHHBIN HHTETpall J.f(x)dx
a

npeoOpa3yeTcsi ¢ MOMOIIbI0 TOJACTAaHOBKU U=Q(X) B OomnpeeieHHbIN HHTErpal
OTHOCUTEIIbHO HOBOW mnepeMeHHou U. Ilpu 23TOoM crapele mpenesnsl

102



UHTETPUPOBAaHUS & M D 3aMEHSIOTCS COOTBETCTBEHHO HOBBIMH TIpejeiiaMH
WUHTETPUPOBAHUS o M f , KOTOpbIE BBIYUCIAIOTCA 1O (opmynam: o=(¢(a) u

p=9(b).

Ilpumep 79.
3
BBIYrCITUTE ONIpeIeICHHBIN HHTETpal I(ZX —1)%dx .
2
Pemenue:

Hp606p8,3y51 YaCTHU IIOABIHTCTPAJIBHOT'O BBIPAKCHU:A, IIPUBCIACM SaﬂaHHBIfI

WHTErpall K TaOMMYHOMY BHUAY, Jajiee Bocmoib3dyemcs (popmynoit HetotoHa —

JlentOHmma:
u=2x-1
2 u,=2-2-1=3 2 2 4
dx=1du
2

_5* 3 625-81 544

68.

8 8 8

8

Hnmeepuposanue no wacmsam 6 onpeoeyieHHoM unmepaie
Ecmu ¢ynkmmm U(X) w V(X) M WX NPOU3BOAHBIC HENPEPHIBHBI B

[a; b],

MIPOMEKYTKE

OIIPCACIICHHOI'O MHTCI'pajla NMCCT BHUA!:

Ilpumep 80.

b b
judv =uy|
a

a

b
—jvdu.

4
BprauciauTh onpeeieHHbIi UHTErpall j xIn xdx

Penienue:

e

TO (¢opMmysia HUHTECTPUPOBAHUS II0 HYACTAM IS

npeodpaszyst 4aCTU MOABIHTETPATIBLHOTO BBIPAXKEHUS, MPUBEAEM 3aJIaHHBIN
UHTETpal K TaOJUYHOMY BHUIY, Jajiee BocmosibdyeMmcs dopmynoir Herorona —

JleitOuuna:
. u=Inx
Jxln Xdx =
¢ dx
du=—
X

dv = xdx

du = (In x)"dx Idv = jxdx

V=—
2

X
2

2

x_dx
2

X
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16

2 2

e

—8in4-S —44+% =
2 4

2 4 2 2\*
—Zin4-Sine- 1-%=8In4—e—— X
2 2 2 1 2 4

e

2

8ind—° 4.

4

3aoanus 0na camocmoamenbHo20 peueHun:
Brruncnure crienyronye HHTerpaibl:

1 Bapuant 2 BapuaHT 3 BapuaHT
1) MeTo10M 3aMEHBI 1) MeTo10M 3aMEHBI 1) MeTo10M 3aMEHBI
IIEPEMEHHOM:: IIEPEMEHHOM: . % Bx2dx
2 3 HepeMeHHOH: J.—34 .
J.(x2 +3)°xdx.. I4(x4 ~1)*x%dx . 3 (A-2x7)
i} 2 2) Metonom
2) Metonom 2) Metonom WHTETPUPOBAHUS 110
UHTETPUPOBAHUS 110 UHTETPUPOBAHUS TI0 ¢ In xdx
712 712 ] 4acTsM: _[ 3
YacTAM: IXCOS xdx . YacTAM: _[(l— X) sin xdx 1 X
0 7l3
4 BapuaHT S BapuanT 6 BapuanT
1) MeTooM 3aMeHBI 1) MeToaoM 3aMeHBI 1) MeTtooM 3aMEHBI
. -jl dx 4 MIEPEMEHHOM:
NEPEMEHHO: |~ . | penevermoii: j dx | s
. 2 .
% (5x+1) , X =1 I(x3 +1)x2dx |
2) Mertoiom 2) Metonom 1
WHTETPUPOBAHUS 110 HHTErpHPOBAHHS 10 2) Metonom
e 4 WHTETPUPOBAHUS TIO
JACTAM: _fm xdx _ J'|n xdx 1
JaCTsIM: : X
1 . YaCTSM: jxe dx
0
7 BapuaHT 8 BapuanT 9 BapuaHT
1) MeTomoM 3aMeHbI 1) MeToaoM 3aMeHbI 1) Metomom 3aMeHBI
% x%dx [IEPEMEHHOM: [IEPEMEHHOM:
MIEPEMEHHOM: I— 3 3
3
“1-X sz«/x3+5dx, jx\/lo—xzdx,
2) Metonom 0 1
HHTETPHUPOBAHUS T10 2) Mertozom 2) Metongom

1
qacTAM: Iarccosxdx _
0

VHTETPUPOBAHUS 11O

1
YacTsIM: _[arcsinxdx )
0

HHTCTPUPOBAHUSA 110
72

YacCTIM: IXZ sin xdx
0

Konmponwnuvie sonpocet:
1. Kakas ¢yHKIMs HasbiBaeTcsi nepBooOpasHout s dyakium f(X), mpu

Xe (a; b)?

2. Uto Ha3bIBaETCS HEOMPEACICHHBIM HHTETpaIoM?
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3. Ilepeuncnute 0OCHOBHBIE (POPMYJIbI MHTETPUPOBAHUSI.

4. Chopmynupyiite CyTh METO/Ia HETIOCPEICTBEHHOTO HHTETPUPOBAHMUS.
5. Chopmynupyite CyTh METOJIa 3aMEHBI IEPEMEHHOM.

6. ChopmynupyiTe CyTh METOJ]a MHTETPUPOBAHUS TI0 YACTSIM.

7. [IpuBenuTe mprUMeEpbl IPUIIOKEHUS ONPEACIICHHBIX MHTETPAJIOB.

Jumepamypa: [4, c. 310, c. 316], [5, c. 219-222].

IIpakTnueckoe 3ansaTue Ne 35
IIpunoxenusi onpeaeieHHbIX HHTETPAJIOB

Llenv padomeot:

CMYOeHm O0JIHCEH:

3HAMb.

- Ta0JHIly 3HAYCHUM HEONPEIeICHHBIX HHTErPAJIOB;

- CIocoObI BEIYUCIICHUS OTIPEICTICHHBIX HHTETPAJIOB;

ymemy:

- pemiaTh NPUKIATHBIC 3aJa491 C TOMOIIBIO ONPEACICHHOTO HHTErpala.

Ceedenusn uz meopuu:

DusuuecKkue npunodcenusi OonpeoeeHHblx UHmMe2panos

Buviuucnenue nymu, npotioenno2o mouxoti

I1yTh, MpONAEHHBIN TOYKON IPU HEPABHOMEPHOM JIBUKEHUU T10 MIPSMOU C

nepeMenHoit ckopoctbio V=f (t)>0 3a mpomexyrok BpemMeHH OT t; 50 1y,
t2

BBIYKCIISIETCS 110 hopmyIie S :I f (t)dt .
4

Ilpumep 81.

CKOpOCTB [BIDKCHHSI TOUKH H3MEHseTcs Mo 3akony V=(3t%+2t+1) wm/c.
Haiitn myTh, mpoiiaeHHbIM Touko# 3a 10c OT Havana JBUKEHMUS.

Pemenue:

t,
cormacHo yenosuio, f (t) =3t*+2t+1, t,=0, t,=10. ITo popmyme S =I f (t)dt
Y
HaAXOUM

10 3 2 10
S = [ (3t? + 2t + 1t :(%+%+tj = +t2 +t) =10° +10° +10=1110 (x).
0 0

Buviuucnenue pabomet cunsi
Pabora, mpousBenenHas rnmepeMeHHoi cuioi f (x) mpu mepemermnennu mo
ocu Ox MaTepuabHOM TOYKH OT X=a 70 x=Db, HaxomuTcst mo popmyie:
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A:Tf(x)dx.

[Ipu pemenuu 3a7a4 Ha BBIYMCICHHUE PAOOThI CHIIBI YACTO HCIIOJIB3YETCS
3akoH ['yka: F=kx, roe F-cuna, H; x — aOCOIIOTHOE yIJIMHCHHE MPY>KHHBI, M,
BbI3BaHHOE cuyioi F, a K — koadpunmeHT nponopiuoHaibHOCTH, Him.

Ilpumep 82.

Cikatue x BUHTOBOU MPYKUHBI, TPOMOPIHUOHATBLHO PUIOKEHHOU cuiie F.
Breraucnuts padoTy cuitbl F ipu cxxatuu npyxuabl Ha 0,04 M, ecinu 11 CKaThs
ee Ha 0,01 M HyxHa cuna 10 H.

Penienue:

T.K. x=0,0ln npu F=10H, To, moACTaBJIssI 3TH 3HAYCHUS B PABEHCTBO
F=kx, momyuum 10=0,01k, otxyma k=1000 H/m.
[ToxcraBuB Temeph B 3TO e paBeHCTBO 3HadeHue K, Haxomum F=1000x,

b
T.e. f(X)=1000x. Mckomyro pabory Haiiaem 1mo Gopmyie A=I f (x)dx, momarast

a=0, b=0,04:

A= j 1000xdx =
0

0.04 1000x>
2

0,04

0

3aoanus 011 camMoCmoAmMebHO20 PeuleHus:

=500%2|," =500-0,04? = 0,8 (L) .

1 Bapuant

CxopoCTh IBUKEHUS
TOYKH U3MEHSETCS 110
3aKOHY

V=(-3t+12t) alc.
Havitu iyTs,
MPOUICHHBIN TOYKOU OT
Hayvaja JBUKCHHS JI0 €¢
OCTaHOBKH.

2 BapuaHT

ITon nevictBUEM CHIIEI
80H npyxxuna
pactsaruBaercsa Ha 0,02u.
IlepBoHauanbHas qIuHA
npyxuHsl paBHa 0,15m.
Kakyro paboty Hamo
COBEPIITUTH, YTOOBI
pactsaHyTb e€ 10 0,21?

3 BapuaHT

[IpyxuHa B CIIOKOMHOM
COCTOSIHUU UMEET
nnuny 0,2m. Cuna B
50H pacTsaruBaeT
npyxuny Ha 0,0 Lu.
Kakyro paboty Hamo
COBEPIIIUTH, YTOOBI

pactaHyTh €€ ot 0,22 1o
0,32 m?

4 BapuaHT

IIpu coxxaTun npy>KUHBI
Ha 0,05m 3aTpaunBaeTcs
cuna 25H. Kakyro
paboTy HEOOXOAUMO
COBEPIIUTH, YTOOBI

CKaTb MPYXKUHY €€ Ha
0=0, 03m

5 BapuaHT

CKOpOCTb IBUKEHUS
touxu V=(6t*+4) mlc.
Haittu myTs,
IIPOMICHHBIN TOYKOU 32

5 ¢ oT Hayvana IBUKEHUS.

6 BapuaHTt

CKOpOCTb IBUKEHUS
touxu V=(-3t*+18t) w/c.
Haittu myTs,
IIPOMICHHBIN TOYKOM OT
Hayajia IBUKEHU 110 €€
OCTaHOBKH.

7 BapuaHT
CKOpOCTb JIBUKCHUS

8 BapuaHT
IIpyxunHa pactaruBaercs

9 BapuaHT
CKOpOCTb JIBUKECHUS
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TOUYKHU V=(8t'2+2t) mle. | Ha 0,02m Tox AEWCTBUEM | TOUYKH U3MEHSIETCS 110

Haiitu nmyTs, cunbl 60H. Kakyto 3aKOHY

PO ICHHEIHA TOUKOit 3a | paboTy mpomssoaut 3ta | V=(9t?-8t) m/c. Haiitn

2-10 CEKYH]IY. CuJia, pacTArHBast NyTh, PO ICHHBIH
npyxuny Ha 0,127 TOYKOM 32 4-F0 CEKYH]IY.

Konumponvuwvie éonpocwi:
1. [IpuBeauTe NpUMeEpPbI NPUITOKEHHS ONPEACIICHHBIX HHTETPAJIOB.

Jdumepamypa: [5, c. 219-222].

IIpakTnueckoe 3ansaTue Ne 36

Pemenune ypaBHeHm‘/i: PA3JI0KEHNE HA MHOKHTECJIU, BBCACHUEC HOBLIX
IMEPEMECHHDBIX, IIOJACTAHOBKA

Llenv pabomui:

CMYOeHm QO0JIHCEH:

3Hamo:

- CcrocoOBbl pelleHns YpaBHEHU;

ymemsy.

- peuiaTh ypaBHEHHs Pa3IUYHBIMH CTIOCOOAMHU.

Ceedenus uz meopuu:

Memoo paznodicenus Ha MHOMICUMENU

CyTb JaHHOTO MeETOJa B TOM, UTOOBI IIyTéM PaBHOCHIIBHBIX
nmpeoOpa3oBaHU  TPEACTABUTh  JIEBYHO YacTh HMCXOJHOTO  ypaBHEHHS,
COJIEPIKAIIlYI0 HEHM3BECTHYIO BEIIMUMHY B KaKOW-TMOO CTENEHW, B BHJIC
MPOM3BE/ICHUS JIByX BBIPAKCHUHN, COAEpXkKAIUX HEU3BECTHYIO BEIWYHMHY B
MeHbIIe cteneHu. [Ipu 3ToM crpaBa OT 3HaKa PaBEHCTBA JOJKEH OKa3aThCs
HOJIb. [Ipolie Bcero ysiCHUTh 3Ty UJEI0 Ha KOHKPETHOM MPUMEDPE.

Ilpumep 83.

Pemmre ypaBHEHHE METOIOM Pa3I0KEHUs HA MHOKHTEN: 2,5x° +4x=0.
Pewenue:

OCYILIECTBUM DPa3JIO)KEHHUE Ha MHOXKHUTEIN (MPEICTaBUM HUCXOJIHOE

BBIPOKCHHUE B BHJIC MPOMU3BEACHMS). J[J11 3TOTO BBIHECEM TEPEMEHHYIO X 3a
CKOOKH:

x(25x+4)=0,
[IpousBenenre paBHO HYJIO TOTJA M TOJBKO TOT/A, KOTAa XOTsI Obl OJUH
Y3 MHOYKUTEJIEN PAaBEH HYIIIO.

CnenmoBartebHO,
x=0wm 25x+4=0.
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3 mociiefHero ypaBHEHHS IMOTyJdaeM:
25x=—4 nm x=-16.

OtBer: x=0u x=-16.

3aoaua 0na camocmoamenvhozo peutenus Nel. Pemute ypaBHEHHE
2
METOJIOM pa3JIoKeHus Ha MHOkuTenu: 3x° +1,5x=0.

Memoo 3amenvl nepemeHHOl

CyTh JaHHOTO METOJIa B TOM, 4YTOOBI yAa4HBIM OOpa3oM 3aMEHHUTh
CI0)KHOE€  BBIPAXXCHHME, COJIEp)Kallee HEHU3BECTHYIO BEIWYHMHY, HOBOWU
MIEPEMEHHOM, B PE3yibTaTe YEro ypaBHEHUE MPUHUMAET 00Jiee MPOCTON BH/I.
Jlamee MOIy4YeHHOE YpPAaBHEHHUE PEIIAETCS OTHOCHUTEIBHO HOBOM MEPEMEHHOM,
MOCJIE YE€ro MPOUCXOAUT BO3BpAT K HCXOAHOM NEepeMeHHOM. Bce 3tm umuen
MPOIIE OCO3HATh HA KOHKPETHOM MPUMEPE.

Ilpumep 84.

Penmre ypaBHEHHE METOIOM 3aMEHBI IEPEMEHHOM: x” +4x* —5=0.
Pemennue:

TaKue ypaBHEHHMs Ha3bIBalOTCs OMKBaapaTHbiMU. [lepenuiiem ero B Bue:

(x*f +4x* ~5=0.
BBenem HoByt0 nepemennyio U= X° . Torxa HCXOLHOE YpPaBHEHUE IIPUMET
CHEAYIOIINI ITPOCTON BU:
t* +4t-5=0.
Pemras nosryueHHOE KBaApATUYHOE YPaBHEHUE, MOJY4AEM, UTO:
t=-5nmwm t=1.

Bo3sBpaiaemcs Teneps kK crapoi nepeMeHHou (o0paTHas 3aMeHa):

X? =—5 ym x% =1.

Pemenuit y nepBoro ypaBHEHHSI HET, IIOCKOJBKY HE CYIIECTBYET TAKOIO
JNEUCTBUTEILHOTO YHUCa, KBaJpaT KoToporo Obw1 Obl oTpuuareneH. Btopoe
ypaBHEHUE UMEET JBa KOpHS +1.

Ortsert: £1.

3aoaua Ona camocmoamenvHozo pewienus Ne2. Peumnre ypaBHEHUE
METOJIOM 3aMeHBI IlepeMenHoit: 9x* —24x% +7=0.

Ilpumep 85.
Pemure ypaBHEHHUE METOI0M 3aMEHbI IICPEMCHHOM:
4x 3x
2 _ t =1
4x° —8x+7 4x°-10x+7
Penrenue:
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oOpamaeM BHMMaHue Ha TO, uto X =0 He sABIETCI KOpHEM IaHHOIO
ypaBHeHus. CienoBarenbHO, 0€3 MOTEpH WM MPUOOPETEHUS JIUIIHUX KOpHEH
MOXHO pa3JefuTh YHUCIUTENIb M 3HaMeHarelb oOeux npobeir Hax. Torma
ypaBHEHUE PUHUMAET BUJI:

:1-

4 N 3
4x—8+Z 4x—10+z
X X

7
Beeem HOBYIO niepeMennyro: t=4X+ I’ Torma ypaBHeHHE IPUMET BUL:

4 3
t-8 t-10
BeimonHuB a5eMeHTapHbIe TTpeoOpa3oBaHus: MPUBEAEM APOOH K 00IIeMy
3HAMCHATCIIIO, IIPUBCACM IIOI[O6HLIG CJIaraCMabIC, IIOJIYUHUM:
t? —25t+144
(t-8)(t-10)
JpoOb paBHA HYJIIO, €CIIU HYJIIO PaBEH €€ YHCIUTENb, 4 3HAMEHATEIb NIPU
9TOM HC PaBCH HYIIIO. To ecTh YPaBHCHHUC PABHOCHUJILHO CJ'ICI[yIOHICfI CUCTCMC.
t? —25t+144=0
t=8
t=10

PemmB nepBoe ypaBHeHHE cucTeMbl, umeeM: 1=16 mmm t=9.
[Tepexons Kk 0OpaTHON MOACTAaHOBKE, IOTyYaeM:

.
1. 4x+ v 16, uro npu x #0 paBHOCHIBEHO ypaBHeHHIO 4x° —16x+7=0,

1 7
pelmast KOTOpoe, NONyqaeM ¥ =2 WM X= 2.

7
2. 4x+ Vs 9 uro mpu x#0 paBHOCHIBEHO ypaBHeHHIO 4x° —9x+7=0,y

KOTOpOIro peH_ICHI/Iﬁ HCT, IMOCKOJIBKY €T0 JUCKPUMHUHAHT OTPHUIATCJICH.

1 7

OTBeT: 27

3aoaua 0na camocmoamenvrhozo peutenus Ne3. Pemute ypaBHEHHE

1 1
METOJIOM Pa3JIOKEHNS HA MHOKHUTENN: X~ +— +x+==0.
X X

Koumponvusie sonpocul:

1.B dWem cCyThb pemieHHus ypaBHEHUS METOIOM pa3jlOKEHUs Ha
MHOKHUTEIN?

2. B uem cyTh pelieHus ypaBHEHUS METOI0OM 3aMEHBI TIEPEMEHHOM ?
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Jumepamypa: [16]

IIpakTuyeckoe 3ansitue Ne 37
Pemnenne ypaBHeHudd rpaduuyeckum wmeroaoM. Hecranpaprhabie
CIoco0bI penieHus ypaBHeHU

Ilenv padomuwr:

CMyOeHm 00JIHCEH:

3Hamo:

- JTaImbl penieHus] ypaBHEHUH rpad)idIeCKUM METOIOM;
ymemn:

- CTpOUTH rpaduKu dIEMEHTAPHBIX QYHKIIUIA;

- pemiaTh ypaBHEHHUS Pa3IMYHBIMU CIIOCOOAMH.

Ceedenusn uz meopuu:

Memoo oyenxu obracmu 3navenuti

CyTh JaHHOTO METOJla B CpPaBHEHMM O0JIacTel 3HAYECHHM BBIPAXKEHUH,
BXOJSIIUX B ypaBHeHHEe. YacTo Takoil aHanM3 MO3BOJSET JIETKO pEIIaTh
CJIOKHBIC YpPaBHEHUS, COJEpXKallle pa3IMyHbIE BbIpaXEHUS (pallOHAJIbHbBIC,
TPUTOHOMETPHUUYECKHE, JIOTapu(PMUUECKHe, MoKa3aTeabHbIe U JIp.). Pazdepem 3o
Ha KOHKPETHOM IIpUMeEpe.

Ilpumep 86.

Pemure ypaBHEHHE, WCIIONB3yS METO/IA OICHKA OOJaCTH 3HAYCHUM:
cos® X=X +1.

Pemienue:

paccMotpuM  pyHkimio  f(x)=cos®x. WMsBectno, yro —-1<cosx<1,

nostomy 0<cos’x<1. MWrak, d¢ynkmus f(x)=cos’ X MOKET NPUHUMATH
3HAYCHUS TOJIBKO U3 mpomexyTtka [0; 1].

Paccmorpum teneps QyHknuio g(x) = x> +1. I'paduxom naHHoi QyHKIMN
aBisgeTcsi mapaboia, BETBM KOTOPOW HAmpaBlieHbl BBEpPX, a BepIIMHA
pacmonioskeHa B Touke (0; 1).

T.e. oOnacTp 3HaUeHUI NaHHON (PYHKUMU (T€ 3HAYEHUS, KOTOPHIE MOKET
NPUHUMATD TIEPEMEHHAs ) MPEACTaBIACT COOOM MPOMEXKYTOK [1; +00).

T.o. BBIpaKeHHUs, CTOSIIHME CIpaBa M CJeBa OT 3HAKa pPaBCHCTBA B
HCXOJTHOM YpaBHEHHH, MOTYT OKa3aThCsl PABHBIMHU, TOJBKO C€CIIM WX 3HAYCHHUS
OKaXyTCS paBHBIMH 1, TpUYeM TMPU OJHOM M TOM JK€ 3HAYCHUHM X.
HemnocpencTBeHHOM MOACTaHOBKON yO€KAaEMCSI, UTO ITO YCIOBUE BBIMOTHSICTCS
npu x =0,

JeiictButensho, f(0)=cos’0=1 n g(0)=0>+1=1. [Ipn Bcex OCTAIBHBIX
sHaueHusax x Gynkuusa g(x) = x° +16oapme 1. 3naunr x =0 — eauHCTBEHHBIHA
KOpPEHb YPAaBHEHHSI.
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Ortser: 0.

3aoaua 0na camocmoamenvbHo2o peuienusa Nel. Pemnte ypaBHEHHE C

o aEl2 T
HUCITOJIB30BAaHMEM METO/IA OLIEHKHU 00J1acTh 3HAYeHuU: SIN° X =|X— E +1.
Ilpumep 87.
Pemure ypaBHeHue: V2x—x? +8+x —dx =v/—x—2 +1.
Pemenue:

omnpeaennuM 00JIacTh JOMYCTUMBIX 3HAY€HUH (T€ 3HAYEHHS, KOTOpbIE
MO>KET PUHUMATh IEPEMEHHAS X B JAHHOM ypaBHEHHUH). MlcXxoauM U3 TOro, 4To
MOJIKOPEHHOE BBIPAKEHUE HE MOKET ObITh OTPULATEIbHBIM:

2x—x>+8>0,
x> —4x>0,
—-x-220

Pemas CUCTEMY MCTOIOM MHTCPBAJIOB, IIOJIY4dCM:

— ¥

-

-

L ]

—I5 [.] 'E 1I[]
Pucynox 24. N300pakeHue pernieHnii CUCTeMbl HEPAaBEHCTB Ha YUCIIOBOM
IIPSMOM

T.o. o0nacTb NOMYCTUMBIX 3HAYEHUH COJEPKUT OJHO €IMHCTBEHHOE
3HaYeHHe x=-2. SIBIseTcs IM 3TO 3HAUYCHHE KOPHEM YPaBHEHHMs, MPOIIE BCEro
IIPOBEPUTH MPSIMOU MMOACTAHOBKOM:

V2(-2)- (-2’ +8+/(-2)° ~4(-2) = |- (-2)-2+1,
V12 1.

T.e. x=-2 He ABASAETCS KOPHEM YpaBHEHHUS.
OTBeT: KOpHEN HET.

3aoaua Ona camocmoamenvnHo2o peuwienus Ne2. Pemure ypaBHEHHUE:

\/xz—x+\/2—x—x2 =\/;—1.

Ilpumep 88.

Pemre ypaBHeHnue: Vx? 43x—2—/x?+2x =2—-x.
Pemenne:

[OMHOKHM ypaBHeHHe Ha VX% +3x — 2 +/x% + 2x .
Boo06r1ie roBopsi, 310 npeodpa3zoBaHue HE SIBISETCS PAaBHOCUIIBHBIM, JTaKE
B 00J1aCTH JOMYCTUMBIX 3HaueHu. Beab MOTyT HAUTHCH Takue 3HAYEHUS X TIPU
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KOTOPBIX 3TO BBIpaXXEHUE OOpaTtUTCs B HYJb. IIpn TakoMm mpeoOpazoBaHUU
MOTYT TOSIBUTHCSI TTIOCTOPOHHUE KOPHHU, MOITOMY IOJYYEHHBIE OTBETHI HYKHO
OyJeT NpOBEpUTH HEIMOCPEACTBEHHOM mojcTaHoBKkoW. Ho riaBHOe, 4TO B
pe3yJibTaTe TaKOTo NMPeoOpa30BaHKs HE IPOU3ONIET MOTEPH KOPHEH.

Hrak,

X2 4+3x—2-x"-2x= (2—)c)(\/x2 +3x—2 +/x° +2x)
(x—2)+(x—2)(\/x2 +3x—2 + /2 +2x)=0,
(x—2)L++x2 +3x—2 ++/x2 +2x) =0.
BoipaxkeHne BO BTOpPBIX CKOOKax HE MOXKET OBITh paBHO HYIIO.
JleticTBUTETHEHO, 00 KOPHS, 10 KpallHel Mepe, HEOTPUIIATEIbHBI, IIOATOMY €CITH

K MX CyMMe€ NpHOaBUTh |, MOJYyYUTCA MOJOKUTEIBbHOE BbIpakeHHe. To ecTb
OCTaeTCs, YTO

x—2=0wmwm x=2.
HemnocpencrBeHHo#l MOACTaHOBKOM — yOexaaemcsi, 4YTO JTO KOpEHb
JTAHHOTO YPaBHECHMUSI:

J2243.2-2 22 12.2=2-2,0=0.
OtBer: 2.

3aoaua ona camocmoamenvno2o peuienus Ne3. Pemute ypaBHEHHUE:

X Jxs10
———=+/x+10-4.
Vvx+1+1

Koumponwvnwie gonpocul:

1. TlosicauTe CyThb METOJa OIIEHKM O0JAcTH 3HAYEHUW TPH pPEIICHUU
YPaBHEHHUM.

2. Kakue HectanmapTHbIE CIIOCOOBI pEIICHUSI YPABHEHU BbI 3HAETE?

JTumepamypa: [16]

IIpakTuyeckas padora Ne 38
Penienue HepaBeHCTB METOI0M HHTEPBAJIOB

Ilenv padomuwr:

CMYOeHm O0JIHCEH:

3Hamb:

- TpaBWIA PEIIEHUS TMPOCTHIX, APOOHO-PAIMOHATBHBIX HEPABEHCTB C
OJHOW MEPEMEHHOM;

ymemn:

- peuaTh HEPaBEHCTBA METOJIOM MHTEPBAJIOB.

Ceedenusn u3z meopuu:
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f(x
[TycTh 3ajlaHHOE HEPABEHCTBO UMEET BU/I: %v 0. Jlng pemnieHus: 3Toro
g(x
HEPaBEHCTBA MCHOJB3YETCS TaK HA3bIBAEMBIA Memoo unmepeanos, KOTOPBIMA
COCTOUT B CJEAYIOLIEM.
1. Ha 4uCiOBYI0O OCh HAaHOCAT TOYKHM X1, , X, pa3OuBaroniye ee Ha
f(x)
g9(x)
(«rmroc» WM «MHHYC»). TakMMHM TOYKaMU MOTYT OBITh KOPHM YpaBHEHUU
f(X)=0 m g(x)=0. CooTBeTcTBYyIOIIME ATHM KOPHSIM TOYKH OTMEYAIOT Ha

IMPOMCIKYTKH, B KOTOPBIX BBIPAKCHUC OIIPCACIICHO MU COXPAHACT 3HAK

YHUCJIOBOM OCH: 3aKpallCHHbBIMKX KPY>XKaMH — TOYKH, YAOBJICTBOPAIOIINC
3aITaHHOMY HCPABCHCTBY, 4 CBCTJILIMH KPYKKaMU — HC YAOBJICTBOPAOIINUC CMY.

.« f(x
2. OnpenensioT ¥ OTMEYAIOT Ha YKMCIOBOW OCH 3HAK BBIPAKCHHS L

9(x)

JUIS. 3HAYEHUM, NPUHALICKAIUX KAXKIOMY U3 TMOJYUYECHHBIX MPOMEKYTKOB.
f(x

JlocTaTo4HO onpeAeauTh 3HaK PYHKIIUU ﬁ B JIIOOOM TaKOM MPOMEXKYTKE, a B

OCTaJIbHBIX MMPOMEKYTKAX 3HAKH «IUTIOC» U «MUHYC» OYIyT 4epeaoBaThCsl.
W3menenne  3HaKoB  yAO0OHO  WIIIIOCTPUPOBaTh C  TIOMOIIBIO
BOJTHOOOpA3HON KpUBOU (Kpusoil 3HaAK08), TMPOBEICHHOW Yepe3 OTMEUYCHHBIC
TOYKHU U JICKAIIEH BBIIIE WM HIDKE YHUCIOBOM OCH B COOTBETCTBUU CO 3HAKOM
f(x)
g(x)
comepkaT TOYKH, YIOBJICTBOPSIOIINE JaHHOMY HEpPaBEHCTBY, WHOT/IA
MOKPBIBAIOT IITpUXaMU. 3allITPUXOBaHHAS O0JacTh B COBOKYIMHOCTH C
MOJTYYCHHBIMHA TOYKaMHU OYyJIET SBIIATHCSI OTBETOM K HEPAaBEHCTBY:

X1m.\‘z Abﬂ: | oo
R

Pucynox 25. KpuBas 3HakoB

npobdu B paccMaTpuBaeMoOM IpoMexyTke. IIpoMexyTku, KoTopbie

Ilpumep 89.
1 1
Pemnre HepaBeHCTBO: ———— <=,
X°=5x+6 2
Pemenne:

YOpOIaeM HEPABEHCTBO MYTEM PaBHOCWIBHBIX MPEOOpa3oBaHUMN: TIPH
YMHOKCHHHM WU JIeJICHUW O0EWX 4YacTell HEepPaBEHCTBA HA OTPHIIATEIIHLHOE
YHUCJI0, 3HaK HEPABEHCTBA MEHSAETCS HA MMPOTUBOIIOIOKHBIH:

11
X" —5x+6 2
[TpuBenem apodu K oOIIEMy 3HAMEHATEIIO:
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2—(x* —5X +6) <0
x> —5x+6 '
2
— >2< +5x -4 <
X~ —5X+6
x? —5x+4
X" —5X+6
BrIpakeHUS, CTOSIIME B YHUCIUTEIC M 3HAMCHATEIIC, MOXKHO Pa3JIOKHUTh
Ha MHOXXHMTEIIH, TOTJa HEPaBECHCTBO IMPUMET BH/I:
(x=4)(x-1) 50
(x=2)(x-3)
Janee naxoaum Kopuu ypaBaenuii (X—4)(X—-1)=0 u (x-2)(x-3)=0.
N3 nepBoro noaydaem x1=4, x,=1. 3 Broporo noiydaem xz=2, x,=3.
HaHocuM Ha YHCIIOBYIO IPSMYIO TOJYYHBIIHECS TOYKH, IIPHUYEM TOYKH
X1, X, 00O3Ha4YaeM 3aKpalllCHHBIMH KpPYXOUKaMH (IJI1 HHUX HEpPaBEHCTBO
BBITIOJHACTCS), & TOYKH X3, X4 CBETJIBIMH (IIPU ATHX 3HAYCHUSAX, BBIPAKCHHUE,
CTOSIIIIEE CIeBa OT 3HAKa HEPAaBEHCTBA, HE UMEET CMBICIIA).
(x=4)(x-1)
(x=2)(x—-3)
IPOMEKYTKax (IOACTaBIsAEM JIF00OC 3HAYCHUE X M3 Ka)JAO0ro IOJYYCHHOTO
IPOMEKYTKa B JaHHOC BBIPAKCHHE), H300pakacM KPHUBYIO 3HAKOB,
3alITPUXOBBIBAEM T€ TPOMEKYTKH, HA KOTOPBIX HMCXOJHOEC HEPaBEHCTBO
BBITIOJIHSETCS:

Onpe):[eﬂﬂeM TCIICPb 3HAKW BbIPAXKCHUA Ha IIOJIYUYCHHBIX

+ — + —-Y +

7 7A = K

1 2 3 4 X
p 6. K (x=4)(x-1)
HCYHOK 20. KpuBast 3HAKOB BBIPAKECHHUS (x—2)(x—3)

WTak, NCXOAHOMY HEPABEHCTBY YIAOBICTBOPSIOT CACIYIOIINEC 3HAUCHUS:
x€(-00; 1JU(2; 3)U[4; +0).

3aoaua ona camocmoamenvno2o peuwtenusn Nel. Peuire HEpaBEHCTBO:

X+—17 >0.
x> —Xx—6
Ilpumep 90.
Pemire HEpaBEHCTRBO: Vx-3 >0.

Pemenue:
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IMOAKOPCHHOC BBIPAKCHUC, KaK H3BCECTHO, HC MOXKCT IIPHUHHUMATDH
OTPHUHATCIIbHBIX 3Ha‘{eHI/II\/JI, TAKIKC HC HOITYCKACTCA HAXOXKACHHUC B 3HAMCHATCIIC
I[p06I/I HYJIA. CJI@I[OB&TGJII)HO, 001aCTh AOIIYCTHUMBIX 3HAYCHUM JaHHOT'O
HEPABCHCTBA ONIPECACISICTCS HEPABECHCTBOM X >0 u Tem YCJIOBHUEM, YTO X # 2.

Pemaem ypaBHeHUs JXx-3=0u x—2=0.

W3 nepBoro ypaBHeHus moyy4yaem, uto x1=9.

N3 BTOpOTO ypaBHEHMS MOTyYaeM, 4TO X,=2.

HanocuMm o0nacth MOMyCTUMBIX 3HAYEHUW HEPABEHCTBA U MOJY4YEHHBIE
TOYKHU Ha YUCJIOBYIO MPSMYIO, PUYEM ITH TOUYKHU OYAYT CBETIBIMH, TOCKOIBKY
HA OJHO W3 3HAUYEHWI HE YJOBIETBOpSAET HepaBeHCTBY. (Cpasy olpenensem

3HAKH BBIPAXKCHUA

B KaXXIOM M3 ITIOJIYUCHHBIX ITPOMCKYTKOB U PHUCYCM

KPUBYIO 3HAKOB:

X—2

Pucynok 27. KpuBasi 3HaKOB BbIpaKEHUS

Bepxneit ctpenkoil Ha puCcyHKe o0O0O3Ha4YeHa o00JacTh JOMYCTHMBIX
3Ha4YeHUN HepaBeHCTBa. OTBETOM K HEPABEHCTBY OYJIET SBJISTHCS IIPOMEXKYTOK,

COOTBETCTBYIOIIUI HAa PUCYHKE 3alITPUXOBAHHON 0OJIACTH.
Otsert: x€[0; 2)U(9; +o0).

3aoaua ona camocmoamenvHozo peutenusn Ne2. Pelminre HEPaBEHCTBO:
V17 -15x - 2x?
X+3

>0,

Ilpumep 91.
1-+/1-8x -

X

Pemmre HEpaBeHCTBO: 2.

Pewenne:

IIOJKOPEHHOE BBIPAXKEHWE HE MOXKET IPUHUMATh OTPUIATEIbHBIX
3HAUEHUN, a B 3HAMEHaTese JIpoOu He JOJKHO ObITh HyJs. ClenoBarenbHO,
00JacTh JOMYCTUMbBIX 3HAUYEHHM HEpPaBEHCTBA OMpEIENsieTcs CIeAyrolen
CUCTEMOU:

1 1
1-8x*20, |-——<x<-—,
{ el BT
X x=0
1-1-8x°
Pemaem ypaBHeHne f—Z:O.
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ITonmygaem, uto x1=0 m X, =—-. HaHocuM 1OJIyUeHHBIC TOYKH Ha
’ 3

YHUCJIOBYIO MPSAMYIO, HE 3a0bIBasi O TOM, KaKWe M3 HHUX CIEAyeT 3aKpacuTh, a
KaKHhe OCBETJIHTh. M300paxkaeM Takke Ha Hel 00J1acTh JOMYCTHUMBIX 3HAYCHUMN
U U300pakaeM KPHUBYIO 3HAKOB:

2

1—+/1-8x%° ~
X

Pucynok 28. Kpuas 3HaKOB BbIpaKCHUS

HYHKTI/IpHLIG JIJUHK Ha PHUCYHKC OI'PpaHHUYUBAIOT 0011aCTh AOITYCTUMBIX
3HAYCHUH HCPaBCHCTBA. 3aHITpI/IXOBaHHaH 0011acTh COOTBCTCTBYCT PCIICHHUIO
HCPaBCHCTBA.

) 1 1
OrtBer: Xe|: i Oju(o, 3).

3aoaua ona camocmoamenvHo2o peutenun Ne3. Pelminre HEpaBEHCTBO:

V2x+1< 22X+1.
—X

Konumponvuwvie gonpocwi:
1. [aiite omnpeseneHue HEpaBEeHCTBA C OJHON IEPEMEHHOM.
2. B uem cyTh MeTOJ1a UHTEPBAIOB?

JIumepamypa: [16]

IpakTnueckas padora Ne 39
N300pakeHne HA KOOPAMHATHOM IUIOCKOCTH MHOKECTBA pelleHUui
HEPABEHCTBA C ABYMS MIEPEMEHHBIMHU U UX CUCTEM

Ilenv pabomor:

CMYOeHm QO0JIHCEH:

3HAMb.

- CITOCOOBI PEIICHNs HEPaBEHCTBA C IBYMS ITIEPEMEHHBIMHU M UX CUCTEM;

ymemy:

- u300pakaTb Ha KOOPJAMHATHOW TIJIOCKOCTH MHOKECTBA PEIICHHMA
HEPaBEHCTBA C JBYMS IEPEMEHHBIMHU M UX CUCTEM.

Ceedenusn uz meopuu:
Pewenue nepasencmea c 08ymsa nepemennvimu, a TeM 0Ooyee cucmembl
HEepaseHcmea ¢ 08yMs NepemMeHHbIMU, TPEICTABISAETCS JOCTaTOYHO CIIOAKHOU
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3agayei. OHAaKO €cThb INPOCTONW aJIrOpUTM, KOTOPBIM NOMOraeT JIETKO U 0e3
OCOOBIX YCHUJIMH pellaTh Ha IMEPBBbIM B3IV OYEHb CIOKHBIE 3aJaud TaKOTro
pona.

IIycTp MBI MMEEM HEpPAaBEHCTBO C JBYMs IEPEMEHHBIMH OJHOTO W3
CJIEIYIOLIUX BUJIOB:

y > f(x); y = f(); y <f(x); y < f(x).

JUist u300pakeHusT MHOXKECTBA pEUIEHUWH Takoro HEpPaBeHCTBA Ha
KOOPJIMHATHOM TUIOCKOCTH MOCTYIAIOT CIEIYIOIIMM 00pa3oM:

1. Ctpoum rpaduk dynkmuu y = f(X), KOTOpBIH pazduBaeT MIOCKOCTh HA
JBE€ 00J1aCTH.

2. BeiOupaem m100y10 U3 MOJTyYeHHBIX 00JacTe U paccMaTpyuBaeM B HEl
IIPOU3BOJIBHYIO TOUKY. IIpoBepsieM BBITOJIHUMOCTh UCXOAHOTO HEPABEHCTBA JJIS
3TOM TOYKH. Ecim B pe3ysbrare NPOBEPKH IOJYy4YaeTCs BEPHOE UHCIOBOE
HEPaBEHCTBO, TO 3aKJIF0YAEM, YTO UCXOJHOE HEPABEHCTBO BBINOJIHAETCS BO BCEM
o0nacTu, KOTOpOM TNPUHAUIEKUT BbIOpaHHass Touka. TakuM oOpazom,
MHOKECTBOM DEILLEHUII HEpaBeHCTBA — 00JIaCTh, KOTOPOM NPUHAIIEKUT
BblOpaHHas Touka. Eciu B pe3ynpTaTe MNPOBEPKH IMOJIY4aeTCs HEBEPHOE
YHCJIOBOE HEPABEHCTBO, TO MHOKECTBOM pEILLIECHUI HEpaBEeHCTBA OyAeT BTOpas
00J1acTh, KOTOPOU BHIOpAHHASI TOUKA HE MPUHAJICHKUT.

3. Ecmu HepaBEHCTBO CTPOTOE, TO TPaHUIBI OOJACTH, TO €CTh TOYKH
rpaduka ¢ynkmnuu Yy = f(X), He BKIIIOYAIOT B MHOXKECTBO PEIICHUN W TPAHHILY
U300paKAIOT MMYHKTUPOM. Eciii HEpaBEHCTBO HECTPOIO€, TO IPAaHMIIBI OOJIACTH,
TO ecTh TOYKW Trpaduka ¢pyHkimu Y = f(X), BKIFOYAOT B MHOKECTBO PEIICHUM
JTAHHOTO HEPABEHCTBA M TPAHMILY B TAKOM CIlIydae HM300pa)KaroT CIUIOLUIHOM
JIMHUEN.

Ilpumep 92.

Kakoe MHOeCTBO TOUEK 3a]1a€TCSI HEPABEHCTBOM X y<4?

Pemenne:

1) crpoum rpaduk ypaBHeHus x-y=4. Jns aTOoro cHauvama mpeoOpasyem
ero. O4eBHIHO, UTO X B JAHHOM CiIy4ae He oOpallaercsi B HyJb, T. K. HHaY€ MbI
Ob1 umenu 0-y=4, 4To HEBEPHO. 3HAYUT, MOXKEM Pa3/IeIUTh Hallle ypaBHCHUE HA
X. Tomyunm: y=4/X. I'padmkom nanHOW (QyHKIMU siBIseTcs runepOona. Ona
pa30MBaeT BCIO IUIOCKOCTh Ha JBE€ OOJACTH: Ty, YTO MEXIY JIBYMS BETBAMH
runepOoIIbl U Ty, UTO CHAPYKHU UX.

2) BBIOCpEM M3 MEPBOM 00JIACTH MPOU3BOJIBHYIO TOUKY, IyCTh 3TO OyjaeT
Touka (4; 2). [IpoBepsieM HepaBeHCTBO: 4-2<4 — HEBEPHO.

3HaYUT, TOYKH JAHHOM O0OJacCTH HE YAOBIETBOPAIOT HUCXOIHOMY
HepaBeHCTBY. Torma MoXeM clenaTh BbIBOJ O TOM, YTO MHO>KECTBOM PEIICHHIA
HEpaBeHCTBa OyneT BTOpas o001acTh, KOTOpOW BBIOpaHHAs TOYKAa HE
IPUHAIICHKUT.

3) T. K. HEPaBEHCTBO HECTPOroe, TO TPAHUYHBIC TOYKH, TO €CTh TOYKH
rpaduka GyHKiuu y=4/X, pucyem CILIONTHOMN JTHHHEH.
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N 1
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\

A
|

Pucynok 29. I'paduk dynkiun y=4/X

3aKpaCI/IM MHOKCCTBO TOYCK, KOTOPOC 3aJacT HMCXOJHOC HCPABCHCTBO
OBCTOM.

3aoaua ona camocmosamenvrno2o peuienus Nel. Kaxoe MHOXECTBO
TOYEK 3aJ]a€TCsI HEPABEHCTBOM X Y<-6?

Ilpumep 93.
N300pa3uth 00J1aCTh, 3aJIAaHHYIO Ha KOOPIMHATHOM IIOCKOCTH CHCTEMOM

y>Xx>+2
y+x>1
x* +y?<9
Pemienue:

CTpOUM IpauKu BceX (DyHKIIMIA:
y=x*+2 — mapabouna, y+x=1 — npsimasi, X°+y’=9 — OKpy>KHOCTb.

\

Pucynok 30. Ipabuxu QyHkumit y=x"+2, y+x=1, X°+y*=9

Teneps pazdoupaeM KakJ10€ HEPABEHCTBO B OTJEIBHOCTH:

1) y>x2+2.

bepem Touky (0; 5), KoTopas JeXUT Bbille Tpaduka Q(YHKUUU.
IIpoBepsieM HepaBeHCTBO: 5 > 0° + 2 — BepHO.

CrnenoBarelibHO, BCE€ TOYKH, JICKAIME BBIINIC JdaHHOW mapaboJbl,
YAOBJIIETBOPSIIOT TIEPBOMY HEPABEHCTBY CHCTEMBI. 3aKpacUM UX KEIThIM
LIBETOM.

2) y+x>1.

bepem Touky (0; 3), koropas IeXUT BbIme Tpaduka QGYHKIIUU.
[TpoBepsiem HepaBeHcTBO: 3 + 0 > 1 — BepHO.

CrnenoBaresibHO, BCE TOYKH, JICHKAIIHME BBIIIEC MPAMOU, YIOBIETBOPSIOT
BTOPOMY HEPABEHCTBY CHUCTEMBI. 3aKPaCUM UX 3€JICHOW IITPUXOBKOM.

3) X*+y*<9.

118



CJICI[OB&TCJII)HO, BCC

bepem Touky (0; -4), KoTOpas JEKHUT BHE OKpYXHOCTU. [IpoBepsiem
nepasencTso: 0° + (-4)° <9 — HeBepHO.

Jexarue

YIOBJIETBOPSIIOT TPETHEMY HEPABEHCTBY CHUCTEMBI.

TOYKHU,

BHE OKDY)KHOCTH, HE
Torma MokeMm cJenaTh
BBIBOJI O TOM, YTO BCE TOYKH, JICIKAIIUEC BHYTPH OKPY)KHOCTH, YIAOBJIETBOPSIOT
TPETheMy HEPAaBEHCTBY CHCTEMBI. 3aKpacHM UX (PHOJICTOBOH IITPUXOBKOM.
He 3abeiBaeM 0 TOM, HTO
COOTBETCTBYIOIIYI0 TPAaHUYHYIO JIHHHUIO

eciu
[TomydaeMm clienyronyto KapTUHKY:

HEPaBEHCTBO  CTPOroe, TO
ClIeAyeT PpPHUCOBATh ITyHKTHPOM.

Pucynoxk 31. Pemienus HepaBeHCTB y>X2+2, y+x>1, X2+y2§9

Uckomas 00sact — 3T0 00J1aCTh, i€ BCE TPU PACKpaIICHHBIX 00JIACTH
MIEPECEKAIOTCS IPYT C APYTOM:

y> x> +2
Pucyrok 32. Pemenue cucteMsl HepaBeHeT | Y +X>1
x* +y?<9
3aoaua ona camocmoamenvno2o peuwienusn Ne2. N300pa3uth 00JaCTh,
yo+x2 >4
3aJIJaHHYIO Ha KOOPJIMHATHOM INIOCKOCTHA CUCTEMOM: X>-y
x> +y? <16

1. [laiite omnpeseneHue HEPABEHCTBA C OJHOM IEPEMEHHOM.
2. B 4em cyTh MeTOa HHTEPBAJIOB?

KOHMI)OJIbele eonpocolt:

JIumepamypa: [16]

IIpakTnueckas padora Ne 40

Pemenue 3a1a4 Ha mepedop BApHAHTOB
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Lenv pabomui:

CMYOeHm O0JIHCEH:

3HAMb.

- OTIpEJICIICHNE COCTUHEHHM, X BHJIOB;

- OTIPEJICIICHNE BEPOSATHOCTH;

- TEOPEMBI CII0KEHUS, YMHOKCHHUS BEPOSTHOCTEH;
ymemy:

- TI0 YCJIOBHIO 33JIa4¥ Pa3jINdaTh BUIBI COCTUHECHUN;
- BBIYHUCIIATH Pa3HBIC BUJIBI COCTUHEHU;

- BBIYHCIIATH BEPOSTHOCTH COOBITHIA.

Ceedenusn uz meopuu:

Coeounenus, ux 6uowl

['pynmel, cocTaBieHHBbIE W3 KaKUX — JUOO 3JIEMEHTOB, Ha3bIBAIOTCS
COEOUHEeHUSAMU.

Paznuyaro Tpu OCHOBHBIX BUJIa COEAUHEHUI: paszmewyenisl, nepecmano8Ku
U couemanusl.

Pazmewenusamu 3 N 31€MEHTOB MO M B KaXKJIOM HA3bIBAIOTCS TaKUE
COCIMHEHUS, KOTOPbIE OTIMYAIOTCS APYT OT Apyra Ju00 cCaMUMH HJIEMEHTaMH,
00 MOPAJIKOM MX PACTIONOXKECHUS.

Uucno pa3menieHui U3 N 3JI€MEHTOB 1O M 0003HAYAETCS U BBIUUCIISICTCS
o ¢opmyie:

A" =n(n-)(n-2)...[n—(m —1)]_

Ilepecmanoeékamu U3 N DIEMEHTOB HAa3bIBAKOTCSA TaKUE COCIWHEHHUS U3
BCEX N DIIEMEHTOB, KOTOPBIE OTJIMYAKOTCA JPYyr OT Jpyra MOPSIKOM
PacCIOJIOKEHUS JJIEMEHTOB.

IlepecTaHOBKM MPEICTABISIIOT YACTHBIM Cilydald pasMEmeHnd u3 N
AIIEMEHTOB I10 N B KAXKIOM.

Uucno Bcex NEpecTaHOBOK M3 N DJIEMEHTOB PABHO IPOU3BEICHUIO
IIOCJIEIOBATEIBHBIX YHCE OT 1 0 N BKIIFOUHUTEIIBHO:

P . =nl=1.2-3-...-(n-1)n,

nl-unraercs «n-pakropuam», npuyem 0!=1 u 1!=1.

Hcnonb3ys npuBeAEHHBIE BBIIIE ONMPEACIICHUS UMEEM (POPMYJIbIL:

m_ Pl
A= P (n-m)’

n—-m

IMpH PCHICHUHU 3a/1a41 YaCTO HMCITOJIb3YyCTCA paBeHCTBOZ
m+1 m
AT =(n-mA;

Couemanusmu W3 N DJIEMEHTOB MO M B KaXXJOM HAa3bIBAIOTCA TaKHUC
COCAMHCHUA, KOTOPBIC OTIIMYAOTCA APYT" OT Apyra XOT:A OBI OJHHM JOJICMCHTOM.
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Yucno couyetanuii U3 N 3JIEMEHTOB 1O M 0003HAYAETCS U BBIYUCIISIETCS TI0
bopmyie:
m
cr=2n
P
KOTOPYIO MOXHO 3aITMCaTh TaK)Ke B BHJIC
m n!
" mi(n—m)!
WIH
_n(n-1)..[n-(m-1)]
m!

Kpome Toro, mpu pemieHnr 3agad UCHONIB3YIOTCS Clieayromue GopMyIibl,
BBIPAKAIOIINE OCHOBHBIE CBOWCTBA COYETAHUM:

C"=C'"" (0<m<n), C"=1 C’=1 C"+C™ =CM

n+1

Cm

n

Ilpumep 94.
Haiitu uncno pazmemenuit u3 10 amemeHToB 110 4.
Pemennue:

o popmyne A7 =n(n-1)(n-2)..[n—(m-1)].
A% =10-9-8-7 = 5040

Ipumep 95.
Pemuts ypaBHEeHUE: Ar? = 30A§'_2.
Pemenue:
HCTIONB3YS (OPMYITY JJIsl BEBIYMCIICHUS YUCIIa pa3MEILEHUN UMeeM:
n(n-1)(n—2)(n-3)(n—4) =30(h—2)(n-3)(n—4)(n-5)
Paznenum 06e yacTy Ha OJTMHAKOBBIC BHIPAKECHMUSI, TTOTYUUM:
n(n—-1) =30(n-5),
Y pEIIUM MOJIyYHBIIEeCs KBaIpaTHOE ypaBHeHue: N, =6, N, =25

Ilpumep 96.
CY=C’"

Pe € CUCTEMY: . X

[IUTE CUCTEMY Cf 66
Pemenue:
pelIuM BTOPOE ypaBHEHUE:

2 —66= =D _gg.
1.2
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x> —x-132=0;
x =-11, x,=12

T. k. x>2, 10 —11 He ynoBIEeTBOPSIET yCiaoBuUIO 3aaaun. [loacTtaBus x=12
B [1IEPBOE YPAaBHEHHUE CUCTEMBI, TTOTYUYHUM

y _ y+2

=05 .
Hcnonb3ys OCHOBHOE CBOMCTBO COUYETAHUM, HMEEM:

y — 2y

12 — C'12 )

TOrzma
Cl7 =Cl?=12-y=y+2=y=5,
Otget: x=12, y=5.

Ilpumep 97.
CkolbkUMHU crocob0aMu U3 BOCBMH KaHJIUJIATOB MOXHO BbIOpaTh TpHU
JUIA Ha TPU JOJIKHOCTH?
Pemenue:
YCIIOBHUIO 33]]a4¥ COOTBETCTBYIOT pa3MelleHus 3 u3 §, UMeeM:
A2 =8-7-6=336

Cnyuatinvle cobbimus

N3yuenne Kaxaoro sSIBJICHUS B MOPSAKE HAOIIOACHUS WM NMPOU3BOJICTBA
ONbITA CBS3aHO C OCYIIECTBICHUEM HEKOTOPOrO0 KOMIUIEKCA YCJIOBUU
(ucipiTanuii). Bceskuil  pe3ynbTaT WM WCXOJ HUCIBITAaHUS  HAa3bIBACTCS
coovimuem.

Ecnu coObiTHEe Tipu 3aaHHBIX YCIOBUSIX MOXKET MPOU30UTH WU HE
IIPOU30MTH, TO OHO Ha3bIBACTCA C1)YYAUHBIM.

B Tom cnyuae, korma coObITHE JOJDKHO HEMPEMEHHO MPOU30MTH, €ro
Ha3bIBAIOT O0OCMOBEPHbIM, 3 B TOM Cllydae, KOrJa OHO 3aBEOMO HE MOXKET
IIPOU30UTH, HEBOZMONCHBIM.

CoObITHSI HA3BIBAIOTCA HECOBMECMHBIMU, €CIIA KaXKIbI pa3 BO3MOXKHO
MOSIBJIEHUE TOJBKO OAHOrO W3 HUX. COOBITHS Ha3bIBAKOTCA COBMECHHbIMU, €CIU
B JIAaHHBIX YCIIOBUSAX IOSIBIICHUE OJIHOTO U3 OTUX COOBITUN HE HCKIIIOYAET
MOSIBJIEHUE IPYTOTO MPU TOM KE UCIIBITAHUMU.

CoObITHST  Ha3bIBAIOTCA ~ MPOMUBONOJIONCHBIMU, €CITU B  YCIOBHUSX
VCTIBITAHUS OHM, SIBJISSICh €IMHCTBEHHBIMU €I0 UCXOJAaMU, HECOBMECTHBI.

BeposiTHOCT  COOBITHSI paccMaTpWBaeTcss Kak Mepa OOBEKTUBHOU
BO3MOYKHOCTH TOSIBJICHUSI CITy9aifHOTO COOBITHA.

Knaccuueckoe onpedenenue eeposmuocmu.

BepositTHOCTBIO  CcOOBITHSI 4 Ha3bIBaeTCs  OTHOIICHHE  YHCIIA
0JIarONpUATHBIX UCXOJ0B M, K YUCTY BCEX BO3MOKHBIX UCXO/I0B N:
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mm:%n

BepositTHOCTE J1F000T0 COOBITHSI HE MOXKET OBITh MEHBIIEC HYJIS U OOJIBIIE
emuanipl, 1. . 0 < P(A) <1,

HeB0o3MOXXKHOMY COOBITHIO COOTBETCTBYeT BeposTHOCTH P(4)=0, a
JOCTOBEPHOMY — BeposiTHOCTh P(4)=1.

Ilpumep 98.

B notepee u3 1000 6uneto 200 BEIMTPHINIHBIX. BEIHUMAIOT HayTraa OJIMH
owmiter. KakoBa BEpOATHOCTb, YTO ATOT OMJIET BHIUTPBIIITHBIN?

Pewenue:

KOJIMYECTBO OJIATONPHSITHBIX COOBITHIA, YIOBICTBOPSIOIIUX YCIOBHIO
3amaun m=200.

Yucno Bcex Bo3MoxkHBIX BapuanTo N=1000.

[To onpenencuuto BepositHocTH: P(A4)=200/1000=0,2.

Ilpumep 99.

W3 ypHBI, B KOTOpOil HaXoAsATCs 5 OenbIX U 3 YepHBIX I1apa, BEIHUMAIOT
oIMH 1map. Halitu BEpOSTHOCTH TOTO, UTO ATOT LIAP YEPHBIN?

Pemennue:

ol1ee 4YMCIIO MApOB M=8, M3 HUX YEPHBIX N=3, MO ONpPEACICHUIO:
P(A4)=3/8=0,375.

Ipumep 100.

N3 ypHBI, B KOTOpO#t HaxoasaTcs 12 GeablX M 8§ YepHBIX IIapa, BBIHUMAKOT
Haymady JnBa mapa. HaliTu BeposSITHOCTH TOTO, 4TO o00a Imapa OKaXyTCs
YEPHBIMU?

Pemenue:

oOliee 4uciio BO3MOXHBIX CIydaeB N paBHO 4YHCIy coudeTtaHuid uz 20
(12+8) snemeHTOB 1O 1BA:

i -2 g

YUCJIO OJArompusiTHBIX HMCXOAOB M paBHO YHUCITY COYeTaHUUA H3 &
AJIEMEHTOB 10 JBa:

12
ITo onpenenenuro: P(4)=28/190=0,147.

n=C2=-——=28

Ipumep 101.

B maptuu u3 18 geraneii Haxonarcs 4 OpakoBanHbix. Hayraa BeiOuparot
S neranei. KakoBa BEpOATHOCTh TOTO, YTO M3 3TUX S5 JETAICH JBE OKAXKYTCS
OpakOBaHHBIMU?
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Pemnienue:

YUCJIO BCEX PABHOBO3MOXKHBIX HE3aBHUCHUMBIX HMCXOJIOB N PaBHO YHUCITY
coyeTanuii u3 18 o 5:

. 18-17-16-15-14
N=Cj =
1.2-3-4.5

[ToncuuTaeM uncio OaaronpusTHLIX UCX010B M. Cpeau S5 B3ATHIX HAyTal
JeTane JOJDKHO OBITh 3 KaueCTBEHHBIX M 2 OpakoBaHHBIX. YHCIIO CrOCOOOB
BBIOOPKH JBYX OpakOBaHHBIX AeTalleld U3 4 MMEIOIIMXCS OpaKOBaHHBIX PABHO
YUCITY COYETaHU! u3 4 1o 2:

= 8568

2 _4-3_
t12

Uucno c¢mocoOOB BBIOOPKM TpeX KadeCTBEHHBIX JeTaiedt u3z 14
MMEIOLIMXCSL PAaBHO YUCITy coueTanuii u3 14 mo 3:

14.13-12
S, =————— =364
1-2-3
JIrobast rpymnma KadyeCTBEHHBIX JeTalie MOXKET KOMOWHUPOBATHCS C
100011 rpymnmnoi 6pakoBaHHBIX, TOITOMY 00III€e YMUCIO0 KOMOMHAIIUNM M paBHO:

m =Cf -C134 =6-364 =2184
o onpeencauto: P(A4)=2184/8568=0,255.

C 6

3aoanusn 01 camMoCmoAmMebHO20 PeUleHUs:

Pemmts cnemyroniye 3amayd, MCHOJb3Ysl OINpEETICHUE COUYETaHWM, UX
BHJIOB:
1 BapuaHT 2 BapuaHT
1) Cxonbko  aBy3HauHbIX  umced | 1) CKOJIBKUMH — CIIOCOOAMH  MOTYT
MO>KHO COCTaBUTH U3 1udp 1, 3, 5, 8, | pasmecTuThcss 5 4YETOBEK BOKPYT
9 Tak, 4TOOBI B KaXJOM 4YHCIIE HE | KpyIJIoro ctoja’?
OBLIO OTMHAKOBBIX ITUDP? 2) CKOJBKMMH CIIOCO0aMU  MOXKHO
2) 3 6 OTKpBITOK HAJI0 BHIOpATh 3. | COCTaBUTH (hIar, COCTOSAIINN U3 TPex
CKOJIBKUMHU CHOCO0AaMU 3TO MOKHO | TOPU3OHTAJIBHBIX TOJOC Pa3IUYHBIX
caenarb? IIBETOB, €CJIM UMEETCSI MaTeprall CeMHU

1 pa3IUYHBIX [[BETOB?

3) Pemmre ypaBuenue: A° =— A*
) Pemmrte ypaBHEHH c T 3) Pemmure ypasHeHue: 30x = A
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3 BapuaHT

1) U3 10 KkaHaIWZATOB  HYKHO
BBIOpaTh 3 YyeJI0BeKa Ha
KOH(EPEeHITHIO. CKOJIBKUMH

Pa3IMYHBIMH CIIOCOOAMHU 3TO MOXKHO
caenarn?

2) CkoJbKO Pa3INIHBIX
MIATU3HAYHBIX qucen MOYKHO
coctaButh u3 mudp 0, 1, 3, 5, 7 Taxk,
9TOOBI B KaXKJOM 4YHCIIE HE OBLIO
OJIMHAKOBBIX ITU(P?

3) Pemute ypaBHEHHE: 30/1;1_2 = Af _

4 BapuaHT

1) Bpuramup IOJKEH OTHPaBUTh Ha
paboty Opuragy wu3 3 4eEJOBEK.
CKOJbKO TakuMxX Opurag MOXKHO
COCTABUTH U3 8 YeIOBEK?

2) Ha coOpaHuu JOJDKHBI BBICTYIHTH
5 uenogexk (4, b, B, I', /). CkonbkuMu
crocobaMu MX MOXKHO Pa3MecTUTh B
CIHCKE BBICTyHAalOMMX, eciu A
JIOJIKEH BBICTYTIATh TEPBHIM?

3) Pemmurte ypaBHECHHE: 20/13_2 = Af .

S BapuanT

1) CKOJNBKUMH CIOCO0AMH  MOIKHO
pacCTaBUTh HA MOJIKE 6 KHUT?

2) CKONBKUMH CIOCOOAMU  MOKHO

6 BapuaHT

1) CKOJNBKUMH CIIOCO0AMH  MOXKHO
COCTaBHUTH CIIUCOK U3 6 4eJIOBEK?

2) CKOJBKHMH CITOCOOaMH COOpaHue,

BBIOpATh TJIACHYIO U  COIVIACHYIO | COCTOsIIEe U3 18 4emoBeK, MOXKET U3
OYKBBI U3 CJIOBA «KypHaI»? CBOETO cocTaBa BBIOpATH
X 1 npejceaaTesns CoOpanus U cekperaps?
3) Pemmte ypaBHenue: — 3 = ., x-1 3
) yp A 12_ 3) Peumre ypasrenne: 4C.,, = Ax.
7 BapuaHT 8 BapuanT
1) Cpenu mepecranoBok u3 mudp 1, 1) B IaXMaTHOM TypHUPE
2, 3,4, 5 CKOJIBKO TakuX, KOTOPbIE HE | IPUHUMAJIH ydacTue 15

HaunHaroTca uudpamu 3 wim 5?7
2) U3 ropoga A B ropon B Beayt 6
nopor, a u3 ropojga B B ropog C —3
nopord.  CKOJIBKMMH  CIIOCOOaMu
MO>KHO TIOTIACTh M3 ropoaa A B TOpPoOJ
C?

A =947

3) Pemmte cucremy: 207 =30

IaXMAaTHCTOB, MpPUYEM KaXAbld W3
HUX ChITpaj TOJIbKO OJIHY MapTHIO C
KOKIBIM W3  OCTalbHBIX. CKOJIBKO
BCEr0 IIAPTUM CBIIPAHO B  ATOM
TypHUpE?

2) Umeercs 8 map  mepyaTok
paznuyHbIX pa3MepoB. CKOJBKUMU
crocobaMu MOXKHO BBIOpaTh M3 HHUX
OJIHy MepyaTKy Ha JIEBYIO pPYyKy H
OJIHy TI€pYaTKy Ha MPaBYIO PYKY Tak,
YTOOBI 3TU MepyaTKU OBLIU Ppa3HBIX
pa3MepoB?

Ci} — C ;/+2

3) Pemmnre cucremy:
) Y C? =153
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9 BapuaHTt
1) T'pymma ydvammxcs H3ydYaeT CeMb YYEOHBIX AUCHUIUIMH. CKOJBKUMH
croco0aMH MOKHO COCTAaBUTH PACHHCAHUE 3aHATUN Ha MOHENCIbHUK, €CIIU B
ATOT y4eOHBIN IeHb TOJKHO OBITh YeThIpEe Pa3IHNuHBIX YpOKa?
2) Ckosbko MaTueil OyneT chirpaHo B (hyTOOJHFHOM YEMITMOHATE C YYaCTHEM
16 koMaHJ, ecli KaKJbple JIB€ KOMAaHIbl BCTPEYAIOTCS MEXay coOOH oauH
paz?

A159 + Ago
3) BerauciauTs: A—4

18

Konmponwvnwvie éonpocwr:

1. laitTe onpeneieHne COSANHEHUS, X BHJIBI?

2. [IpuBenuTe HOPMYITBI 1711 BEIYUCICHUS Pa3HBIX BUIOB COCAMHCHUM.

3. [lafiTe ompenencHUE CIy9allHOTO COOBITHS, WX BUABL [IpuBemuTe
MIPUMEPHI.

4. JlaiiTe KJIacCUYECKOEe OTNpeIeTICHUE BEPOSITHOCTH.

JIumepamypa: 5, c. 234-238]

IIpakTnueckasi padora Ne 41
CaolicTBa OMHOMHHAJIBHBIX KOI(PPULIMECHTOB

ILlenv pabomor:

CMYOeHm QO0JIHCEH:

3HaMb.

- (popmyny Ounoma HeroToHa;

- CBOICTBa OMHOMUHAIBHBIX KO3 (PUIIMEHTOB;
ymemn.:

- packiaapIBaTh OMHOM IO CTEIEHSM X;

- BO3BOJMTbH B pa3JIMUHbIE CTENIEHU TPEXUJICHBI.

Ceedenusn uz meopuu:

Dopmyna bunoma Hvromona

bunom HpioToHa — 3T0 QopMyna pa3NoXEeHHs CTENEeHH JBy4YJieHa
(6unoma) (a+b)" B Buae MHOrOYNIEHa OT A M .

3anumieM paszioxkeHus OuHomMa HBIOTOHA IS HECKOJIBKHX MEpPBBIX
3HAYEHUM N:

(a+b)* =a’+2ab+b?
(a+Db)® =a®+3a’b+3ab* +b°,
(a+b)* =a’ +4a’v + 6a’b® + 4ab® + b*,
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(a+Db)° =a® +5a’h +10a°b? +10a°b’® + 5ab” +b°.

Uto6b! Haiitn koddduuuent npu ah™ B pasnoxennn 6uxoma (a+b)" B
001IIeM ciIydae, MPeACTaBuM cebe, YTO MbI TepeMHOXKaeM N CKOOOK ¥ MPHUBOIUM
mono6usle wieHs.. Ynen a'h™  BerpermTcs CTONBKO pa3s, CKOJBKO MOYKHO
ykazath K CkoOOK (M3 N BO3MOXKHBIX ), U3 KOTOPBIX MbI BO3bMEM MHOXHTENb d (a
U3 OCTAJIbHBIX aBTOMATHYECKH BO3bMEM D). DTO YKCII0 paBHO YKCITy BBIOOPOK K
CKOOOK M3 N BO3MOXHBIX, KOTOPOE HOCHUT Ha3BaHWE YMCIIa COYCTaHH U3 N 1mo K

1 0003HaJaeTCs Crlf .
B s1rx 0603HaueHUAX GopMyTa UMEET CISAYIOIIHA BUI:
(a+b)" =a"+C'a""b+C2a"?h® +..+C " ab"* +b".

WHBIMU CIOBaMH, YMCIIO COYETAHUH U3 N 10 K paBHO KOA(PPHUIIMEHTY MpH
wiene a"b* B pasmoxenun n-oii cremenn aBywieHa (a+b) mostomy umcia
COYETAHUH HA3BIBAIOT UHAYE OUHOMUATLHBIMU KOIDDuyueHmamu.

DTy CBSI3b MOHO HCHOJIB30BaTh [UJI1 BBIBOAA CBOWCTB COYETAHUU

anreOpanyeckuMu  MerogamMu. Takod moAXoAd K  BBIBOJY  CBOICTB
KOMOMHATOPHBIX OOBEKTOB HOCUT HAa3BAHUE Memo0d NPou3800auux yHKyui.

Ceoticmea OUHOMUATbHBIX KOIDDuyUeHmos
bunomuaneHuble KO3 PuUIMEHTH 007a7at0T OONBIIUM KOJIHMYECTBOM
CBOMCTB.

Cesoticmeo 1. Cr=n.

Ceoticméo 2. CY=C)* _  GuuommansHble  KOd(QHIMEHTEI,
PaBHOOTCTOSIIUE OT KOHIIOB, PABHBI MEXKTY COOOM

Ceoticmeo 3. Cr? + Cr1, +.+C=2" — CymMMa OWHOMHAJILHBIX
k03¢ puieHToB npu GUKCUPOBAHHOM N paBHa 2",

Ceoiicmeo 4. Cr? -l-an +C|;1 +...= Cr1] +Cr? —|—Cg +..=2"1 CYMMBI
OMHOMHUATBHBIX KOA(DOHUITMESHTOB, CTOSIIUX HA YETHBIX M HAa HECYCTHBIX MECTaX,
PaBHBI MEXTy COOOM (M paBHBI 110 TIOJIOBHHE OT OOIICH CyMMBI).

Cesoticmeo 5. Crlf + Crlf = Crlffll — PEKYpPpPEHTHOE COOTHOIIEHUE,
CBsI3BIBalOIEEe OMHOMHUATIbHBIE KOY(PMUIIMEHTHI 171 COCETHUX CTETIEHEH.

Ipumep 102.
Paznoxuts 6uroM (1+x)° 0 crenewsm X.
Pemenue:
npumeHsieM popmyny Ounoma HeroToHa:
6
(1+x) =1° + Cox + C2x® +C3x* + Cix* + Cx° + x°.
3HavyeHuss OMHOMHUAIBHBIX KOA((UITMEHTOB HAaXOJUM TMOCJIEI0BATEIHHO

k k+1 _ ~k+1
10 Q)OPMYHC Cn + Cn - n+1 -
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Ci=C:+C :(C1+Cf)+(cf +Cf)=4+2(C§+C32)+4:4+12+4:20.

T.0. (1+x)° =1+ 6x+15x% + 20x° +15x* + 6x° + x°.

3aoaua ona camocmosamenvnozo peuwienus Nel. PaznoxuTe OUHOM
5
(1+x)’ mo cremneHsaM X.

Ilpumep 103.
Boseectu Tpexuien a+b+C B 4eTBEpTYyIO CTEIEHb.
Pemenue:
npuMeHsieM hopmyay OnHoMa HeroToHa:
| I I | | |
(@a+b+c)* =a*+b*+c* 2o Hate s Pta s e Eetar o+
3 3 3 3 3 !
| | | I | |
e Moy A e Moo Feac Hooan -
212! 212! 212! 2! 2! !
=a*+b* +c* +4(a’v+a’c+b’) +6(a’h? +a’c® +bc?) + 4(b’a+c’a+c’h) +
+12(a’bc + b®ac + c*ab).

3aoaua ona camocmoamenvHo2o peuwienua Ne2. Bo3BeCTH TpexXdiICH
a+b+c B TpeThIO CTEIICHB.

Koumponvuwvie gonpocwi:
1. 3anummre popmyny 6unoma HeroTona.
2. [lepeuncnure cBOWCTBa OMHOMUHAIBHBIX KOA((OUIIMEHTOB.

JIumepamypa: [16]

IpakTuyeckas padora Ne 42
Tpeyroabnuk Ilackans

ILlenv pabomor:

CMYOeHm QO0JIHCEH:

3Ham».

- IPUHITUTT TTIOCTPOEHUS TpeyrojbHuUKa [lackans;
ymemy:

- BO3BOJIUTH JIBYWICH B JIIOOYIO HATYypaJbHYIO CTCIICHb.

Ceeoenusn u3z meopuu:

Tpeyeonvuux  Ilackans — OeckoHeuHas Tabauma OWHOMHAIIBHBIX
kod(durreHToB, UMeroIas TpeyroyiibHyo (Gopmy. B s3ToM TpeyronbHuKe Ha
BEepIIMHE U O OOKaMm CTOST eAuHuIbl. Kakmaoe 4ucio paBHO CymMMe JBYX
pacmoyio)keHHBIX Han HUM 4Yucen. CTpPOKHM TpeyroJibHUKa CHUMMETPUYHBI
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http://ru.wikipedia.org/wiki/%D0%91%D0%B8%D0%BD%D0%BE%D0%BC%D0%B8%D0%B0%D0%BB%D1%8C%D0%BD%D1%8B%D0%B5_%D0%BA%D0%BE%D1%8D%D1%84%D1%84%D0%B8%D1%86%D0%B8%D0%B5%D0%BD%D1%82%D1%8B
http://ru.wikipedia.org/wiki/1_(%D1%87%D0%B8%D1%81%D0%BB%D0%BE)

OTHOCUTEJIbHO BEpTUKaJIbHOM och. Ha3BaH TpeyroiapHHK B 4ecTh bresa
[Tackans.

Ilepas cTtpoka B 3TOoW  TaOIMIE COJACPKUT OHWHOMHUAJILHBIC
ko3 uimeHTs! A7 N=1; BTopas — anst N=2; TpeTbs — A1 N=3 u T.1.

IHpumep 104.

Pasnoxuth BeIpaskenue: (a+b)’.

Pemenue:

MBI MOKEM TOJIYYHUTh PE3yJbTaT MOMEHTAIBHO, UCIOJBb3YS W3 TaOJHIIbI
pa3IoKEHHUE 10 CeIbMON CTPOKE (T.K. CeibMasi CTCIICHb JABYWICHA):

(a+b) =a’ +7a’h+21a°v® +35a°b® +35a°b* + 21a%b® + 7ab® + b’ .

3aoaua oOna  camocmoamenvnozo  pewienus Nel. Tloctpoutsb
TpeyroiibHUK [lackana 1o nBaanaTon CTpOKH.

3aoaua 0na camocmoamenbHo2o peutenusn Ne2. Pa3ioXuTh BeIpaXKEHUE:
(a+h)", rne n — Homep mo xypHany (ecau Bam HOMep 1-7, To mpubaBbTE K
HOMEPY YHCIIO 5).

Konmponsuwie 6onpocwi:
1. ChopmynupyiiTe NpUHIIUAI TIOCTPOEHUS TpeyroiapbHuka [Tackans.

JIumepamypa: [16]

IIpakTnueckas padora Ne 43
CJi0keHne U YMHOKeHHEe BEPOSITHOCTEH

Ilenv pabomor:

CMYOeHm Q0JIHCEH:

3HAMb.

- TEOPEMBI CII0KEHHS, YMHOKCHHS BEPOSTHOCTEH;
ymemy:

- BBIYUCIISITH BEPOSATHOCTH COOBITHH.

Ceedenusn uz meopuu:
Beposamnocmuv necosmecmmwvix cobvimutl

129


http://ru.wikipedia.org/wiki/%D0%9F%D0%B0%D1%81%D0%BA%D0%B0%D0%BB%D1%8C,_%D0%91%D0%BB%D0%B5%D0%B7
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BeposTHOCTB TOSABJICHHUS OJJHOTO M3 HECKOJBKUX MOMAPHO HECOBMECTHBIX
COOBITHI paBHA CyMME BepOsITHOCTEH 3TUX coObIiTuii: P(4+B)=P(A)+P(B).

Ipumep 105.

B smuke B ciyyaliHOM mopsaKe pasyioxeHsl 20 getanei, IpuyeM IsITh U3
HUX cTaHaapTHble. PaGounii 6eper Haymauy Tpu neranu. HallTu BeposITHOCTH
TOrO0, 4TO, IO KPaHEN Mepe, OJTHA U3 B3ITHIX JETAJIEH OKAXKETCS CTaHJIAPTHOU
(coObITHE A).

Pewenue:

OYEBUJHO, YTO, 110 KpaHEW MEpPE, OJHA M3 B3STBHIX NETAIIEU OKAXKETCS
CTaHJApTHOM, €CIM TPOU30UIET JIF000E U3 TPEX HECOBMECTHBIX COOBITHH: B —
OJIHA JIeTaJIb CTAHJAPTHAs, IB€ HECTaHAApTHBIE; C — ABE NETadu CTaHIApPTHBIE,
OJIHA HECTaHJapTHas; /] — TpU AeTalu CTaHAapPTHBIE.

T.o., coObITHE A MOKHO IPEACTaBUTh B BUJE CYMMBI 3THX TPEX COOBITHI:
A=B+C+/{.

Torna P(A)=P(B)+P(C)+P(/]).

Boruncnum BEpOsSTHOCTD KaKIOTO COOBITHS:

1 2
)G 3(:5 51514 35
ci 112 76

P(C)_Cg-cj5_ 5.4.15.1.2.3 _ &5
Cy, 1.2:1-20-19-18 38

c? 5.4.3.1.2.3 1
P = =153.2010.18 114
3>~ 1.2.3.20-19.

Hraxk,

P(A):§+£+i:13—7:0,601
76 38 114 228

BepO}ZmHOCWlb COBMECMHBIX COObIMIULL
BepOHTHOCTI) TTOSIBJICHUS XOTS OBl OJHOTI'0 N3 IBYX COBMCCTHBIX COOBITHI

paBHa CyMM€ BEpOSITHOCTEH ITHX COOBITHI 0€3 BEPOATHOCTH MX COBMECTHOTO
MOSIBJICHUSL:

P(A+B)=P(A)+P(B)-P(AB)

Ilpumep 106.
Havitu BepoATHOCTH TOrO, 4TO HAyaadyy B3SITOE ABY3HAYHOE YMCIIO
OKa)KeTCsl KpaTHBIM JI0O0 3, 100 5, 100 TOMY U IPyroMy OJTHOBPEMEHHO?

Pemenue:
nyctb A — 4yuciao kpatHo 3, B — 4ucino kpatHo 5. Bcero umeercs 90
nBy3HauHbIX uncen: 10, 11, ..., 98, 99. U3 uux 30 — kpatHbie 3, 18 — kpaTHbIE 5

Y LIECTh YUCEN OAHOBPEMEHHO KPaTHBI U 3 U 5, MO3TOMY:
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py-0 Ly 181 g 61

90 3 90 5 90 15,

T.x. A u B coBMecTHBIE COOBITHSI, TO TIO (POpMYJIe UMEEM:
3 5 15 15 _

3adanun ona camocmoamenbHo20 peuleHuA:

Pemmire 3amaum, UCHONB3ys  TEOPEMBI  CIOXKEHHS, YMHOKEHHS
BEPOSITHOCTEM:

1) B nepBoii ypae Haxonsatcs 10 6enbix u 4 4epHBIX IIapOB, a BO BTOPOIi
5 Oenbix U 9 yepHbIx mapoB. M3 kaxaodl ypHbl BbiHYIM no mapy. Kakosa
BEPOSITHOCTh TOTO, YTO 00a MIapa OKAXKYTCS YEPHBIMU?

2) Tpoe yuyammxcsi Ha SK3aMEHE HE3aBHCHMO APYr OT Jpyra pemiarT
OJIHY U Ty K€ 3a1a4y. BeposTHOCTH €€ pelIeHus STUMH yJamumucs pasHsel 0,8,
0,7 n 0,6 coorBercTBeHHO. Haiinure BEpOSATHOCTH TOrO, YTO XOTA OBl OJMH
yUaIlUICs PEuT 3a/1a4y.

3) Dkcneaunus HW3IATENbCTBA OTHpPaBUIA Ta3eThl B TPH IOYTOBBIX
OTJEJICHNs. BEpOsSTHOCTH CBOEBPEMEHHOM TOCTABKU I'a3eT B IEPBOE OTHAECICHUE
paBHa 0,95, Bo BTOopoe — 0,9, B TpeThe — 0,8. HailTu BEpOSITHOCTD CJIEAYIOLINUX
COOBITHI:

a) TOJIBKO OJIHO OTAEJICHUE MOJIYYUT ra3eThl BOBPEMS;

0) XOTs1 ObI OJTHO OT/ICJICHHUE MOJYYHUT ra3eThl C OMO3aHUEM.

4) BeposTHOCTh XOTS OBI OJHOTO IMOMAJAHHWS B IENb IMPH YETHIPEX
BbIcTpenax paBHa 0,9984. HailTu BEpOSATHOCTH MOMAMAHUSA B LEJb MPU OJHOM
BBICTpEJIE.

Konmponwvuwie éonpocwi:
1. ChopmynupyiiTe TEOpEMBI CIOKECHHS, YMHOKEHHUS BEPOSTHOCTCH.

Jumepamypa: |5, c. 234-238]

IIpakTnueckasi padora Ne 44
ITonsiTHE 0 HE3ABMCHUMOCTH COOBLITHI

Ilenwv pabomor:

CMYOeHm 00JIHCEH:

3HaAMb.!

- OTIpe/IeJICHNE HE3aBUCUMBIX COOBITHIA;

- TEOpPEMY YMHOKCHHSI BEPOSTHOCTEH;

ymMems:

- BBIYHCIIATH BEPOSTHOCTH HE3aBHCUMBIX COOBITHI.

Ceedenusn u3z meopuu:
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[TycTh BEpOSTHOCTH COOBITHS B HE 3aBUCHUT OT MOSIBJICHUS COOBITHS A.

Cobbimue B Ha3bIBAIOT He3asucumvimM om cobwvimusi A, €ClIi NOSBIICHUE
coObITUSI A HE H3MEHSIET BEPOSATHOCTH COOBITHS B, T. €. €ClIu YCJIOBHas
BEPOSITHOCTh COOBITHSI B paBHA €ro 6€3yCI0BHON BEPOSTHOCTH:

PA(B) = P(B).

Hrtak, ecau coObiTHe B He 3aBHCHT OT coObITHA A, TO coObitHe A HeE
3aBUCHUT OT COOBITHS B; 3TO 03HAYAET, YTO CEOUCMBO HE3A6UCUMOCMU COObIMULL
83AUMHO.

J1J1st HE3aBUCUMBIX COOBITHIA T€OpeMa YMHOXKEHHUS UMEET BH/I:

P (AB) =P (4)-P (B),
T. €. BEPOATHOCTh COBMECTHOTO TOSIBJICHUSI JIBYX HE3aBUCUMBIX COOBITHI paBHA
MIPOU3BEICHUIO BEPOATHOCTEH 3THX COOBITHIA.

JIBa CcOOBITHSI HA3bIBAIOT HE3A8UCUMBIMU, €CIIH BEPOSTHOCTh UX
COBMEIIICHHS PaBHA IIPOM3BEICHUIO BEPOSTHOCTEH 3TUX COOBITHI; B MPOTUBHOM
CITy4ae COOBITHS Ha3bIBAIOT 3A8UCUMBIMU.

Ha npakTuke 0 He3aBUCHUMOCTH COOBITUM 3aKITIOUYAOT 10 CMBICITY 3a/Ia4H.
Hanpumep, BEposSTHOCTH MOPAXKEHUSI LIETN KaXIbIM U3 JIBYX OPYJHMI HE 3aBUCAT
OT TOTO, MOPA3KIIO JIM IEJb APYroe OpyInUe, OITOMY COOBITHS «IIEPBOE OPYIHE
MOPa3UIIO 1EJbY» U «BTOPOE OPYAUE TOPA3UIIO 1I€JIh» HE3ABUCUMBI.

Heckonvko cobvimuti Ha3bIBAIOT HONAPHO HE3ABUCUMBIMU, €CIIU KaKIble
JIBa U3 HUX He3zaBucuMbl. Hanpumep, codsitusa A, B, C nonapHo HE3aBUCHUMBI,
eciu He3aBUCUMEI coObITuI A u B, Au C, Bu C.

Ilpumep 107.

IIycte B ypHe umeercs 4 mapa, OKpallI€HHbIC: OAUH — B KPACHBIA LIBET
(4), onua — B cunwmii uBet (B), oauH — B YepHbId 1BeT (C) U OMH — BO BCE 3TH
Tpu 1uBeta (ABC). Uemy paBHa BEpOSITHOCTh TOTO, YTO M3BJICUYEHHBIA U3 YPHBI
iap UMeeT KpacHbIN LBET?

Pewenue:

T.K. U3 YEThIpEX IIapOB JIBa UMEIOT KpacHbIi 1BeT, T0 P(A4)=2/4=1/2.

Paccyxxnas anamornyno, Haiinem P(B)=1/2, P(C)=1/2.

JlomycTuM Temneph, YTO B3ATHIN IIap UMEET CUHUM ILIBET, T. €. cOObITHE B
yKe mpou3onuio. M3MEHUTCs I BEPOSITHOCTh TOTO, YTO W3BJICYEHHBIN IIap
UMEET KpPacHBIH I[BET, T. €. UBMEHUTCS JIU BEPOATHOCTH COOBITUS A?

N3 nByx mapoB, UMEIOIIUX CHUHUM LBET, OJWH ILIAp UMEET U KPACHBIU
I[BET, MIO3TOMY BEpOSITHOCTh COOBITUS A To-TipexkHemy paBHa 1/2. Jpyrumu
CJIOBaMH, yCIIOBHASI BEPOSITHOCTh COOBITUSI A, BEIYUCIIEHHAS B MPE/ITOJIOKCHUH,
YTO HACTYNMWJIO CcOObITHE B, paBHa ero 0€3yCIOBHOW BEpOSITHOCTH.
CnenoBaTeiibHO, COOBITHS A M B HE3aBUCUMBI.

AHanoruyHO TpUIEM K BBIBOY, uTO coObITHS A 11 C, B 1 C HE3aBUCUMBI.
Utak, coobitus 4, B u C momapHO HE3aBUCHMBI.

HezaBucumebl i 5Ti cOOBITHS B COBOKYTTHOCTH? OKa3bIBa€TCsl, HET.
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JlelicTBUTENbHO, MyCTh M3BJICUYEHHBIM IIap MMEET JBa IIBETa, HANPUMEP
CUHUN U YepHbId. UeMy paBHa BEPOATHOCTh TOTO, YTO STOT IAp HMMEET U
KpacHbIi 1BeT? JIuip OMH 1Iap OKpalleH BO BCE TPH LIBETA, IOATOMY B3SIThIN
11ap UMEET U KPACHBIH 1IBET.

T.o., monyctus, uto coObiTUs B 1 C MpOU30LUIH, TPUXOJAUM K BBIBOAY,
yTo coObiTue A o0s3aTrenbHO HacTynuT. CrenoBaTesbHO, 3TO COOBITHE
JIOCTOBEPHOE M BEPOATHOCTH €r0 PaBHA SAMHUIIE.

Jlpyrumu  clioBamMH, YCIIOBHas BepOsATHOCTh Pgc (A)=1 coObitus A He
paBHa ero Oe3ycioBHOU BeposiTHOCTH P(A)=1/2. Wtak, monmapHO He3aBHUCHMbBIC
coObITust A, B, C HE SBISIOTCS HE3aBUCUMBIMU B COBOKYITHOCTH.

Beposmnocmvs  cosmecmnoco  nosenenuss  HeCKOAbKUX — cobObimull,
He3A8UCUMBIX 8 COBOKYNHOCMU, PABHA NPOU3BCOCHUIO BEPOSIMHOCMEl IMUX
cobbimuii:

IIpumep 108.

HaiiTu BepOSITHOCTH COBMECTHOTO TMOSIBICHUS Trepbda TpuU  OJHOM
OpocaHuU IBYX MOHET.

Pemenne:

BEPOSTHOCTH MOSABJICHUS repOa nepBoii MoHeTHI (coObiTHe 4): P(4)=1/2.

BeposiTHOCTB mosiBIIeHUs TepOa BTopoit MoHeThI (coobiTre B): P(B)=1/2.

CobbiTust A U B He3aBUCHUMBIE, MO3TOMY HCKOMasi BEPOSTHOCThH I10
TEOpEeME YMHOYKCHUS paBHA!

P(4B)=P(4)-P(B)=1/2-1/2=1/4.

Ilpumep 109.

Nwmeercs 3 simuka, coaepxkamux no 10 peraneil. B nepBoM simuke 8, BO
BTOPOM 7 U B TpeTheM 9 CTaHIAPTHBIX jAeTajiel. M3 Kaxaoro simuka Hayaady
BBIHUMAIOT 110 OJHOU JieTanv. HalTu BEpOSITHOCTh TOTO, 4YTO BCE TPU BBIHYTHIC
JIETAJIN OKAKYTCSl CTAaHIapTHBIMH.

Pemntenue:

BEPOSATHOCTHh TOTO, UTO M3 MEPBOTO SIIMKA BbIHyTa CTaHAapTHasl JETalb
(coObITHE A):

P(A)=8/10=0,8.

BeposiTHOCTH TOTO, YTO M3 BTOPOTO fAIIMKA BBIHYTa CTaHIAapTHas JI€Tallb
(coObITHE B):

P(B)=7/10=0,7.

BeposTHOCTH TOTO, UTO U3 TPETHETO SIMKA BHIHYTA CTAHAAPTHAS JETAb
(coonrtue C):

P(C)=9/10=0,9.

Tak xak coOwbiTust A, B u C HE3aBUCUMBIE B COBOKYITHOCTH, TO MCKOMas
BEPOSATHOCTH (110 TEOPEME YMHOKEHUSI) PaBHA:

133



P(ABC)=P(4)-P(B)-P(C)=0,8-0,7-0,9=0,504.

3aoanusa ona camocmoamenvbHo20 peueHu:

Pemwute 3agaumn:

1) BeposTHOCTh TOro, 4TO B MarasuHe OyJAeT MpojaHa Mapa MYXCKOH
o0yBu 44-ro pasmepa, paBHa 0,12; 45-ro — 0,04; 46-ro u Gonbmero — 0,01.
HaiiTi BeposiTHOCTH TOTO, YTO Oy/IET MpOAaHa Mapa My»,CKOil 00yBH HE MEHBIIIE
44-ro pa3Mepa.

2) Ilpu ycnoBusix 3amauu | HAWTH BEPOATHOCTH TOTO, YTO OYEPEIHOU
OyzneT mpoaaHa mapa 00yBu MeHbIIIe 44-r0 pa3mepa.

3) B sammke HaxomsTcs 5 pe3UOB: JABa HM3HOIICHHBIX M TPU HOBBIX.
[IpousBoauTcss ABa IIOCIENOBATEIBHBIX W3BICYEHUS pe3noB. Onpenenurs
YCIOBHYIO BEPOSITHOCTHh MOSBJICHHS HW3HOLIEHHOTO pe3lla INpH BTOPOM
W3BJICUCHNN MPU YCJIOBUM, YTO M3BJICYEHHBIM B MEPBBIM pa3 pe3el B LUK HE
BO3BPAILAETCS.

4) B ypHe Haxomsrcs 5 Oenbix mapoB, 4 4epHbIX M 3 cuHHX. Kaxmoe
UCIIBITAHUE COCTOMT B TOM, YTO Hay/Aady M3BJICKAIOT OJMH IIap, HE BO3BpAILas
ero B ypHy. HaliTu BepOosSTHOCTH TOr0, 4TO IPU IEPBOM HCIBITAHUHU IOSBUTCS
Oenblil wap (codbiTue 4), Mpu BTOPOM - YEPHBIN (COOBITHE B) U NMPU TPETHEM —
cunuit (coowrtue C).

Konumponvuwvie gonpocwi:
1. Jaiite onpeaeieHue He3aBUCUMBIX COOBITHIA.
2. Kakue coObITHSI HA3BIBAIOTCS TIOMAPHO HE3aBUCUMBIMHU ?

Jumepamypa: [5, c. 234-238]

IIpakTuyeckoe 3ansaTue Ned5
JIuckperHas cayyalHasi BeJIMYUHA, 3AK0H ee pacnpeae/ieHus

Ilenv padomuwi:

CMYOeHm QO0JIHCEH:

3HamMb!

- ONPENICIICHUE TUCKPETHOMN CIIy4YailHOM BEJIMYUHBI;

ymemy:

- CTPOUTh MHOTOYTOJIbHUK (TIOJIMTOH) pacOpeiesieHus] JTUCKPETHOU
CIIy4allHOM BEJINYWHBI;

- COCTaBJIATH 3aKOH PACHPENEIEHUS JUCKPETHON CIIyYaWHOW BEJINYUHBI.

Ceedenusn u3z meopuu:

CnydaiiHO€ COOBITHE MOXET COCTOSITh, B YAaCTHOCTH, B TIOSIBJICHUU
HEKOTOpPOTO 4HClIa, 3HAYCHHE KOTOPOr0 HE MOXET OBITh OJHO3HAYHO
OTIPEJICTICHO YCIIOBUSAMH €r0 BO3HUKHOBEHHE. Takue COOBITHS Ha3bIBAIOT
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CIy4alHBIMHU BEJIMYMHAMU. B 3TOM TPAKTOBKE MBI COXPaHSEM KJIACCUYECKUU
MOAXOJ] K IOHATHIO CIIydaiHOTo coObITHsA. OTHAKO TpeOOBaHNE KOPPEKTHOCTH B
MOCTPOCHUM MaTEMaTHUYECKUX TEOpUM 3acTaBisieT HAC BHOBb OOpPATUThCS K
AKCMOMATUYECKOMY TIOJXOAY, COXPAHUB KJIACCUYECKHUE MOJEIM B KadyeCTBE
HarJISAHBIX 00pa31i0B U3 Chepbl MPAKTUUCCKUX TPHIIOKESHUM.

MareMaTu4ecku KOPPEKTHO ONPEAECIUTh CIYYalHYK) BEJIMYUHY Kak
YUCIOBYIO (DYHKIIHIO, 33JTAaHHYIO B TPOCTPAHCTBE 3JIEMEHTAPHBIX COOBITUH.

[IpeanonoxuM BHayane, 4YTO MPOCTPAHCTBO 3JIEMEHTAPHBIX COOBITUI
ABJISIETC KOHEUYHBIM MHOXECTBOM. COOTBETCTBYIOIIYIO €My CIIy4alHYIO
BEJIMYMHY Ha3bIBAIOT IJUCKPETHOM: OHAa MOKET NPUHHUMATH JIHIIb KOHEYHOE
YHUCJIO 3HAUYECHUH, KaXKIOMY M3 KOTOPBIX MOXET OBIThb CONOCTaBlIeHA
BEpPOSITHOCTh €r0 IMOSBICHUA B onbITe. I103TOMy HIHCKpETHBIE Ciy4dalHbIE
BEJIMYMHBI MOXKHO 33JaTh Ta0IMIIEH BUJA:

X X1 X2 Xn
P P1 P2 veo |Pn
3naecy OykBoii X oOO3HaueHa ciyyallHash BEIWYUHA, X1, X2, ..., X, —

nepeyeHb BCEX €€ BO3MOXKHBIX 3HA4YEHUH, a Pi,..., p, — COOTBETCTBYIOIIHNE UM
BEPOSATHOCTU. Takyro TaOIMIly Ha3bIBAIOT 3aKOHOM PACTIPEICTICHUS TUCKPETHOM
CIIy4ailHOM BEJIMYMHBI.

CooOwpitus X=x;, (i=1, 2, ,3, ..., N) SBISIOTCI HECOBMECTHBIMU U
€UHCTBEHHO BO3MOKHBIMH, T. €. OHM OOpa3ylT MOJHYK CHUCTEMY COOBITHH.
[ToaTOMy CymMMa MX BEpOSITHOCTEH paBHA €UHUIIE: p1+prtpst...tp,=1.

Ilpumep 110.

PaspirpeiBaroTcss BE€ BEIIM CTOMMOCTBIO 10 5 py0. W OJHA BeIb
ctoumocthio 30 py6. CocTaBUTh 3aKOH pachpeneNieHUs BBIUTPBIIICH Jis
4eJioBeKa, KyMUBIIEeTro ouH omiet u3 50.

Pewenue:

MCKOMasl cllydaiiHasi BeJIMYUHA X MPEACTABISIET COOOM BBIMTPHILI U MOKET
npuHumMath 3HaueHust: 0, 5, 30 py0. [lepBoMy pe3ynbrary OnaronpusitcTByet 47
CJIy4aeB, BTOPOMY pe3yJibTaTy — 2 cliydasi u TpeTheMy — 1 ciydaii. Haitnem ux
BEPOSATHOCTH:

P(x1)=47/50=0,94;
P(x,)=2/50=0,04;
P(x3)=1/50=0,02.

Tornaa 3aK0H pacnpeneseHus CIIy4alHON BEIMYNHBI UMEET BU/L:

Xi 0 ) 30
Pi 0,94 0,04 0,02

135



B xauecTBe npoBepku HaiiieM p;+p,+p3;=0,94+0,04+0,02=1.

3aoanus 013 camocmosamenbHo20 peuwienun:

1 Bapuant
1) [TocTponTh MHOTOYTOJIBHUK
(moJIUroH) pacupenesieHus
JUCKPETHOM CIIy4ailHOW BETMYUHBI X,
3aJIaHHOM 3aKOHOM paclpeleTICHUs:
X 2 |4 |5 |6

» 103(01[02 04

2) Crpenok aenaer 1Mo MHUILIEHU TPHU
BBICTpena. BeposATHOCTh monagaHus B

2 BapHMaHT
1) [TocTponuTh MHOTOYTOJIBHUK
(moJIUroH) pacupenesieHus
JUCKPETHOM CIIy4ailHOW BETMYUHBI X,
3aJIaHHOM 3aKOHOM paclpeleIeHUs:
X 10 | 15| 20

» [01]07]02

2) CocTaBUTh TaOJIUILY
pacnpeaeneHust BEpOATHOCTEN

MUIIEHb TPHU KaXKIOM  BBICTPEIIE | CIyYalHOTO YKCIIa OYKOB,

paBHa 0,3. [TocTtpouts PSAI | BBIIIABLIETO HA BEPXHEW I'PaHU

pacnpeesieHus Yucia nonajgaHui. UTPATTBHOTO KyOUKa MPU OJTHOM
oJ0pachIBaHUU.

3 BapuaHT 4 papuaHT

1) ITocTpouTh MHOTOYTOJIBHUK
(TOJUTOH) pacnpeaeIeHus
JTMCKPETHOM CITydaifHOM BEJIMUUHBI X,
3aJJaHHOM 3aKOHOM PacCIpeICIICHUS:
X 10 | 20 | 30 | 40

p (03]01(02 04

2) UrpanbHyIo KOCTh OpOCaroT
nBaxael. CiydaiiHas BeuunHa X —
CyMMa OYKOB IPU 000UX
nonoOpacsiBaHusix. COCTaBUTh
TaOJIMILy pacTpeeIeHUs

1) ITocTpouTh MHOTOYTOJIBHUK
(ONUTOH) pacnpeaeaeHus
JTMCKPETHOM CITydaliHOM BEIMUUHBI X,
3aJJaHHOM 3aKOHOM PacCIpeICIICHUSA:
X 5 10| 15| 20

p (01)03(0,2 04

2) B xopoOke HaxomsTcs 7
KapaHalliei, u3 KOTOPbIX 4 —
KkpacHblie. Haynauy 6epyT tpu
kapanaama. Kakou 3akoH
pacnpeaeaeHusl UMEET CilydaitHast

BEPOSATHOCTEH. BEJIMYMHA, O3HAYaIoulasi Yucio
M3BJICYCHHBIX KPACHBIX KapaHaauiei?
S BAapMaHT 6 BapuaHT

1) TTocTpouTh MHOTOYTOJIBHUK
(moyMroH) pacupeneieHus
JTMCKPETHOM CiTydyallHOM BEJIMYUHBI X,
3aITaHHOM 3aKOHOM paclpeIeICHUS:
X 2 4 5 6

p (01102105 0,2

2) CocTaBUTh TAOJIHUILY
pacnpeesneHnsl BEPOSITHOCTEH

1) ITocTpouTh MHOTOYTOJIBHUK
(moyMron) pacupenesieHus
JIMCKPETHOM CiTydyallHOM BEJIMUUHBI X,
3aIaHHOM 3aKOHOM paclpeIeICHHUS:
X 1 2 3 4

» |02]04(01]03

2) CTpenok aenaeT 1o MUIICHH JIBa
BBICTpEsa. BeposTHOCTH monajgaHus B
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CJIy4ailHOro 4uciia OYKOB,
BBINIABIIETO HA BEPXHEH rpaHu
UTPAJILHOTO KyOHKa IIPU OJHOM
1o10pachIBaHUH.

MUIIEHb IPU KaK10M BBICTpeIie
paBHa 0,3. ITocTpouTts psn
pacnpeiesieHrs YUcIia MonajgaHui.

/ BapuaHT
1) [TocTpouTs MHOTOYTOJIBHHUK
(moJIUroH) pacupenesieHus
JUCKPETHOM CIIy4ailHOW BEJTMYUHBI X,
3aJIaHHOM 3aKOHOM paclpeleTICHUs:
X |1 |4 |7 |10

» 103040201

2) B xopoOke HaxoasaTcst 9
KapaHJaalleu, u3 KOTOPhIX 4 — CUHUE.
Haynauy O6epyT Tpu kapaHjaiia.
Kakoi1 3ak0H pacnpeneneHus umeeT
Cily4aiiHasi BeIMYMHA, O3HAYAIOIIAs
YHCJIO U3BJICUEHHBIX CHHHUX
KapaHJale?

8 BapuaHT
1) ITocTpouTh MHOTOYTOJIBHUK
(moJIUroH) pacupenesieHus
JUCKPETHOM CIIy4ailHOW BETMYUHBI X,
3aJIaHHOM 3aKOHOM paclpeleICHUs:
X 10|30 5

» 103]05]0.2

2) UrpanbHyI0 KOCTh OpOCaroT
Tprxapl. CnyyaliHas BenuyuHa X —
CyMMa OYKOB IIPH TPeX
noaopacsiBaHuaXx. COCTaBUTH
Ta0JIUILy pacupeaesICHUs
BEPOSTHOCTEM.

9 BapuaHT

X [2 4[5 |6
» 103(01]02 04

qyclia MoNaJaHui.

1) [TocTpoUTh MHOTOYTOJIBHHK (ITOJIUTOH) PACIIPEICIICHUS TUCKPETHOM
CJIy4ailHOM BEJIMYMHBI X, 3aIaHHON 3aKOHOM pacIpeieIeHus:

2) CTperok aenaet o MUIIICHU YeThIPe BhICTpelia. BeposiTHOCTh Tonaganus B
MUIICHb MPHU KaX10M BbicTpene paBHa 0,2. [locTpouTs psin pactipeaeneHus

I(oump(mbubte eonpocwsl:

1. JlaiiTe onpenenieHne CIy4yaHOTO COOBITHSI.
2. Urto Ha3bIBaeTCA CIy4YailHON BETUYHHON?
3. TlosicHuTe 3aKoH pacmpeeseHus: AMCKPETHON CITy4aifHOW BETUYHHBI.

Jumepamypa: [6, c. 204-206, c. 216-218]

IIpakTuyeckoe 3ansitue Ne46

Pemenne NMPaKTHICCKUX 3ada4 ¢ INPUMCHCHHEM BEPOATHOCTHBIX

METO/10B

Ilenv padomuwi:
CMYOeHm O0JINHCEH.
3Hamb.
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- (bopmyIbl 1711 BBIYMCIICEHUST MATEMATHUYECKOTO OXUAAHUS, TUCIIEPCUH,
CpPEAHEro KBaJpaTUYHOTO OTKJIOHEHUS TUCKPETHOMN CIIy4alHOM BEJIMYUHBI,

ymemy:

- BBIYUCIATH MAaTEMAaTHYECKOE OXUJAaHUE, JHUCIEPCUI0, CpeIHEe
KBaJIpaTUYHOE OTKIIOHEHUE JUCKPETHOM CIyYalHOU BEJIUYMHBL.

Ceeodenus u3z meopuu:

ChydaiiHple BENMYMHBI (JUCKPETHBIE W HENPEPBIBHBIE) XapaKTEpU3YIOTCS
CBOMM  3aKOHOM  paCIpeleieHHs. 3aMeTuM, 4YTO 3TO  HCYEpIIbIBaroLIast
XapaKkTEpUCTUKAa B TOM CMBICJE, YTO B 3aKOHE PACIPEACICHUS COIEPKHUTCS BCA
uHdopMalsi O Ciy4yaiiHOW BenmmuuHe. HuKakoW CKOMb yroJHO — CJIOKHOM
MaTeMaTHYECKOM 00pabOTKOM HAOMIOAEMbIX 3HAUYEHUM CITyYailHOM BEIMYMHBI O
HEW HEBO3MOKHO ITIOJYYHUTh CBEIACHHUS, HE COIEPIKALLMECS B 3aKOHE PaCIIPEACIICHHUS.
OnHako 3TOT 3aKOH 4YacTO HEU3BECTEH M O HEM IPUXOAUTCS CYyIUTh HA OCHOBE
KaKUX-TO MNpUOIMKEHHbIX OIeHOK. C Jpyro CTOPOHBI, s MHOTHUX
IPAKTUUECKUX 3aJad Takas MH(pOpMalus sBISIETCA U30BITOYHOW: TOCTATOYHO
3HaThb  JIMIIb  HEKOTOPbIE  KOJIMYECTBEHHBIE  XapAaKTEPUCTUKH  3aKOHA
pacIpeeneHus.

[Ipocreiimelr, HO OYEHb BaXHOM  XApPaKTEPUCTHKOM  SBISAETCA
MaTeMaTHYECKOE OXKUIAHUE.

[lycTtb, Hanmpumep, X - TUCKpETHas Ciy4yallHas BEIWYMHA paclpeesieHa
10 3aKOHY:

X | x| x| ... | x,
Pl ps|P2| .| Pn

Torna ee mamemamuuecroe oxcudanue M(X) onpenensercs paBeHCTBOM
M (X) =x1 p1+ x2 P2t... + X, pa.

OOpaTuM BHHUMaHHUE Ha TO, YTO XOTS KOHKPETHBIC 3HAYCHUSI BETUYHHBI X
SBJIAIOTCS CIIy4alHBIMHU, MaTeMmaThueckoe oskujganue M(X) cinydaliHbIM HeE
SIBIISICTCAL.

[TycTh, HaTpUMep, UCTIBITAHUE COCTOUT B OPOCAHWUU MTPAJIBHOTO KYOHKA.
[TockonbKy  BBHIMAJCHHE  KAXKIAOH TpaHH  PaBHOBO3MOXHO,  Pi=1/6.
CrnenoBaTelibHO, MATEMATHYECKOE OKHUJAHUE YMCIIa BBIMIABIINX OYKOB PABHO

MX)=16(1+2+3+4+5+6)=21/6 =3,5.

Yucno, O1M3K0E K 3TOMY, MOJYYHUTCS, €CIU peajbHO OpocaTh KyOUK

MHOTI'0 pa3 U MOJICUUTATh CYMMY OYKOB, JICJICHHYIO Ha YKCIIO OPOCKOB.

MareMatnyeckoe OXHIaHHE U cpefaHee apudMeTUYecKoe CIydailHOon
BEJIMYMHBI - BAXKHBIC XapaKTEPUCTUKN 3aKOHA PACHPEAEIIEHUs], HO, 3HAsA TOJIBKO
MX, MBI UMEEM €IlI€ BECbMa OJHOCTOPOHHEE NIpeAcTaBieHue o0 HeM. He scHo,
HaIMpuMep, KaK BEJIIUKU MOTYT ObITh OTKJIOHEHHS 3HAUYCHUN BEIIMYUHBI OT ITUX
XapaKTEePUCTHK. Beap OMHO W TO K€ 3HAYEHWE CPEIHEr0 apu(pPMeTHIecKoro
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HaO0JII0IaeMbIX 3HAYEHUI MOKET MOJYUYUThCS KaK B Cilydae, KOrja Bce 3HAaUCHUS
HAXOJTCS BOJIM3M CPEAHEr0, TaKk MU B CIy4ae CKOJIb YTrOJHO OOJBIIUX
OTKJIOHEHUU OT HETO B CTOPOHY OOJIBIIIUX Y MEHBIIUX BETUYHH.

Jist Toro 4ToObl XapaKTepu3oBaTh B CPEIHEM BEJIMYMHBI TaKUX
OTKJIOHEHUM, BBOJUTCS €IIe OJAWH BaKHBIA MapameTp 3aKOoHa paclpeiesieHus,
HAa3bIBAEMBIN JTUCTIEPCUEH.

Jlucnepcuerti (paccestHuEM) TUCKPETHOM CIy4ailHON BEIMYMHBI HA3bIBAIOT
MaTEeMaTUYECKOe OKUAHUE KBaJpaTa OTKJIOHCHHS CITydYalHOW BEJIMYUHBI OT €€
MaTEMaTUYECKOTO OXKHIaHUS

D{X) = M[X- M(X)]*

Taxk e aucnepcruro MOKHO BBIUUCIUTE U TI0 (hopmyre:

D{X) = M(X*)- [M(X)T’, ) .

T. €. KaK Pa3HOCTh MaTeMAaTHUYECKOT0 OKUJAHUs KBaJpaTa 3HaYCHUM CIIy4aiHOM
BEJTMYMHBI U KBaJpaTa €€ MaTeMaTUYECKOTO OKHJIaHUS.

Jucnepcust CymMMbl JBYX HE3aBUCHMBIX CIIy4allHBIX BEJIIMYUH paBHA

CyYMMC ,Z[I/ICHepCI/Iﬁ 9THUX BCJIIMYHNH:
D(X+Y) = D(X) + D(Y).

MHorue ciny4yailHble BEJIMYMHBI, BCTPEUAIOLIUMECS HA MPAKTUKE, UMEIOT
pa3MepHOCTh. Hampumep, BEIMYHMHBI, KOTOPbIE BCTPEYAIOTCS MPU Pa3TUUHBIX
u3MepeHusx. Toraa, eciy, CKaxem, ciiydaifHas BETUYMHA U3MEPSETCS B METPax,
TO AHCIEpCHs OyZeT MMeTh PasMepHOCTh M°. I109TOMy BBOAMTCS eIie OJIHa
XapaKTEPUCTHKA, Ha3bIBaEMasi CpeOHUM KBAOPAMUYECKUM OMKIOHEHUEM,
o0o3Hauaercsi: o =,D(X). ee pa3MEpHOCTh COBNAJAET C Pa3MEPHOCTHIO

CIIy4YallHOM BEJIMYMHBL.

Ilpumep 111.

[Tycth X — uncio 04KOB, BHIAAAIOLIIUX IPU OJHOM OpOCAHUM UTPATbHON
kocth. Hailtu aucnepcuto cirydailHOM BETMYMHBI X.

Pewenue:

ciyyaiiHas BeJIMYMHA X — YKMCJIO OYKOB MpUHUMAET 3HaueHus 1, 2, 3, 4, 5,
6. CocTaBuUM 3aKOH €€ pacupeaeIcHus:

Xi

oI
oI, IN
o, W
ol N
ool
2R Ne))

Torna e€ MmaTeMaTHuecKoe OKUIaHUE:

M(X)= 1-1+2-1+3-£+4-1+5-1+6-1:3,5.
6 6 6 6 6 6
Hatinem oTKJIOHEHUS IS X1, Xp, ..., Xg-

x,°=1-3,5; x,°=2-3,5: x3°=3-3,5; x,°=4-3,5; x5°=5-3,5; x"=6-3,5.
Beruncnum nucrniepcuto:
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D(X) = %((1—3,5)2 +(2-35)°+(3-35)*+(4-35)°+(5-35)*+(6-35)*) =—.

35
12

3aoanus 011 camMoCmoAmenIbHo20 peuienun’

1 BapuanT
1) Monety nmoabpacsiBaioT 7 pas.
Haiitu MmaTemaTnueckoe OXUaHue,
JUCIIEPCUIO YKCIia MOSIBJICHUN repoa.
2) HaliTu MateMaTH4eCKOE OXKUTAHUE
Y JUCIIEPCUIO CIIyYallHOW BEJINYHHBIL,
3aJIaHHOM TaOJIMIIel pacpeieIeHus:
X 11314167

P 0,1(0,1/0,3|0,4|0,1

2 BapuaHT
1) UrpasbHyto KOCTh OAOPOCHIIH D
pa3. Haiitu matematuaeckoe
O’KMJIAHUE, TUCIIEPCUIO YUCIIA
HEBBINAJCHUS €ANHUILIBL.

2) HaiiTu MatemMaTH4eCKOE OXKUAAHUE
Y JUCIIEPCUIO CIIyYallHOW BEJIMYHHBIL,
3a1aHHOM TabJIMIIeH pacpeiesICHHUS:
X 21-1]10[1]2

)% 0,1(0,2/0,3(0,3(0,1

3 BapuaHT
1) Haiitu MmaTemMaTH4eCKOE OKUaHUE
Y JUCIIEPCUIO CIIyYalHON BEJIUYUHBI,
3aJlaHHOM TabJMIIel pacipeieTICHUsI:
X 1147 1(10]|13

»  |0,1]0,1]0,3/0,4]0,1

2) Monety noadpachiBaroT 6 pas.
Haittu nucniepcuro u cpennee
KBaJIpaTUYECKOE OTKIIOHECHHE
CIIy4ailHOM BEIMYMHBI X — BBINIAICHUS
«PEUIKN».

4 papuaHT
1) Haiitn maTemMaTH4YeCKOE OKUTaHUE
Y JUCIIEPCUIO CIIyYailHON BEJIMYUHBI,
3aJIaHHOM TabJIUIIel pacnpeieNIeHus:
X 1123 |4]|5

p 10,15/0,17(0,35|0,21|0,12

2) Monety noabpachiBaroT 5 pas.
Haittu nucnepcuto u cpenuee
KBaJpaTUYECKOE OTKIOHEHHE
CIIy4ailHOM BEJIMYMHBI X — BBINIAICHUA
rep0Oa.

5 BapUaHT
1) Haiit MmaTeMaThuuecKoe OKUJIaHue
Y JUCTIIEPCUIO CIIyYalHOM BEJIMYUHBI,
3aJIaHHOM TabJIMIIel pacipeieIeHuUs:
X 10|30 | 40 |60 | 70

P 0,30,13|0,45/0,1 0,02

3) UrpanbHyto KOCTh MOA0POCHIIH 7
pa3. Haiitu Marematnueckoe
OXKHJIaHUE, JUCIIEPCHUIO YHCIIa
HEBBINAICHUS €IUHULIBIL.

6 BapuaHT
1) HaiiTu MmaTeMaTU4eCcKOe OKHUIaHUE
Y JUCIIEPCUIO CIIyYaiiHOM BEJIMYUHBI,
3aJIaHHOM TaOJIUIIeH pacipeieNIeHus:
X 1151015 | 20

P 0,1(0,11/0,2|0,22|0,37

3) UrpanbHyro KOCTb MOA0POCHIIH 5
pa3. Haiitu matemarnueckoe
OKHMJIaHUE, TUCIIEPCUIO YHCIia
HEBBINAICHUS €IUHULIBIL.

/ BapHaHT
1) Haiit MmaTeMaTHdecKoe 0XXUJIaHue
Y JUCIEPCUIO CIIyYallHON BEJIMYUHBI,
3aIaHHOM TabJIUIIeH pacnpeIeeHus
X 10 | 20 |30

»  |0,125(0,375/0,5

8 BapuaHT
1) Haittu MaTeMaTH4ecKoe OKHAaHNE
U JUCIIEPCUIO CIIyYaiiHON BEJIMYUHBI,
3a/IaHHOM Ta0JIMLIEeN pacnpeieNIeHus:
X 10 | 30 | 50

p 10,175/0,35|0,475
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2) IlpaBuibHAs TpEyrobHas 2) UrpanbHblii KyOUK HMeeT
MpaMuJia UMeeT MPOHYMEpPOBaHHbIE | MPOHYMEpOBaHHbIC rpanu 1, 2, 3, 4, 5,
rpanu 1, 2, 3, 4. 3anummure 3aK0H 6. 3anuInTe 3aKOH paclpeneieHus
pacrnpeesieHus JIsl BbIMaIeHUS JUTS BBITTAJICHUSI HOMEpa rpaHu, Ha
HOMEpa I'PaHu, HA KOTOPOW CTOUT KOTOpPOH CTOWT KyOUK.

nmipamMua.

Koumponwvnwie gonpocwl:

1. Yro Ha3piBaeTCs MaTEMaTUYECKUM  OXHUJAHUEM  JIUCKPETHOM
CITy4yallHOW BEJIMYUHBI?

2. Yrto Ha3pIBaeTCs AUCTIEPCUEH JUCKPETHOU CIydailHON BETMYNHBI?

Jlureparypa: [6, c. 214-217]

IIpakTuyeckoe 3ansaTue Ned/
[MapajsieIbHOCTH NPAMON U MJIOCKOCTH

ILlenwv pabomor:

CMYOeHm OO0JIHCEH:

3Ham».

- MPU3HAKY TaPAIICTPHOCTH MIPSMOM M TUIOCKOCTH;

- PU3HAKY NAPAICITPHOCTH TJIOCKOCTEH;

- PU3HAKY NAPAIIEIbHOCTU MPSMBIX B IPOCTPAHCTRE,

ymems.

- CTPOWTH MapajuieNbHbIE MPSIMbIC, TUIOCKOCTH B MIPOCTPAHCTBE.

Ceedenusn uz meopuu:

IIpusnaxu napannenvbHocmu nPAMOU U NJI0CKOCMU

1) Ecnu mpsiMas, jexamias BHE IUIOCKOCTH, TapajulejbHa KakoH-JH0o
MPSAMOM, JIEXKAIIEN B TON TNIOCKOCTH, TO OHA MapajulesibHa ITOU MIIOCKOCTH.

2) Ecnu mpsimMasi M TUIOCKOCTh TEPIEHAUKYJISPHBI OTHOW W TOH JKe
PSAMOM, TO OHH MapAJIJIEIbHBI.

lIpuznaku napannerbHocmu niockocmeu

1) Ecim  1gBe  mepecekaroliuecss — NpsAMbIe  OJHOW  TUIOCKOCTH
COOTBETCTBEHHO IMAPAJUICIIBHBI JBYM II€PECEKAKOIIUMCSA NPSMBIM JIPYrou
IJIOCKOCTH, TO 3T IIOCKOCTH MAPAJIICIIBHBI.

2) Ecnu fBe MI0CKOCTH TEPICHANKYJIAPHBI OJHOW M TOH e MPSIMOH, TO
OHU IapAJJICIIbHBI.

IIpusnaxu napannenbHoCmu nPAMbIX 6 NPOCMPAHCINEE
1) Ecin nBe mpsiMble TIEPIICHIUKYIISIPHBI OJHOM U TOH e MJIOCKOCTH, TO
OHM TIapaUICIIbHBI.
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2) Ecin B ofHOW W3 MepeceKaroluXcs IUIOCKOCTEeH JICKHUT IpsMasi,
napajjieJibHasi APYroM IIOCKOCTH, TO OHA MapajUiejibHA JIMHUU TE€PECEUEHUs
IJIOCKOCTEM.

Ilapannenvuvie npsamoie
Bo3pmém, Hampumep, nBe Takue npsmele AB u DE, W3 KOTOpPBIX OJHA
IIEPECEKAET HEKOTOPYIO IIIOCKOCTh P, a Apyras JIEKUT Ha HEW, HO HE IPOXOIUT

yepes Touky (C) nepeceueHus NepBoil mpsiMoi U miockoctu P.
A

B

Pucynoxk 33. Henepecekaromnuecs npsiMbie

Uepe3 Takue IBE MpsIMbIE HENB3S IMPOBECTH IUIOCKOCTh, IMTOTOMY YTO B
MIPOTUBHOM ClIy4yae depe3 MpsMyro B TOYKy C MpOoXOoaid Obl JBE Pa3IudHBIC
IJIOCKOCTH: OJIHa P, mepecekaroias npsmyro 4B, u apyras, coaepxkaniasa e€, a
ATO HEBO3MOKHO.

JIBe mpsiMble, HE JIeKaIME B OJHOM IUIOCKOCTH, KOHEYHO, HE
MEePECeKaroTCs, CKOJIbKO Obl MX HHM MPOAOJKAIM; OJHAKO WX HE HA3bIBAIOT
MapaJiICIbHBIMHU.

JIBe mpsiMble, HE JeXalmue B OJHOM IUIOCKOCTH, Ha3bIBAKOTCA
CKPeuUuBaouuUMUCS.

lIpsmas u niockocms napanieivhsvle Mexcoy cooou
ItockocTh W TipsAMasi, HE JiekKallass B 3TOW IJIOCKOCTH, Ha3bIBAKOTCS
napajuieIbHbIMH, €CJIM OHHM HE MEPECEKAIOTCS, CKOJIBKO OBl X HU TIPOI0KATIH.

Ecnmu nmpsimas  (AB) mapamienbHa Kakod-HHOynb mpsmoin  (CD),
pacIoioKeHHOH B miockocTH (P), TO OHa mapaiiejibHa CaMOW TUIOCKOCTH.

Ecmu mnockocts (R) mpoxoaut uepe3 mpsimyio (4B), mapaiielibHYO
apyro# iockoctd (P), U mepecekaeT 3Ty IUIOCKOCTb, TO JIMHHUS TEPECCUCHHS
(CD) napaienbHa nepBoi npsiMoit (4B).

Pucynox 34. [IpsiMas 1 MI0CKOCTh MapajuiesibHbIE MEXIy coO0M
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Ecnu npsimast (AB) mapamienbHa KaXIOW W3 JBYX MEPECEKAIOMTHXCS
wiockocteit (P u Q), To oHa mapauiesibHa TMHUK uX nepecedenus (CD).

C P
A
M Q
-""'-.—F
b B

Pucynox 35. [TapamnenbHOCTh NPAMOU JIMHUNA NEPECECUCHUS TITIOCKOCTEN

Ecin ase mpsimbie (AB u CD) mapaiuienbHbl TpeThel mpsimoiri (EF), TO

OHU IapaAJUIEIIbHBI MEXy COOOH.
A c

N

AN
Pucynoxk 36. [lapamnenbHOCTh TpeX MPSAMBIX

TapannenvHuvle nrockocmu

JIBe TJIOCKOCTH  HA3bIBAOTCS  NAPALIEIbHbIMU, €CIA  OHH  HE
NIEPECEKAIOTCS, CKOJIBKO OBl MX HH MPOI0JDKAIIH.

Ecnu nBe mepecekatomiuecs npsimbie (4B u AC) omHoli tutockoctu (P)
COOTBETCTBEHHO Mapa/ulejbHbl JIByM mpsiMbiM (41B; u A;C;) npyroi
wiockocti(Q), TO O3TH TUIOCKOCTH mapamienbHbl. [lpsimbie AB u AC
napauieIbHbI IITOCKOCTH Q.

(T
(T

Pucynok 37. [lapanienbHble INIOCKOCTH

3aoanus 011 camMoCcmoaAmebHO20 PeuleHus:

Pemmte crnenyromue 3amaud  (BBIIOJIHUTH YEPTEX, JAaTh MOIAPOOHBIC
MOSICHEHHUS ):

1) Cropona AC TtpeyrompHuka ABC mnapajienbHa IUIOCKOCTH a, a
ctopoHsl AB u BC mepecekaloTcsi ¢ 3TOM TIJIOCKOCThIO B Toukax M u N.
Jokaxure, uto TpeyroabHuku ABC u MBN nogoOHBI.

2) CKOJBKO CYIIECTBYET IIJIOCKOCTCH, MPOXOIAIIMX dYepe3 JaHHBIC
IPSIMYIO ¥ TOYKY B TIPOCTPAHCTBE?
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3) B mpoctpancTBe maHbl npsiMast @ 1 Touyka M. CKOJBKO CyIIECTByeT
OPSAMBIX, IPOXOAIMIKX Yepe3 M 1 mapayuieabHbIX TpIMoil a7?

4) Jlanbl TuI0CKOCTh U Touka M BHe miuockocTd. CKOJNBKO CYIIECTBYET
OPSAMBIX, IPOXOAIINX Yepe3 M 1 mapaieiabHbIX IIOCKOCTH?

5) B mpocTpaHcTBe naHbl JiBe HapaiuieibHble mpsMbie & U b. Ckombko
CYUIECTBYET IUIOCKOCTEH, MPOXOMAAIIUX Yepe3 MpsAMYI0 a8 U TapauieIbHBIX
npsiMoii b?

6) Jlansl 1Be cKpemuBarommecs npsMeie a U b. CKoJIbKO CyliecTByeT map
napajuIebHBIX MJIOCKOCTEH, OJIHa M3 KOTOPBIX MPOXOAMUT uepe3 a, a apyras —
gepes b?

7) B mpocTtpaHCTBE JaHBI JABE TeEpeceKaronmecs mpsiMblie @, b u He
nexamas Ha HuX Touka M. CKOJIBKO CyIIECTBYET IIOCKOCTEH, MPOXOISIINX
yepe3 M u nmapaiensHbIX IpsMbIM @ U b?

Konmponwvuwvie éonpocwi:

1. Cdopmynupyiite Npu3HAKK TAPALIEITHBHOCTU MPSMOM U MIIOCKOCTH.

2. CdopmynupyiiTe mpu3HaKU MapayieTbHOCTH MIOCKOCTEH.

3. ChopmynupyiiTe  NpuU3HAKA  NAPAICIBHOCTA  TOPSIMBIX B
MIPOCTPAHCTRBE.

Jumepamypa: [10, §15, c. 138-143]

IIpakTnyeckoe 3ansaTue Ne48
I'eomeTpuuyeckue npeodpa3oBaHusi NPOCTPAHCTBA: MAPAJLICJIbHBIH
NEePeH0C, CAMMETPHS OTHOCUTEJIBHO IJIOCKOCTH

Ilenv padomeut:

CMYOeHm O0JIHCEH:

3HamMb:

- OIpEEJIEHUE MTapaJuIeIbHOTO IEPEHOCA U €r0 CBOMCTBA;

- (hopMyIIBI 715 TapaJIeIbHOTO MEPEHOCa;

ymemn.

- BBIMOJHATH  TEOMETPUYECKHEe  IpeoOpa3oBaHUs  MPOCTPAHCTBA!
napasuieNIbHbIA MEPEHOC, CUMMETPHUSI OTHOCUTEIBHO TIOCKOCTH.

Ceedenusn u3z meopuu:

Ilapannenvuvlii nepeHoc u e2o ceolcmsa

Harmsimao napannenvhuwiii neperoc omnpenensieTcsi Kak mpeoOpa3oBaHue,
P KOTOPOM TOYKH CMEMIAIOTCS B OJTHOM M TOM K€ HalpaBJISHUH Ha OJHO U TO
K€ paccrosiHue. Takoe ompenelicHHe HE SBISCTCS MaTeMAaTHYECKH CTPOTHM,
MOTOMY 4YTO B HEM YIOTPEOJseTCS BBIPAKEHHUE «B OJJHOM U TOM K€
HaIpaBJICHUN», KOTOPOE CaMO HYXKIAETCS B TOYHOM OMpeeieHnH. B CBs3u C
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THM TapajuIeTbHOMY TEPEHOCY MBI JadUM APYroe, OTBEYAIOIIee TOMY Ke
HaTJISTHOMY MPEACTABICHUIO, HO YK€ CTPOTOe OTpeieiiCHHE.

BBeneM Ha TUTOCKOCTH J€KapTOBHI KoopauHaThl X, ). IIpeoOpazoBanue
burypsl F, mpu KoTOpoM MpOU3BOJIbHAS €€ TouKa (X; )) MEPEeXOAUT B TOUKY
(x+a; yt+b), rne a u b omguum m Te xe A BceX Touek (Xx; ), HaA3bIBACTCS
napajuiebHBIM TiepeHocoM. [lapamenbHbIil MepeHoc 3amaercs QopMmyiaaMu
X'=X+a, y=y+Db.

Oty GopMyINbl BBIpAXKAIOT KOOPAMHATHI X', )' TOYKH, B KOTOPYIO
NEePEeXOANT TOYKa (X; V) P MapaJjIeIbHOM IIepeHOCe.

Pucynok 38. [lapanienbHblil IEPEHOC

llapannenvuolii nepenoc ecms 08uxiceHUe
JlelicTBUTENBHO, IBE IPOU3BOIIbHBIC TOUKHU A(X1; V1) K B(x2; y2) mepexoasT
IIpH NapajieIbHOM repeHoce B Touku A'(xy+a; y1+b), B'(x,ta; y,+Db).
[TosTomy
AB*=(xpx1) + (1)’
A'B?=(xp-x1) +(y2-)’.
Otcrona AB=A'B'. T. 0., napajieIbHBIN MEPEHOC COXPAHIET PACCTOSHUA,
a 3HAYUT, SBISICTCS IBMYKCHUEM, UTO U TPEOOBAIOCH JOKA3aTh.
Ha3Banue «napannenvuviil nepenoc) ONPABABIBACTCS TEM, YTO IIPU
MapajuieIbHOM MEPEHOCE TOYKH CMENIAIoTCS MO0 MapajUiedbHbIM (WM
COBMAIAIONINM) MPSAMBIM Ha OJTHO U TO K€ PaCCTOSHUE.

4 A

B g
Pucynok 39. [lapannenbHslid IEpEeHOC

Cummempuss omHocumenbHo nI0CKOCmu

CuMMeTpuss OTHOCUTEJIBHO IIJIOCKOCTH — 3TO TaKo€ CBOMCTBO
reoMeTpu4ecKor ¢GUrypbl, Korja 00N TOYKE, PACHOJIOKEHHONW MO OJHY
CTOPOHY TUIOCKOCTH, BCET/Ia OYJET COOTBETCTBOBATH TOYKA, PACIIOIOKEHHAS TI0
JIPYTYI0 CTOPOHY TUIOCKOCTH, a OTpPE3KU, COCIUHSIONINE STH TOYKH, OYyIyT
MEPIIEHAUKYJISIPHBI TUNIOCKOCTH CUMMETPHUU U JICIISITCA €HO TTOIOJIaM.

Cnenyer OTMETUTh, YTO JBE CHMMETPUYHBIE (UTYpHl WM JBE
CUMMETPUYHBIC YaCTH OJHOW (UTYpHl NMPU BCEM HUX CXOJCTBE, PaBEHCTBE
00BEMOB W IUIONIAJIE TOBEPXHOCTEH, B 0OIIEeM cCiy4ae, HEpPaBHbI, T.e. HX
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HEJb3s COBMECTUTDH JPYT C IPYroM. ITO pa3Hble (UTYpHI, UX HEJIb3sl 3aMEHUTh
JIpyr IpyroMm, Hampumep, Mpapas nepyarka, OOTMHOK U T.J. HE TOASATCS ISt
JeBoi pyku, HOTH. [IpenMeTsl MOTYyT UMETh OJIHY, JIB€, TPU U T.J. TIOCKOCTEH
CUMMETPHH.

Hanpumep, npsmas nupamuga (puc. 40a, 4la), ocHOBaHHEM KOTOPOM
SIBIISIETCS PaBHOOEIPEHHBIN TPEYrOJIbHUK, CHMMETPUYHA OTHOCUTEIBHO OJHOMN
miockoctu P. Ilpusma ¢ Takum xe ocHoBanweMm (puc. 400, 410) umeer nBe
IJIOCKOCTH CHUMMETpHUH. Y TPAaBWIBHOW MIECTUYTONbHOM mpu3mbl (puc. 408,
416) ux cemb. Tema BpaimieHusa: map, TOp, LWWIAHIAP, KOHYC U T.J. UMEIOT
0E€CKOHEYHOE KOJIMYECTBO MIIOCKOCTEN CUMMETPHH.

Pucynok 41. M3o0paxeHune mIocKOCTe CHMMETPUHU

Ha d4eprexax MJIOCKOCTH CHUMMETPUH  H300pa)xaroTcs TOHKUMHU
IITPUXTYHKTUPHBIMA ~ JIMHUSIMH, SIBIIIOIIMMHCS Kak Obl cllefaMud  3THX
IUIOCKOCTEW. Ecim TakoW ciex CoBMNAmaeT C JApPYrod JIMHHUEW YepTexa,
HalpuMep, € KOHTYPHOH, TO OHa NPOBOAUTCS B BHUAE TOHKHX IITPUXOB,
BBIBOJAMMBIX 32 KOHTYp M300pakeHus Ha 5 — 8 mm. Ha uyeprexxe HaHOCSTCS
Clellbl TOJBKO TEX IUIOCKOCTEH CHUMMETPHH, KOTOPBIE MEpPHEeHIUKYISPHBI
MJIOCKOCTH MPOEKIINI JaHHOTO U300paXKEHUSI.

[Ipy HanMUMM HECKOJBKUX MOJOOHO PACHOJOKEHHBIX IIOCKOCTEN
CUMMETpPHH, Kak y npusMsbl (puc. 406), Ha yepTeke n300pakaeTcs TOJIBKO OJTHA
B3aMMHO MEPHEHAUKYJISIpHAS Iapa CIEI0B, 10 BO3MOXXHOCTH TEX, KOTOPBIE
napajuieIbHbI IFIOCKOCTSIM MPOEKIIHIA.

JUIsl TEOMETPUYECKHUX TENI C IUIOCKOCTIMU CUMMETPHUH, MapajuieIbHbBIMU
UX OCHOBAHUSM, HANpUMEp Ui MPU3M, CIEAbl INIOCKOCTEN CHMMETPUH Ha
YepTekax MOKa3bIBaTh HE IPUHSTO.

3aoanus 01a camMoCmoaAmenbHO20 PeuleHuUA:
Pemwute 3agaumn:
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1) Jokaxxkure, 4TO MIPH JABMKEHUU TapaljieNbHbIE MPSMbIE 0TOOpaKaroTCs
Ha TapajuieIbHbBIE TPSMEIE.

2) JlokaxuTe, 9TO MPH ABMKCHHUU: ) TapajieJJorpaMM OoToOpakaeTcs Ha
napasuiesniorpamMM; 0) Tpamenus oToOpakaeTcsi Ha Tpamlemnuio; B) pomo
oToOpaxaercs Ha poMO; T') IPSIMOYTOJIBHUK OTOOpa)kaeTcsl Ha MPSIMOYTOJIbHHK,
a KBaJpaT — Ha KBajpar.

3) Ha croponax AB u CD mnapannenorpamma ABCD moctpoeHs! KBagpaTsl
(MIOCKOCTH  KBAApPAaTOB MEPIECHIUKYISAPHBl TUIOCKOCTU TapalljieiorpaMMa).
Hcnonp3ysi mapaiienbHblil IEPeHoC, JOKaKUTE, YTO OTPE30K, COCIUHSIONINI
LEHTPBI ATUX KBAJIPAaTOB, PaBEH U mnapaseneH ctopone AD.

Koumponwvnwie eonpocwi:

1. JlaiiTe ompejaelieHHE MapaJUIeIbHOIO MEPEHOCA M TMEPEUUCIUTE €ro
CBOMCTBA.

2. 3anumute GopMyIIsl IS MapaIeIbHOTO TIepeHoca.

JIumepamypa: [16]

IIpakTnyeckoe 3ansaTue Ne49
IMapajuiesibHOE IPOEKTHPOBAHHE

Lenv padomuwi:

CMYOeHm O0JIHCEH:

3Ham».

- CBOMCTBA MapajuIeIbHOTO TPOCKTUPOBAHUS,

ymemy:

- CTPOWTH (PUTYPHI C TOMOIIBIO MAPAIICITEHOTO IPOSKTUPOBAHUS.

Ceedenusn u3z meopuu:

llapannenvrnoe npoexmupoganue

[TycTh nmaHBI TUTOCKOCTH O W TpsiMast |, mepecekaromias IUIOCKOCTh d.
Bo3bmMeM mpou3BOSIEHYIO TOUKY MPOCTPAHCTBA A; M TIPOBEACM Yepe3 3Ty TOUKY
npsimyto |y, mapamiensuyto |. Ipsimast |; mepeceder maockoCcTh o0 B HEKOTOPOM
touke A. [lomydennast TakuMm 00pa3oM Touka A Ha3bIBAETCS MPOCKIMENH TOUKU A
Ha TUIOCKOCTH 0. ITPH MPOSKTHPOBAHUH MapajlIeIbHO npsiMoit |. OOBIYHO KpaTKo
TOBOPSIT, UTO TOUKa A eCTh napasuiesibHasi IPOCKIUs TOUKH Aj.

L 1
3
o i

Pucynok 42. [TapanienbHoe NpOEKTUPOBAHUE
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llapannenvuou npoexyueri TPOCTPAHCTBEHHOW (GUTypbl @; Ha3bIBaeTCsA
MHOecTBO O MmapasuienbHbIX MPOEKIUN BCEX TOUEK JIaHHON (DUTYPHI.

Ceoucmea napannienbHo2o npoeKmupo8aHsl

1) Ilpoekius npsMoit ecTh mpsMasl.

2) Ilpoexuny napauieabHbIX TPSIMBIX TAPAJIICIbHBIL.

3) OrtHomeHWe NPOEKIU JABYX NapaJUIeNbHBIX OTPE3KOB PAaBHO
OTHOILIEHUIO ITPOEKTUPYEMBIX OTPE3KOB.

OpmoczonanvHoe npoekmuposanue

YacTHbIM  CllydaeM  NapaJUIeIbHOTO  IPOEKTHUPOBAHUS  SIBISETCA
OPMO2OHATLHOE NPOEKMUPOBAHUE

[TycTh maHbl TUIOCKOCTH O M mipsiMast |, mepneHaukyaspHas o. Bo3smem
IPOM3BOJIbHYIO TOUYKY MPOCTpaHCTBa A; M TMPOBEAEM Yepe3 Hee MpsaMyro |y
napauiesibhylo | (4, clemoBaTeNbHO, MEPHCHIUKYIAPHYIO IUIOCKOCTH Ol).
[Mpsimast |; mepecedeT MIOCKOCTh 0L B HEKOTOPOI Touke A.

Pucynok 43. OpToroHaiabHOE IPOEKTUPOBAHUE

[Tomy4yennast Touka A Ha3bIBa€TCSI OPTOTOHAIBHOM MPOEKIUEH TOUKU Ay
Ha TJIOCKOCTH Q.

Opmozonanvuou npoexyueti gueypst @1 Ha MIOCKOCTh 0 HA3bIBACTCS
MHOXECTBO @ OpPTOTOHAJIBHBIX MPOEKIUNA BCeX TOYEK NaHHOU urypsl @;. Kak
YaCTHBIM  CIOy4yall  MapajuleIbHOTO  MNPOCKTHUPOBAHHUS,  OPTOTOHAIBHOE
MIPOEKTUPOBAHUE oOnagaer BCEMU CBOMCTBaMU I1apaJuIeIbHOTO
MPOCKTUPOBAHMUS.

Ceoucmeo opmo2oHaAIbHOU NPOEKYUU NII0CKO20 MHO20Y20IbHUKA

[Inomaae S OPTOrOHaIBLHOM MPOEKIUU IIOCKOTO MHOTOYTOJbHUKA Ha
IUIOCKOCTh 0 paBHA IUIOMIAAM S TMPOEKTUPYEMOT0 MHOTOYTOJIbHUKA,
YMHOXEHHOW HAa KOCHUHYC yIJIa Y MEXIY IUIOCKOCTBIO MHOTOYIOJIbHHKA H
IJIOCKOCTBIO Ol

s=S-cos(y).

Ipumep 112.

UYepes cTOpoHY OCHOBAaHUS MPABUIIBHOM TPEYrOJIbHOM IPU3MBI [IPOBEICHA
miockocTs mox yriaom y=30° K IUIockocTH ee OcHOBaHWs. HaiiTH muiormaib
00pa3yIolIEerocsi CeUYeHus, €CIM CTOPOHA OCHOBAHUS paBHa 6 CM.
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Pewenue:

T.K. NpU3Ma IMpaBUIbHAs, TO €€ OOKOBblE pelOpa MNEpPHEHIUKYISIPHBI
IUIOCKOCTH OCHOBaHMs. CleI0BaTeNIbHO, TNIOCKOCTh OCHOBAHUS €CTh MPOEKIUS
IUIOCKOCTH CEYEHHUS.

T.K. B OCHOBaHMHM IPaBUWJIbHBIN TPEYTOJBHUK, TO €r0 IUIONIA/lb PaBHA:

a’+/3
1

Hcnonp3yst CBOMCTBO OPTOTOHATIBHOM ITPOEKLIUY, UMEEM:
a3

4cosy

3Hasi, 9TO CTOPOHA OCHOBaHMS paBHa 6 cM u yrom y=30°, BbrUHCIAM
IUIOIIA/Ib:

S

_ 63 36v3 36
40530 4J§ 2

2

18

3aoanus 01 camMoCmoAmMenabHO20 PEULeHUA:

Pemnre 3agaun:

1) KakoBbl mpoekmuu OBYX NPSIMBIX Ha TUIOCKOCTH, €CJIH: a) TMPSMBIS
nepeceKaroTcsi; 0) MpsMbIe CKPEIUBAIOTCS; B) MPSIMbIE MapaJUICIbHBI.

2) Ha mogemm xky6a ABCDA;B;C;D; ykaxkute MpoeKIuu Ha TUIOCKOCTh
rpaan AA4;B1B otpeskoB C;D;, AD, C;D u DB,, tpeyrompaukos C;CD u ACD,
kBaapata BB,C,C.

3) T'unoTteny3a NpIMOYTOJILHOTO TpeyroyiibHUKa paBHa 10 cM, a ocTphIii
yron 60°. Haiiaure miomanb MPOEKIHM 3TOr0 TPEyrodbHHKA HA IIOCKOCTD,
COCTABISIONLYIO C IIOCKOCTBIO TpeyroibHUKa yrou 30°,

4) CtopoHbl TpeyrojapHukKa paBHbI 3,9 cMm, 4,1 cm u 2,8 cm. Haiinure
IJIOIIA/lb €r0 MPOEKUMH Ha IUIOCKOCTh, COCTABISIONIYIO C IUIOCKOCTBIO
TpeyromnbHuka yrom 60°.

Konmponwsuwvie éonpocoi:

1. Yto Ha3bIBaeTCs MapayjiebHON MPOCKIUeH?

2. TlepeuncnuTe CBOWCTBA MApaUIETLHOTO MPOSKTHPOBAHMUSL.
3. Uto Ha3bIBaeTCs OPTOrOHAIBLHON MpOeKIKe PUrypsi?

JIumepamypa: [16]

IIpakTuyeckoe 3ansiTue NeS0
N300pakennsi NPOCTPAHCTBEHHBIX QUTYP

Ilenwv pabomor:
CMYOeHm 00JIHCEH:
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3HaAMb!

- CBOMCTBA MMAPAJUICIIBHOTO IPOECKTUPOBAHMS,

ymems.

- n300paxkaTb MPOCTPAHCTBEHHbIE (PUTYpbl HA TUIOCKOCTH C MOMOIIBIO
[apaJJICIBHOTO IPOEKTUPOBAHMUS.

Ceeodenus u3z meopuu:

H3z06padicenue npocmpancmeeHHbIX puyp Ha nIOCKOCMU

Jlnst n300pakeHusT MPOCTPAHCTBEHHBIX (UTYP HA TUIOCKOCTH OOBIYHO
MOJIB3YIOTCS TTAPaJUICIbHBIM IPOCKTUPOBAHUEM.

Pucynox 44. N300pakeHne MpoCTPaHCTBEHHBIX (PUTYP Ha MIOCKOCTU

[IpsmMonuHeiiHble OTpe3KU (PUIrypbl HU300paKalOTC Ha IIOCKOCTH
YyepTeka OTPE3KaMHU.

Pucynox 45. N300paxkeHne oTpe3ka Ha MIO0CKOCTH

JIeiCTBUTENBHO, BCE MpsAMBIE, NpPOEKTUpyronme To4Yku otpe3ka AC,
JeKaT B OJIHOM TJIOCKOCTH, IMEPECEKAIOIIEH IIIOCKOCTh a mo mpsiMort A;Cj.
[IpousBosibHas Touka B otpe3ka AC nzobOpaxaercst Toukoit By otpeska A1C;.

OTHoOlIEHHE OTPE3KOB OJIHOM TPSMOW WM TapalUIebHBIX MPSIMBIX
COXpaHsIeTCs TIPHU NapajieIbHOM MPOSKTUPOBAHUU:

AB  AB,
BC BC,’

Ipumep 113.

JlaHa mapasuienibHasi TPOEKUHUs TPEyroJbHUKa. Kak mocTpouTh NpoeKuun
MEJIaH 3TOr0 TPEYroJbHUKA?

Pemenne:

IPU NApaJUIEIbHOM MPOECKTUPOBAHUU COXPAHSAETCS OTHOLICHHE OTPE3KOB
npsaMon. [loaTtoMy cepenrHa CTOPOHBI TPEYTrOJbHHUKA IIPOEKTUPYETCS B
CepelMHy NPOEKUUU JTOW CTOpOHbI. (lleq0BaTENbHO, MPOEKUUN MEINaH
TpeyrojbHUKa OyAyT MeHaHaMU €ro MPOEKIUH.
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3aoanusa ona camocmoamenvbHozo peuienus:

Pemwute 3anaun:

1) Tloctpouth wu300pakeHHe MpaBUILHOTO TpeyrojbHuka ABC
n3o0paxkeHue BeIcOThl BH 1 6uccekTpucer 4K.

2) Tpanemuss ABCD - mapamrenpHas TpOSKIHS PaBHOOEAPEHHOMN
Tpaneruu. [locTpouTh OCh CHMMETPUH U BBICOTY JTAHHOW TPATICIIHH.

3) Hauepturte mapamienbHyto npoekiuio pomoa ABCD, UMEIOIEro yroi
A=60°. TloctpoiiTe H306paKeHHE BBICOTHI TOr0 POMOA, MPOBEACHHON M3
BEPILKHBI OCTPOTO YyIJIa.

Koumponwvnwie gonpocot:

1. Yto Ha3bpIBaeTCS MapayICIbHON MPOCKIUEH?

2. llepeuncnure CBOICTBA MAPAIICIBHOTO MPOSKTUPOBAHUSI.

3. Uro sABisieTcs mMapaieIbHOM MPOEKIMEeN OTpe3Ka, TPEYroJIbHHUKA,
MPSIMOYTOJIbHHUKA, KBaJpaTa, OKPY>KHOCTH?

4. Kakume  BeIMYMHBI HE  HM3MEHAIOTCA  NOpU  NapauieIbHOM
npoenupoBaHun? (IIMHA OTpe3Ka, rpaJycHas Mepa yIioB, OTHOIICHUS JJIUH
OTPE3KOB, OTHOIIEHUE IJIOMIaAeH ABYX puryp)?

5. Moxer 1M mpu mHapauieIbHOM MNPOEHUPOBAHMM NapajijiesorpamMmma
MOJIYYUTHCS TpaNenust 1 Ha000poT?

Jumepamypa: [10, c. 170-175]

IpakTuyeckoe 3ansaTue Ne51
Bepumunbl, pedpa, rpaHd MHOTOTPAHHUKA

ILlenwv pabomor:

CMYOeHm QO0JIHCEH:

3Hamo:

- CBOWCTBO, CBA3BIBAIOLIEE YWUCIO BEpIIMH, pebdep U TIpaHel
MHOTOTPaHHHKA,

ymemn.:

- yCTaHaBIUBaTh CBSA3b MEXIY YHCIOM IUIOCKUX  yrjaoB [/
MHOTOTpAaHHHMKA U YUCIIOM ero pedep P.

Ceedenusn uz meopuu:

JInss  BBIOYKJIBIX  MHOTOTPAHHUKOB  HMMEET  MECTO  CBOWCTBO,
CBSI3bIBAIOIIEE YHMCIIO €0 BEPIIUH, pedbep U rpaHei, qokazanHoe B 1752 roay
Jleonapiom DisiepoM, U MOJIYYMBIIIEE HA3BAHUE TEOPEMBI JWJiepa.

[Ipexxne uvem ero chopMyaupoBaThb pPACCMOTPUM HW3BECTHBIE Ham
MHOTOTPAaHHUKH M 3allOJIHUM CIIEAYIOUIYI0 TaONHIly, B KOTOpod B — 4ucio
BepuInH, P — pebep u " — rpaHeil JaHHOTO MHOTOTpaHHHUKa:
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Ha3Banue MHOrOrpaHHuKa B P I
TpeyronpHas nupamMua 4 6 4
YeTpipexyrojbHas mupaMuia 5 8 5
TpeyronpHas npuzmMa 6 9 5
YeTblpexyroabHas mpu3Ma 8 12 6
N-yrosbHas NUPaMHIA n+l 2n +1
N-yroJjibHas mpu3Ma 2n 3n n+2
N-yrosibHas yceueHHasi | 2N 3n n+2
nupaMua

N3 »ToM TaOauIbl HEOCPEACTBEHHO BUAHO, YTO JIJIsi BCEX BHIOPAHHBIX
MHOTOTPAaHHUKOB MMEET MECTO PaBeHCTBO B-P+/=2. Oxa3pIBaeTCs, 4TO ITO
PABEHCTBO CIIPABEMINBO HE TOIBKO JUJIS 3TUX MHOTOIPAHHUKOB, HO U ISl ITPO-
M3BOJIBHOTO BBIITYKJIOTO MHOTOTPAaHHHKA.

3aMeTuM, YTO MHOTOYTOJIbHUKM MO>KHO J1Ie(pOpMHpPOBaTh, YBEIUYUBATH,
YMEHbIIIATh WM JaXK€ HCKPUBJISITh WX CTOPOHBI, JIMIIL Obl MPU ITOM HE
MPOUCXOIUIIO Pa3pbIBOB CTOPOH. YKo BeplIvH, pedep U rpaHel Mpu 3TOM He
V3MEHUTCA.

Jlist moJiydeHHOro pa30MeHusi MHOTOYTrOJbHUKA Ha Ooliee MelKkue
MHOT'OYTOJIbHUKH UMEET MECTO PABEHCTBO:

B-P+I'=1,

rae B — obmiee yuciao BepuinH, P — oOmiee yucio pedep u I — 4ucio
MHOTOYTOJILHUKOB, BXOASAIINX B pazouenue. SAcHo, uto ['=/~1, rae " — uncino
IpaHel JaHHOTO MHOT'OTPAaHHHUKA.

B nobom evinyknom mHozoepannuke Haudemcsi epamb ¢ 4uciom pebdep
MEHbUIUM UTIU PABHBIM NAMU
st 1106020 MHO202paAHHUKA uMeem Mecmo Hepaeencmeo 3B < 2P .

3aoanusn 014 CAMOCMOAMENbHO20 PEULEHU:

1) MosKeT i YKCIIO0 BEPIIIMH MHOTOTPaHHHKA PaBHATHCS YHCITY €ro Irpa-
HEeu?

2) YcTaHOBHTE CBSI3b MEXTY YMCIIOM IUIOCKHX YIJIOB /] MHOTOTpaHHHUKA
U 9UCJIOM ero pebep P.

3) TI'paHsMu  BBINIYKJIOIO  MHOTOIpAaHHHKA  SIBIIIIOTCS  TOJIBKO
TpeyroiabHuKU. CKOJIBKO Y HEro BEepIIUH B u rpaHeit I, eciiv oH umeeT: a) 12
pebep; 6) 15 pedbep? [IpuBeauTe mpuMepsl TAKUX MHOTOTPAHHUKOB.
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4) W3 kaxmoil BepIIMHBI BBIMYKIOTO MHOTOIPAaHHHUKA BBIXOIHWT TPH
pebpa. CkoIbKO OH UMEET BepIUH B u rpaHeil [, ecinu y Hero: a) 12 pebdep; 0)
15 pebep? HapucyiiTe 3TM MHOTOTrpaHHUKH.

5) B kaxmoil BeplIMHE BBIMYKIOTO MHOTOTPAHHUKA CXOIUTCS II0
yeTbipe pedpa. CKOIbKO OH UMEET BEpIIMH B u rpaneit [, ecnu 4yuciio pedep
paBHO 12?7 HapucyliTe 5TH MHOTOTpaHHUKH.

KOHmPOJleble eonpocwsl:

1. 3anmmurte Gopmymy, CBA3BIBAIOIIYIO YUCIIO BEpPIINH, pedep U rpaHen
MHOTOIPAHHHKA.

Jumepamypa: [10, c. 175]

IIpakTuyeckoe 3ansaTue Ne52
Hapamnenenunen. Kyo

Lenv padomuwi:

CMYOeHm O0JIHCEH:

3Hamo:

- OIIpeieNIeHrE apajlieNienunena, Kyoa;

- CBOMCTBA MPSMOYTOJIBHOTO MapasuieenuIe/a;

- popmysbl 00BEMa MPSIMOYTOJILHOTO TapajuieNienunesa, Kyoa;
ymemsy.

- CTPOUTH Mapajuienenunes, Kyo;

- BBIYUCIIITH 00BEM IPSIMOYTOJILHOTO TIapaljiesienuneaa, Kyoa.

Ceedenusn uz meopuu:

llapannenenunedom Ha3pIBaeTCsA MPU3Ma, OCHOBAHUSAMH KOTOPOM CITy>Kat
napasuiesniorpammel. Bee miects rpaHeil napaienenurena — napauieorpaMMel.
OTpe3ku, COENMHSIONIME BEPIIMHBI Mapajuielienunena, He NpUHAJICKAIINE
OJTHOM U TOM e IPaHU, Ha3bIBAIOTCS OUACOHANIAMU napailesenuneod.

Ceoticmea napannenenuneda

1) CepemuHa AWaroHaNM MapajUIeJeNuIea SBISICTCS €ro ICHTPOM
CUMMETPHUH.

2) IlporuBojexalue TpaHd MapajieyieluIe[a IOMapHO pPaBHBI H
napaijiebHbI.

3) Bce derhipe auaroHaly Mapajieiienuiea IMepecekaroTcs B OJIHOM
TOYKE U JICTSATCS €10 MOMOoJIaMm.

Pucynok 46. [lapannenenunen
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[Tapannenenunen, ©OokoBble pebdpa KOTOPOTO  MEPHEHIUKYISIPHBI

TUTOCKOCTH OCHOBAHUS napajuiesienumena, Ha3bIBACTCSI NPAMbIM
napannenenuneoom (ABCDA;B,C,D; — npsimoit mapaenenumnes).
l)l ‘701
4/ | B
D R B C
. & - D

Pucynoxk 47. [IpAMOyroJbHbBIN apaieenuIe]

IIpsamoii napasuielIeIuIe, OCHOBaHUEM KOTOPOTO CILY)KUT
IPSIMOYTOJIBHUK, Ha3bIBACTCS NPAMOY201bHbIM napainenenuneoom. Bee rpann
IPsIMOYTOJIBHOTO Mapajiejenunesa — npsMOYroJibHUKU. JMHbBI Tpex pedep
IPSAMOYTOJIBHOTO — MAapaJuICNCNIANENd, BBIXOAAIIMX W3 OJHOW  BEPIIUHBI,
Ha3bIBAKOTCS U3MEPEHUAMH IIPSMOYTOJIBHOTO ITApaJUICIICIUIIC .

Csoticmea npsmoy2oibHo20 napaiieienuneod
1) KBagpaTr nuaroHansy npsiMOyroJibHOTO Mapajuiefielurea paBeH CyMMe
KBaJ[PaTOB TPEX €ro U3MEPCHUI:
d*=a’+h*+c%.
2) Bce quaronasiu mpsiMOyroJibHOTO Tapaijie/ieie/1a paBHbI.
3) st ky6a popmyina ymporaercs: 402=12a2.

Ilpumep 114.
Haiitu ninHy cTOpOHBI Ky0a, €CJIM €ro IMaroHallb paBHa 5 CM.
Pewenue:
13 GOpMyIIbI AJI JUaroHaiy KyOa BhIpa3UM €ro CTOPOHY:
2=
12

a:/ﬂz:i:i
12 J3 3

T. k. mapamenenune] €CTh YacTHBIM Cllydald NOPU3MbI, TO IUIOIIAIb
MOBEPXHOCTH W O0BEM MapayljIeJICNHIeIa BBIYUCIAIOTCS MO (QopMysiaMm Jyis
IJIONIAIM  TIOBEPXHOCTH M oObema Tmipu3Mbl. Kpome Toro, o0Obem
MPSIMOYTOJILHOTO MapauIeIeTUIe ] MOXKHO BBIUUCISATE TIO (hOpMyIIe:

V=abc,
rje a, b, C — Tpu u3MepeHus NPSIMOYTOJILHOTO HapasuIeICIHIIe Ia.

Torna,

Kyo
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[TpstMOyTONBHBIN MTapajuIeNenUIel C pABHBIMU U3MEPEHHUSIMHI Ha3bIBACTCSI
KyooM. Bce rpanm ky0a — paBHBIC KBapaThl.
O6beM kyOa BeIUUCIACTCS TI0 hopmyJie:
~ .3
V=a’,
r7Ie a — U3MEpEeHue Kyoa.

Kax naiimu cymmy onun écex pébep napannenenuneda

Hnsa ynoOctBa BBeaeM o0Oo03HaueHUs: A W B CTOpPOHBI OCHOBaHUS
napaienenunena; C — ero O0KoBasi rpaHb.

T. 0., B OCHOBaHMM IAPAJUIEIECHUIIECAA JISKHUT IMAPAJIIETIOrPaMM CO
cropoHamu A wu B. llapammenorpaMmM — 3TO  YETBIPEXYTOJIbHUK,
MIPOTUBOIOJIOKHBIE CTOPOHBI KOTOPOTO paBHbI W mapajuienbHbl. M3 3Toro
ONpENIECIICHNS CIENYET, YTO MPOTUB CTOPOHBI A JIEKUT paBHas €l CTOpoHa A.
[TockonbKy MPOTUBOJICKAIIUE TPAaHU TapaljIesienuIeia paBHbl (BBITEKACT W3
OTIPEJICJICHHMS), TO BEPXHSIS €r0 TPaHb TOXE UMEET 2 CTOPOHBI paBHbIE A. Takum
o0pa3oM, CyMMa BCEX YETBhIPEX 3TUX CTOPOH paBHA 44.

To ke, MOXKHO CKa3arh, U 0 CTOpOoHE B. [IpoTHBOIOIOKHAS €11 CTOPOHA B
OCHOBAaHMHU TMapajuiesienuieaa paBHa B. BepxHsas (mpoTHBoJekKallas) rpaHb
napajulelIenuneaa TOKE UMEET 2 CTOpPOHBI, paBHble B. CyMma BCEX 4YETBIpEX
ATUX CTOPOH paBHA 45.

BokoBbIe rpaHu napajUiesienuneaa TOXKe SBIIOTCS MapajuieJorpaMmmMaMu
(BbITEKAEeT U3 CBOMCTB mapaenenumnena). Peopo C ogHOBPEMEHHO SIBISIETCS
CTOPOHOM  JIByX  COCENHMX TrpaHeu  mapawienenunena. [lockosbky
MPOTHUBOIIOJNIOKHBIE TPAaHHW Mapajuiesienunea MOMapHO paBHbI, TO BCE €ro
O0KOBbBIE pebpa paBHBI MKy co00it 1 paBHbI C. CymMma 00Kk0BbIX pedep — 4C.

Takum obOpazoMm, cymma Bcex pebep mapasuienenunena: 44+4B8+4C unu
4(A+B+C).

YactHpll citydail mpsmoro mapamienenumnena — kyo. CyMma BcexX ero
pebep paBHa 124.

Ilpumep 115.

Haiinure mmpuHy W BBICOTY NPSMOYTOJIBHOTO MApaJIENENUIENa, €CIIH
mpuHa b Oonbie ero JumHbBI @ Ha 1 ¢M, BeIcoTa C B 2 pa3a OoJIblie JJIMHBI d, a
nuaroHasib d B 3 pasza OoJIbIIe JIUTHHEI .

Peurenue:

3amuIIeM OCHOBHYIO (opMysly KBaapaTa AWAroHald MPSMOYTOJbHOTO
napasuiesienunesa;

d*=a’+h*+c”.
BripasuMm Bce u3mepeHust Yepes 3aannyo JuHy a. b=a+1; c=2a; d=3a.
[ToacraBum B hopmyiy:
9a? =a*+(a+1)*+4a>.

PemuB kBagpaTHOE ypaBHEHHE, HaMIeM JIJTMHBI BCeX pedep:

3a*—2a-1=0.
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a=1; b=2; c=2.

Ilpumep 116.

JlBa peOpa NmpsIMOYrOJBHOTO NapajuleNIeNUIeNa, BBIXOAAIIUE U3 OJHOMN
BEpILNHBI, paBHbI 3 U 4. [1nomane moBEpXHOCTH 3TOro NapajlieienuIea paBHa
94. Haiigute TpeTbe peOpo, BBIXOIAILEE U3 TOM )K€ BEPILIUHBI.

Pemenue:

0003HaYMM H3BecTHBIE pedpa 3a a u b, a HemsBecTHoe 3a C. [Inomanm
MOBEPXHOCTHU NapaAJIJICJICIIUIIEIa BBIPAXKAETCS KaK

S =2(ab +bc +ac).

Bripasuwm c:
S
——ab
c=2 .
a+b
[ToncraBmsas 3a1aHHBIE 3HAYEHUS], UMEEM:
94
—-12
c=-2 =95
7
Otser: 5.

3aoanusn 014 CAamMOCmMOAMEIbHO20 PEULEHU:

Pemure 3agauu:

1) Hamo mokpacuth 1mos1 B KoMmHarte. Pacxox kpacku Ha 1 M — 120 2,
KOMHaTa uMeeT pasmepsl 5 u 1 4 m. CKobKO oTpedyeTcs Kpacku?

2) Hago okiienTh KOMHATY C OZHMM OKHOM M IBEPBHIO 000SMHU OT I10JIa 10
noToJika. J{muHa koMHatel 5 m, mmpuHa — 4 M, BeicoTa — 3 M. [Tnomans okHa 3
M, TLIOIIAMb IBEpH 2 M?. Obou MPOJAIOTCA LEJIBIMU pyJioHaMu, | pysnoH Ha 10
M?. CKOJIBKO TOTPeOyeTCs PYIOHOB 060eB?

3) JIBa pebpa npsSMOYroJbHOTO Mapaijie/ieuIea, BEIXOIAIIUE U3 OTHOM
BEpIIMHBI, paBHbl 1, 2. [lmomaas moBepxXHOCTHM mapajuienenunena paBHa 16.
Haiignte ero nnarosanis.

4) IInomaapr rpaHyu OpsIMOYTOJIBHOTO Mapaienenuneaa pasHa 12. Pedpo,
NEePHeHANKYIIPHOE 3TOM TpaHu, paBHO 4. Haiinure o0beM mapasienenumesa.

Koumponwvnwie gonpocul:

1. Jlaiite  ompexmeneHue — mapaienenunena, Kyba,  BBIIOJHHUTE
COOTBETCTBYIOIIME YEPTEKH.

2. llepeuncnure CBOMCTBA MPSMOYTOJIBHOTO MapajUieIenunea.

3. 3anummre (GopMysbl s BBIYHMCICHHUS OO0bema MapajuielienuIena,
KyoOa.

Jumepamypa: [10, c. 143]
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IpakTnueckoe 3ansitue Ne53
Ceuyenns Ky0a, Npu3Mbl, TUPAMHUAbI

Lenv pabomuwi:

CMYOeHm O0JIHCEH:

3Ham».

- METOJ «CIIETOBY;

- MpaBUJIa IOCTPOCHUS CEYCHU MHOTOTPaHHUKOB;
ymemy:

- CTPOWTH CEUCHUS KyOa, IpU3MbI, TUPAMHU/IBI.

Ceéedenusn uz meopuu:

Ceuenus kyba niockocmoio

Eciu nnockocTe mepecekaer Tpu peOpa KyOa, BBIXOASIIMX M3 OJIHOM
BEPIINHBI, TO B CEYCHUU TOJIy4aeTCs TPEeyrojapHuK (puc. 48 ciesa). [Ipu sTom
€CJIi OTCEKaeMble TUIOCKOCTBIO OTPE3KU PeOep paBHbI, TO B CEUEHUU MOTYYaeTCsI
PaBHOCTOPOHHUW TPEYTrOJbHUK, €CJIM PaBHbl JBa OTpe3Ka U3 TpeX, TO
MOJIy4aeTcsi paBHOOEIPEHHBIM TPEYroJbHUK, HAKOHEI, €CIM BCE TPU OTpe3Ka
pa3IuYHbL, TO B CEUEHUH MOIYYaeTCs] pa3HOCTOPOHHUM TPEYTOIbHUK.

%

.
C ’
|
P --- P === | TrF=C T .
. s .
. .
.

Pucynok 48. Ceuenus Ky0a mi10CKOCTbIO

B ceuenun ky0a miockoCTbiO HE MOTYT MOJIY4aThCs MPSIMOYTOJIBHBIN HITH
TYTOYTOJIbHBIN TPEYTOJbHUKH.

BrisicHuM, Kakue 4eThIpeXyroJibHUKM MOTYT MOJIy4aThCsl B CEUYEHUH KyOa
TUTOCKOCTBIO.

SIcHO, YTO ecnM MIOCKOCTh MapajuielibHa OAHOW M3 rpaHeil Kyba, TO B
CCUCHHMM ToydaeTcss kBampaT (puc. 48 mocepenmwne). Ecimm  maockocTh
napajuielibHa OJHOMY U3 pebep Kyba, TO B CEUYEHHUU TOJTYy4YaeTCs
npsMOyrojibHUK (puc. 48 cmpaBa). Ecin mJIOCKOCTh TEpeceKkaeT YeThIpe
napasuiesibHbIX peOpa KyOa, TO B CEUCHHMH IOJydaeTcsl mapajuiesorpaMmm (puc.
49 cnesa).

Pucynox 49. Ceuenus ky0a mi0CKOCTbIO
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Ha puc. 49 nocepeaune nmokasaHo cedeHHEe KyOa IUIOCKOCTBIO B (popme
naruyronbHuka ABCDE. [Ipsmeie AB u DE, CD u AE napasienbHbl, Kak JUHUH
NepeceyeHs IBYX MapalIeIbHBIX MIIOCKOCTEH TPEThEeH MIOCKOCTHIO.

Ha puc. 49 cmpaBa mokazaHo ceueHHEe Ky0a IUIOCKOCTBIO B ¢opme
mectuyronpanka ABCDEF. Ilpsmeie AB u DE, BC u EF, CD u AF
napauiebHbl, KaK JIMHUM TIEPECEUCHHs] JBYX NapaJICIbHBIX IIOCKOCTEH
TPETHEU INIOCKOCTHIO.

[TockonpKy y KyOa MMEETCsl TOJNBKO IIECTh TpaHed, TO B CEYCHUH KyOa
IJIOCKOCTHIO HE MOXKET TMOJYyYUTHCS MHOTOYTOJBHHUK C YHCIOM CTOPOH,
OOJIBILIMM IIIECTH.

Hocmpoeﬂue ceueHutl MHO20ZPAHHUKOB

I[JUI IIOCTPOCHHUA CEUYCHUM HCIIOJIB3YIOT MCTOJ «CJICOOB»,
BaKHIOanOHlHﬁCH B HaXOXIACHHUHN TOYKH IICPCCCUCHUA prIMOP'I N IINIOCKOCTH IIO
3aJaHHBIM IBYM TOYKaM 3TOU HpHMOP'I " UX IIPOCKIUAM Ha IINIOCKOCTD.

Ilpumep 117.

[TycTh npsimast K mpoxomut vepe3 Touku A, B 1 W3BeCTHBI MapajuienbHbIe
npoekuu A’, B’ 3TuX Todyek Ha MJIOCKOCTh 7. Tpedyercs HAWTH TOUKY
nepeceueHust npsimoit AB ¢ miiockocTsio .

Pemenue:

yepe3 Toukn A’, B’ mpoBenem npsimyro K’. Torma nepeceuenune npsimoii K
c mpsiMoit K’ 1 OyZieT MCKOMBIM TepecedeHrneM npsimor K ¢ rmockocteio T (CM.

puc. 50).
|
=Ly
Pucynoxk 50.
Ilpumep 118.

Haubr toukn A, B, C u ux mapamnensnbie npoekmuu A’, B’, C’ nHa
IJI0CKOCTh 7. TpedyeTcss MOoCTpOUTh JUHUIO mepecedeHus miockoctd ABC wu
IJIOCKOCTH T.

Pemenne:

UCIIONB3Ys pEIICHUEe MPEIbIAYyIIeH 3aaaud, MOCTPOUM TOUYKH X U Y
nepecedenust npsimbix AB u AC ¢ miockocteio 7. Ilpsamas XY Oyaer uckomoit
nMHHAeH niepecedenns miockocti ABC u miockocTH 7 (cm. puc. 51).

Pucynoxk 51.
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Ilpumep 1109.

Yepes mannyro Touky C (C’) mpoBecTd mpsmyro, Hapauie/IbHYO JTaHHON
upsimoii AB (A’'B’), 1 HaiiTk ee TOUKY MepeceuYeHHs ¢ INIOCKOCThIO .

Pemenue:

yepe3 Touky C mpoBoauM mnpsimyio, napamienbhyio AB. Uepes Touky C’
MpPOBOAUM TIpsiMyto, mapaienbHyto A’B’. Touka X mepecedeHus 3TUX MPSMBIX
u Oyjer uckomoi (cM. puc. 52).

Pucynok 52.

Hcnonvsys memoo, paccmompennsiii 6 npumepe 119, pewum 3a0auu Ha
nocmpoeHue cedenuli Kyoa, nupamuowvl U npu3mbl

Ilpumep 120.

[TocTpoutsb cedyeHue Kyda MIOCKOCTHIO MPOXOSAIIEH Yepe3 TpU TOUKU A,
B, C, mpunapiexaiye MomnapHo CKpelMBaromuMcs pedpaM 3Toro kyba (cm.
puc. 53).

By ¢
‘ C

Pucynok 53.

Pewenue:

HaliieM nepecedeHue mnpsMoil AB, nexaleld B MIOCKOCTH CEYEHHUS, C
IUIOCKOCTBIO  OCHOBaHHsSI Kyba. Jlisg 92TOro MOCTpOMM  MapajiesibHbIE
npoekunuA’, B’ Touek A, B Ha ocHOBaHMe KyOa B HampaBjieHUU OOKOBOro pedpa
Ky0a (cM. puc. 54).

v

U’\‘
W
AT
v
1
v

Pucynox 54.

[Tepeceuenne mpsimbix AB u A’B’ Oymer uckomoit Toukoirt P. Ona
OPUHAUICKUT TUIOCKOCTH CEYEHMs U IUIOCKOCTHM  OCHOBaHMs — KyoOa.
CrnenoBaTenbHO, MJIOCKOCTh CEUEHHUsl MepeceKkaeT OCHOBaHME KyOa IO MpsMoii
CP. Touka mepeceueHus: 3TOM TPsSMON C PeOpPOM OCHOBaHUS KyOa JacT elle
onHy Touky D ceuenus ky0a. Coenunum touku C u D, B u D otpeskamu. Yepes
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TOuKy A TpoBeAeM mpsMyro, mapamuienabHyto BD, u Touky ee mepecedeHus c
pebpom kyba o6o3naunMm E. Coequnum Touku E u C orpeskom. Uepes Touky A
npoBeneM Mpsamyto, mapamienpHyto CD, u Touky ee mepeceueHus ¢ pedpom
ky0a o0o3HauuM F. Coequnum Touku A u F, B u F orpeskamu. MHOroyrojisHuk
AECDBF u 6ynetr HICKOMBIM H300pa)KeHUEM CeUYeHUs KyOa MITOCKOCTHIO.

Ilpumep 121.
ITocTpouTs ceueHne TpEeyroJbHOW MUpaMUbl IIIOCKOCTHIO, POXOASAIIEH
gyepes Tpu Touku A, B, C, mpunHamnexamnue ee peopam (cm. puc. 55).
E

Pucynok 55.

Pewenne:

npoBeaeM npsmyro AB u ee Touky mepecedyeHus ¢ OOKOBBIM pedpoM
nupamuel  o6o3HaunM uepe3 E. Ilposemem mpsimyto EC u ee Touky
nepeceueHust ¢ pedopoM OCHOBaHUs nupaMuibl 0003HaunM depe3 D. Coenunum
orpeskamu Touku B u C, A u D. Yetrsipexyronpauk ABCD OyaeT mCKOMBIM
CEUEHHEM MUPAMHU/IBI.

3aoanusn 011 CAamMoOCmMOAMENbHO20 PEUIEHU:

Pemmre 3agauu:

1) Kakoii durypoii siBisercs cedenue kyba A...D; miockocThio,
npoxosien yepe3 Bepimnbl By, D u cepenuny pedpa CC,?

2) Kakoii ¢urypoit sBisercs ceueHue Kkyba A..D; miockocTbio,
npoxosien yepe3 cepenunsl pedep AB, BC u DD,?

3) Uepes cepenuHy peOpa Kyda, MEpHCHAUKY/ISIPHO CKPEIIMBAIOIICHCS C
THM pedpOM TuaroHaiu, IpoBeAeHo ceuenne. Onpenennure ero Bu.

4) Kakoii ¢urypoit sBisieTcs cedyeHue Kyba IUIOCKOCTBIO, KOTOpas
MPOXOJNUT Yepe3 ABE IPOTHUBOIIOJIOXKHBIC BEPIIMHBI HIKHETO OCHOBAaHUS H
CepearHy OJHOTO U3 pedep BepxHero ocHoBaHUs? HaiinuTte ero mepumetp, eciu
JyMHa pedpa kyba paBHa 1.

5) Yepes Bepimnntl A, C, D; ky6a A...D; npoBeneHo ceuenue. B kakom
OTHOIIEHUU OHO JAENUT nuaroHanb DBj;, m kakoil oOpasyeT yroma c JToOH
TUArOHAJIBIO?

6) Kakum siBasiercs ceuenune Terpadapa ABCD 1mocKoCThIO, IPOXOasIiei
yepe3 cepenunbl pedep AB, BC u CD?
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7) Kakoii ¢urypoii siBisercs cedeHue NpaBHiIbHOro Terpasapa ABCD
IJIOCKOCTBIO, TMpoxoAsmie uyepe3 BepmmHy B u Toukm M, N — cepenuHbl
cooTBeTcTBeHHO pedep AD, CD?

8) Iloctpoiite ceuenne kyba A...D; mimockocTeio, mpoxopsiieil uepes
BepinHbl By, D u Touky H, npunannexamryto pedpy CC;.

9) IloctpoiiTe ce4yeHHE TMPABWIBLHOW YETHIPEXYTrOJbHOW ITHPAMHUIBI
MJIOCKOCTHIO, TIPOXOIAIIECH Yepe3 TOUKH, YKa3aHHbIC Ha PUCYHKE 56.

A

Pucynok 56.

10) TIloctpoiiTe ceueHHE MPABWIBHOW  IIECTHYTOJBHOW  MPHU3MBI
MJIOCKOCTBIO, MPOXOIAIIEH Yepe3 TOUKH, YKa3aHHbIC HA PUCYHKE S7.

|
I
1
i
|
I

B JRE——— -1

A C

Pucynoxk 57.

Konumponwsuwie éonpocwi:

1. MoxeT 11 B cedeHUH Ky0Oa MJIOCKOCTHIO TTOYYUTHCS: a) Tparenus; 0)
paBHOOenpeHHass  Tpamelusi; B)  HepaBHOOEApeHHass  Tpameuus; T)
MPSIMOYTOJIbHAS TPAIEIus; 1) TYIIOYyTroJIbHAs Tparneus?

2. Kakue  MHOTOYrOJIbHUKA  MOXHO  TMOJYyYUTb B  CCUYCHHH
YEeTHIPEXYTOJIbHON MUPAMHUJIBI TUIOCKOCTHIO?

3. Kakue MoryT OBITh C€UCHUS IPABMIIHBHOTO TETPadapa MIOCKOCTHIO?

Jumepamypa: [10, c. 144-151]

IpakTuyeckoe 3ansitue NeS54
IIpeacraBiieHue 0 NMPaBWIBHBIX MHOTOIPAaHHUKAX (TeTpa’ap, KyoO,
OKTAadAp, 10JAEKAIAP, HKOCAIAP)

Ilenwv pabomor:

CMYOeHm 00JIHCEH:

3HAMb.

- oTIpeieNieHe TPaBUIIBHBIX MHOTOTPAHHHUKOB,;

- BUJIBI, DJIEMEHTHI, CBOMCTBA MPABWIIBHBIX MHOTOTPAaHHUKOB;
ymemy:

- CTPOWTH MPABUIILHBIC MHOTOTPAHHUKH.
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Ceedenusn u3z meopuu:

BoInykiiblii MHOTOTpaHHUK Ha3bIBACTCS NPABUILHBIM, €CIIA €T0 TPaHsIMU
SBIISIIOTCA PAaBHBIC NMPABUIbHBIE MHOTOYTOJIBHUKH, U BCE MHOTOIPAHHBIE YIJIbI
PaBHBI.

PaccMoTpuM BO3MOXHBIE NTPaBUIIbHBIE MHOTOTPAHHUKHU U MPEXKJIE BCETO
T€ U3 HUX, TPAHSIMHU KOTOPBIX SABIISIOTCS MPaBHIIbHbIE TpeyronbHUKU. Hanbonee
IPOCTBIM TAaKUM [PABWIBHBIM MHOTOIPAaHHUKOM SIBJISIETCS TPEYroJIbHAs
nupamMua, TPaHSIMH KOTOPOW SIBJIAIOTCS MPaBWIbHBIE TPEYrOJbHUKHU (pHC.
cieBa). B Kax/oil ee BeplIMHE CXOOUTCS MO TpH rpaHu. MiMes Bcero 4ersipe
TPaHH, ’TOT MHOTOI'PAHHUK HA3bIBAETCS TAKXKE NPAGUTLHLIM Mempa’0pom, A
IpOCTO mempa’opom, 4YTO B TEPEBOAE C TPEUYECKOrO S3bIKa O3HAYAET

YETHIPEXTPAHHUK.
Pucynok 58. [IpaBuiibHbIE MHOTOTPAHHUKH
MHOrorpasHHuk,  rpaHsMHA  KOTOPOTO  SBJSIFOTCS  IIPaBUJIbHBIC

TPEYTOJIbHUKHU, U B KKJOM BEPIIMHE CXOJIUTCS YEThIpe rpaHu, U300paKEeH Ha
pucyHke mnocepeanHe. Ero MmoBepXHOCTh COCTOMT W3 BOCBMH TPABHIIBHBIX
TPEYTOJIBHUKOB, IIOATOMY OH HAa3bIBACTCS OKMAIOPOM.

MHOTOTpaHHUK, B KaXJOW BEpIIMHE KOTOPOTO CXOJWUTCS TISTh
MIPaBUJIBHBIX TPEYTOJLHUKOB, H300paXKeH Ha PUCYHKE clpaBa. Ero moBepxXHOCTH
COCTOUT W3 JBAIATH TMPABUIBHBIX TPEYTOJIHLHUKOB, MOTOMY OH Ha3bIBACTCS
UKOCAI0POM.

3aMeTHM, YTO TOCKOJBKY B BEPIIMHAX BBIMTYKJIOTO MHOTOTPDAaHHHWKA, HE
MOXXET CXOJUThCS Oo0jiee TMSITH TMPABWIBHBIX TPEYTOJIBHUKOB, TO JIPYTUX
MPaBUJIBHBIX MHOTOTPAHHUKOB, TPAHSIMH KOTOPBIX SBJISIOTCS TPABUIIBHBIC
TPEYTOJIbHUKH, HE CYIIECTBYET.

AHanoru4YHO, MOCKOJBKY B BEPIIMHAX BHIMYKJIOIO MHOTOTPAHHUKA MOKET
CXOIUTHCS TOJBKO TPH KBajpara, TO, KpoMe KyOa (puc. cieBa), IpPYrux
MPaBUJILHBIX MHOTOTPAHHUKOB, Y KOTOPBIX TPaHSIMH SIBIISIOTCS KBaApaThl, HE
cymectByeT. Ky0 wumeeT miecTpb rpaHedl W TI09TOMY HAa3bIBAETCS TaKKe

2eKCa’I0POM.

Pucynox 59. [IpaBuibHble MHOTOTPAHHUKH
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MHoOrorpaHHMK,  TpaHSAMH  KOTOPOTO  SIBJISIIOTCS — TNpaBUIIbHBIC
MSATUYTOJNBHUKHA, U B KXKIOW BEPIIMHE CXOTUTCS TPH TpaHU, U300pakeH Ha
pucyHke cmpaBa. Ero moBepXHOCTh COCTOMT W3 JBEHAIIATH MPABHIBHBIX
MATHYTOJIbHUKOB, IIO3TOMY OH HAa3bIBACTCS 000eKA20POM.

3aoanus 0na camocmoamenbHo20 peueHun:

1) Uemy paBHBI IUIOCKHE YTIIBI JOACKadapa?

2) IlpencraBbTe MHOTOTpAaHHUK — OWIUPAMHUIY, CIOKECHHYIO U3 JIBYX
MPAaBWIbHBIX TETPAdJIPOB COBMEIIEHUEM HUX OCHOBaHUM. byner nu oOH
MPaBUWIbHBIM MHOTOTPAHHUKOM?

3) SlBisercs M TPOCTPAHCTBEHHBIM KpecT ((purypa, cocTaBiCHHas W3
CEMH paBHBIX Ky0OB — puc. 60) mpaBHIbLHBIM MHOTOTPaHHUKOM? CKOJBKO
KBaJpaTOB OrPAHMYMBAET €ro MOBEpXHOCTh? CKOJIBKO y HEro BepUIMH B u
pebep P?

A

T
—

Pucynok 60.

4) Pebpo oktasapa paBHO 1. OmpenenuTe pacCTOSHHE MEXIY €ro
MPOTUBOIIOIOKHBIMHU BEPIIIMHAMH.

5) CkoyIbKO Kpacok MoTpedyeTcs s pacKpackd IpaHeil MpaBHIbHBIX
MHOTOTPAaHHHUKOB, TaK, 4YTOOBI COCEIHHME TpPaHU ObLIM OKpaIleHbl B pa3HbIC
Bsera’?

Konmponsusie 6éonpocwi:

1. JlaiiTe onpeneneHue MPaBMIIBHOTO MHOTOTPAHHHKA.

2. CkonbKO BepinH, pedep M TpaHel UMEIOT: a) TeTpadap; 0) oKTa’ap;
B) KyO; T) HKOCa’Ap; 1) TOACKadAp?

Jumepamypa: [10, c. 176]

IpakTnueckoe 3ansitue NedS
OceBble ceyeHHs U CeYeHU NMapajieibHble 0CHOBAHUIO

Ilenwv pabomor:

CMYOeHm O0JIHCEH:

3Hamo:

- CBOMCTBA IIPOEKLUN;

ymems.

- CTPOWTH CEUCHUS IUITUH/PA.
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Cseoenun uz meopuu:

Ceuenus yununopa

CeueHnss OWIMHApPA  IUIOCKOCTBIO  MOXKHO  paccMarpuBaTb  Kak
napajuiebHble MMPOCKIMN OCHOBAHMS LWJIMHIpA HA 3Ty IUIOCKOCTH. Ilo3TOMy,
€CJIM IUIOCKOCTD MapajulebHa IIJIOCKOCTH OCHOBAHHUsA, TO B CCUCHUH I10y4aeTCs
KpPYyT, PaBHBIM OCHOBAHUIO.

Ecny MmIOCKOCTh CEUEHHs COCTAaBISAET HEKOTOPBIM YIrod € IJIOCKOCTBIO
OCHOBAHUS IIMIIMHPA U HE MIEPECeKaeT OCHOBaHMsI, TO B ceueHuH Oyaet ¢urypa,
OTPAaHUYECHHAS JJUIATICOM.

Pucynok 61. Ceuenne nununpa

Ha puc. 61 moka3aHo mOCTpOEHHE TOYEK BJUIMIICA, TOJYYAIOIIETOCs Kak
ceueHre 0OKOBOM MOBEPXHOCTH IIJIMHJIPA TIOCKOCTHIO.

Jlnst aToro 3amaaum aBa conpsbkeHHBIX nauameTpa AB u CD. Uepes Touky
A mpoBezemM 00pa3ylollyl0 M BbIOEpeM Ha HEW Kakylo-HUOyab TOUKy A’
npuHaaIexkamyw  cedeHuto. llpsmas  A’O  mepeceder  oOpa3syrormiyro,
MPOXOIAIIYIO Uepe3 Touky B B HekoTopoi Touke B, Takke mpuHamIEKAIIYIO
ceuenunto. Bospmem temneps Ha oTpe3ke CD mpousBosibHYIO TOUKY M TpOBEAEM
yepe3 Hee npsmyro, mnapawienbHyro A’B’. Ee Touku mnepecedeHus ¢
oOpa3yronuMy MAINHAPA Oy IyT MPUHAIIC)KATh CEUCHUTO.

Bo3pMeM mNpsMOyronbpHBIM JMCT OymMarm W HapuCcyeM Ha HEM OCH

koopauHaT OX u Oy mapaniesbHO COOTBETCTBYIOIIUM CTOpOoHaM (puc. 62).
¥

PucyHok 62.

3areM CBEpHEM ATOT JUCT B OOKOBYIO MOBEPXHOCTh MPSIMOTO KPYTrOBOI'O
UWIMHApPA, pPaguyC OCHOBaHUS KOTOporo mnpumeMm 3a enuuuiy. Ocb OX

CBEPHETCSI B OKPY)KHOCTH paguyca 1, a oce Oy craner oOpasyroliei MuIHApa
(puc. 63).
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Pucynok 63.

Yepes nuamerp OD mnosydeHHOM OKPYXHOCTH TPOBEIAEM CEUCHHUE,
0
COCTaBJISIIONIIEE C IUIOCKOCThIO OKpykHOcTH yron B 30°. B srom ciyuae
CeueHHeM OyeT dJUIMIIC.

3aoanus 014 camocmoamenbHo20 peuenua:

1) HapucyiiTe OWIMHAP ¥ IUIOCKOCTb, INMEPECEKAOIIYI0 €ro OOKOBYIO
ITOBEPXHOCTH 10 JJUIUIICY.

2) HapucyiitTe mWwIMHAP W MOCTPOHTE HECKOJIBKO TOYEK JIUIHIICA,
MOJIYYaOIIErocsl B CEYEHUU €ro OOKOBOM MOBEPXHOCTHU MIOCKOCTHIO.

3) B ocHOBaHWM mWIMHApA KPyr paamyca 5 cM. bokoBas MOBEpXHOCTH
HWINHAPA MEPECEeUCHa IUIOCKOCThIO. Haigure mmomane cedeHus HWIMHApa
ATOM TJIIOCKOCTBIO, €CJIM OHa 00pa3yeT C MIOCKOCThIO OCHOBaHUA yroii: a) 30°;
0) 45°; B) 60°.

4) Bo3pMeM NPSMOYTOJIBHBIA JTUCT OyMard ¢ HApPHCOBAaHHBIMH Ha HEM
ocsiMu KoopauHaT. CBEpHEM ATOT JIMCT B OOKOBYIO MOBEPXHOCTh MPaBUIIBLHOM
YEeTBhIPEXYToJbHOM npu3Mbl (puc. 64). CTOpoHy OCHOBaHUS MPU3MbI IPUMEM 3a
1 cm. Yepes Touku O u D npoBenem cedeHHe IIIOCKOCTBIO, COCTABIISAIONIEH C
MJIOCKOCTBhIO OCHOBaHUS yroi 45°. Pa3BepHem nuct Oymaru. BeisicHute, kakas
MIpU 3TOM TOJYUYUTCS KpuBasg? UTO U3MEHUTCS, €CIU CEUCHHUE MPOBOJUTH MO

JOPYTUMHU yIiaaMu?

]
]
1
1
1
P
[
]
]
[

Pucynox 64.

Konmponwvuwvie éonpocwi:

1. B kakowm cilydyae ceyeHneM LUIUHAPA MIJIOCKOCTBIO SBIIAETCS KPYr?

2. Yrto Oyner ceueHueM HIIMHAPA TIIOCKOCThIO, TPOXOISIIEH uepe3 oCh
HWIHHAPA?

3. Kakyio @opMy mnpuHHMaeT TOBEPXHOCTh BOJbI B KPYIJoM
HaKJIOHEHHOM CTaKaHe?
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4., Moxer 1 B CEYECHUHU WJIMH/IPA IIOCKOCTHIO MOJTYUYUTHCS: a) KpyT; 0)
IPSIMOYTOJIBHUK; B) MapaijieIorpamMM; T') Tparelus 1) TPEYTOIbHUK?

5. Moryr 11 B CEYCHMSIX MIJIMHAPA IUIOCKOCTHIO TOMy4YaThCsi (PUTYPHI,
OTJIMYHBIC OT KPyTa, MPSIMOYTOJIbHUKA | AJUTUTICA?

JTumepamypa: [10, c. 146]

IIpakTuyeckoe 3ansiTue NeS6
Ilap u cdepa, ux ceyeHust

Lenv pabomui:

CMYOeHm 00JIHCEH:

3HAMb.

- OTIpeJieNIeHre 11apa, c(heppl, UX FITEMEHTOB,;
ymemy:

- CTPOWTH CEUCHUS IIapa.

Ceedenusn u3z meopuu:
lllapom TpUHATO Ha3bIBaTh TEJNO, OTPAaHUYEHHOE Ccepoi, T.e. 1ap H
cdepa — 3T0 pa3Hble FTEOMETPUUECKHE TEA.

Cgepa — »>10 durypa, cocrosimas H3 BCEX TOUYEK IPOCTPAHCTBA,
y,IIaJIéHHI)IX oT IIaHHOﬁ TOYKH Ha JTaHHOM PACCTOAHUHU.
EHT
Ctl)epl[:)l

Cdepa noayuaerca npu
BpallleHHH OKPYKHOCTH
BOKPYT AHAMeTpa HJIH
'R NOJYOKPY:KHOCTH.

=)
9!
O

Pucynok 65. Chepa

llogepxnocmv wapa Hazviearom cgepori. Ecnm  pacceub  chepy
IUIOCKOCTBIO, TIOJYYMM B CEUYEHHUU OKPYKHOCTh. Takme OKpYKHOCTH HMEIOT
pasHble pPaJAMyYChl: Ye€M Jaibllie TUIOCKOCTh OT ILEHTpa cdeprl, TeM MEHbIIEe
panuyc cedenus. Campie OOJBIINE OKPYKHOCTH TMOJYYAIOTCS TPU CEUCHUU
cepbl TUIOCKOCTSIMH, MPOXOAAIIMMHU 4Yepe3 €€ LEeHTp. TakuMu OOJBITUMHU
OKPYXHOCTSIMU Ha 36MHOW TOBEPXHOCTH SIBJISFOTCSI DKBATOP W MEPHAMAHBI. A
napajjieli — 93TO CEUYEHUS 3EMHOM TOBEPXHOCTH IUIOCKOCTSIMH, KOTOpPHIC
napaieIbHbl SKBATOPUATHLHOM TIOCKOCTH.

Cghepoii HazpiBaeTcsi Gurypa, cocrosiias U3 BCEX TOUEK MPOCTPAHCTBA,
pPaBHOYANEHHBIX OT JAHHOW TOYKH. DTa TOYKA HA3BIBACTCS YEHMPOM chepbl u
00b1yHO 0603Hauaemcs O.

Paccrosine ot Touek cdepsl 10 e€ LEeHTpa Ha3bIBACTCS paouycom cghepul
u o0bwviyHo obosznavaemcsi R. Paoduycom Taxxke Ha3bIBaeTcs J0OOOH OTpE30K,
coeUHSOMMI TOuKy cdeprl ¢ e€ neHtpoM. Cghepa — 3TO rpaHulla IIapa.
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[entp, paaguyc u auamerp cdepsl SIBISIOTCS TakXke LEHTPOM, PaauyCcoM H
JMaMeTpOM Iapa.

[llapom Ha3bIBaeTCs TEIO, KOTOPOE COCTOUT U3 BCEX TOUYEK ITPOCTPAHCTBA,
HaXOJSIIMXCS Ha PAcCTOSIHUM HE 0oJiee 4eM Ha JaHHOEe paccTosiHue. pyrumu
CJIOBaMH, wap — 3T0 00beAMHEHNE C(Eepbl U BCEX €€ BHYTPEHHUX TOYEK.

Bcesikoe ceuenue wiapa nimockoctero ecth Kpyr. LleHTp 3TOrO Kpyra ectsb
OCHOBAaHME MEPHNEHAUKYJSIPA, OMYLIEHHOrO M3 IEHTpa Iiapa Ha CEKYILYIO
IIJIOCKOCTb.

Ocnognbie ceomempuieckue Gopmyvl
[Tnomans chepsr:

S=4nr’=nd>.
O06bem 1mapa, OorpaHHUYEeHHOTO chepoil:

7 g J / / =

Pucynoxk 66. B3aumuoe pacnomnoxxenue cepbl U MIOCKOCTH

Kacamenvnas nnockocmo k cghepe

[Inockocte, uMeromias co c@epoll TOABKO OAHY OOIIYI0 TOUKY,
Ha3bIBACTCs KacaTeIbHOU TUIOCKOCTHIO K cepe, a ux o0IIas Touka Ha3bIBaCTCs
TOYKOM KacaHUs IIOCKOCTH U CEpHI.

Pamnyc cdepsl, mpoBenéHHBI B TOUYKY KacaHHWS CPepbl U TIOCKOCTH,
MEPIICHANKYJIIPEH K KacaTeIbHON TIJIOCKOCTH.

Pucynox 67. KacarenbHast mimockocTs K chepe
Ecnu panunyc cepbl nepneHANKYISIPEH K MIOCKOCTH, POXOIAIIEH Yepe3
€ro KOHEII, JIeKAIHi Ha cdepe, TO 3Ta INIOCKOCTh SBIISICTCS KacaTebHOU K

cepe.

Ceyenue wapa
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Bcesikoe ceuenue mapa miockocThlo ecTh Kpyr. LleHTp aToro kpyra ecth
OCHOBAaHME TMEPHEHANKYJSIpa, OIMYyHIEHHOTO W3 IIEHTpa Iapa Ha CEKYIIYIO
MJIOCKOCTb.

Pucynok 68. Ceuenue mapa

Ilpumep 122.

JIBa ceuenus mapa paauyca 10 cM nmapanienbHbIMU IUIOCKOCTSIMU UMEIOT
paguycel, paBHele 6 cM um 8 cM. Haltu paccrositHme Mexay CEeKyIHMH
IIJIOCKOCTSIMM.

Pemennue:

HaXOJUM PAcCCTOSIHUE KAKI0M M3 MapauleNIbHBIX IUIOCKOCTEH 10 LEHTpa
11apa 13 NpsMOYTOJIbHBIX TPEYTOJILHUKOB 10 Teopeme [Iudaropa:

d, =+100—36 =8 cm
d, =+100—64 =6 cm.

B 3aBuCHMOCTH OT TOTO, JIGKUT JIM LIEHTP IIapa MEKIY IJIOCKOCTAMU HJIH
HET, [TOJIyYaeM JBa pa3IndHbIX OTBETA K 3ajaye:
d=14 cwm.

501041

Ilpumep 123.

UYepe3 cepenuHy paamyca IIapa TpPOBEACHA IEPICHIUKYISPHAS €My
IUIOCKOCTh. Kak OTHOCHTCSA IIOMAAb TOJYYCHHOTO CEYEHHUS K ILIOIIAId
6ombIioro kpyra (puc. 69)?

Pucynox 69.

Pemenue:
OTHOIIIEHUE TIJIOIIAIA KPyra K IUIOMIAAH TTOJIyYEHHOTO CEUYEHUs PaBHO:!

3 2
| R, |—
R4
3aoanusn 014 CAamMoOCmMOAMENbHO20 PEULeHU:
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Pemwute 3anaumn:

1) Ilap, paguyc kotoporo paBeH 41 aM, mepeceveH IUIOCKOCThIO Ha
paccTosgHuM 9 1M OT 1eHTpa. BeruucauTe miomaab noaIyYruBIIErOCs CEUEHUSI.

2) Uepes cepenuHy paanyca mapa npoBeicHa IepIeHINKYIIpHas K HEMy
IJIOCKOCTh. Kak OTHOCHTCA IUIOWIA[hb IOJYYEHHOIO CEYEHUs K IUIOIaaH
0o0JIb1IOTO Kpyra?

3) Pammyc mrapa paBen 63cm. Todka HaxogUTCS Ha KacaTeJIbHOM
IUIOCKOCTH Ha paccTosiHuM 16 cM OoT Touku KacaHud. Haiitu ee kpaTuaiiiiee
pPacCTOSIHME OT NOBEPXHOCTH I11apa.

4) Pagmyc mapa R. Yepe3 koHen paanyca IpoBeleHa ILIOCKOCTH IO
YIJIOM B 60° k Hemy. Halitu momans ceueHus.

5) Ha moBepxHOCTH mIapa JaHbl TPU TOYKH. [IpIMOTUHEIHHBIC paCCTOSHHS
Mexay HuMu: 6 cMm, 8 cm u 10 cm. Paguyc mapa paBen 13cm. Paguyc mapa
paBeH 13cm. Hailtu paccTrosiHue OT LEHTpa mapa 0 MIOCKOCTH, MPOXOSIIe
4Yepes3 3TU TPU TOUKHU.

Konmponsuwie sonpocwi:

1. Jlaiite onpeneneHue mapa, chephl.

2. 3anummre GOpMyIIBI TIIOMAIU cepbl, 00beMa mIapa.

3. TlpuBenuTe mpuMepHl B3aUMHOTO PACIIONIOKEHUS C(hephl U TIOCKOCTH.

Jumepamypa: [10, c. 282, 285]

IIpakTuyeckoe 3ansaTue Ne57
BorunciieHue 00beMOB TeJI M IOBEPXHOCTEH BPallleHU S

ILlenwv pabomor:

CMYOeHm QO0JIHCEH:

3Ham».

- popmysl 0OBEMOB TEJT U MOBEPXHOCTEN BpaIllCHHUS,
ymemy:

- BBIYUCIISITH OOBEMBI TEJT U TIOBEPXHOCTEH BpAIICHHUS.

Ceedenusn uz meopuu:
Obvem npsamoy2o1bHo20 napaiieienuneod

V=abc,
rze a, b, C — cTopoHBI mapasuIeacuIIe a.

Obvem kyba
v=a’,

rje a — JJInHa TpaHu Kyoa.

Obvem npuzmol

169



\

Pucynok 70. ITpuzma

O0beM IMPU3MBbI PABCH IMPOU3BCACHUIO INIOI[AIX OCHOBAHU:A IIPHU3MbI, HaA
BBICOTY:
V=S,h,
rac So — INTI0IaAb OCHOBAHU IIPU3MEBI, h — BeICOTA IMIPU3MBI.

Obvem napannenenuneda

Pucynok 71. [lapannenenunen

O0bem mapasuienenuiie/la paBeH NPOU3BENCHHIO TUIONIAAN OCHOBAaHUS Ha

BBICOTY:
V=S,h,
rie S, — IJIOIIa b OCHOBaHUs, N — JJIHHA BBICOTHI.

Obvem npsamoy201bH020 napaiieienuneod

h — -

’
r

i a

Pucynok 72. [IpAMOYTOJIbHBIN MapajiIeeTUIe]

O0beM MPSMOYTOJIBHOTO Tapajuieenurneaa paBeH NPOU3BEACHUIO €ro
JUIMHBI, IIAPUHBI U BBICOTHI:

V=a-b-h,

rje a — anuHa, b — mmpuna, h — BeIcoTa.

Obvem nupamuosl

(9}

Pucynoxk 73. [lupamuna
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O0beM nUpaMuJbl paBCH TPETHU OT IIPOU3BCACHM TJIOIIaN €€ OCHOBAHMA
Ha BBICOTY:

v-1sn
3

riae S, — oAb OCHOBAHMS MUPAMHKIbI, N — JJIMHA BHICOTHI THPAMHM/IBI.

Obvem npasuibHo20 mempa’opa

rae a — JJinHa pe6pa I[IPaBHUJIBHOI'O TCTPpAdapa.

Obvem yununopa

Pucynoxk 75. Humuaap

O0beM HUIMHIpPa PaBeH MPOM3BEICHHUIO IUIOMIANNA €r0 OCHOBAaHHS Ha
BBICOTY:
V=nR’h
WIH
V=S,h,
rae S, — IUIONIaab OCHOBaHMS IWIMHApA, R — pamuyc mwmuuapa, h —
BBICOTA IWIMHApA, 1=3,141592.

Obvem KoHyca

Pucynok 76. Konyc

O06BbeM KOHYyCa paBeH TPETH OT MPOU3BEJCHUS ILJIOMIAJAN €ro OCHOBAHUS
Ha BBICOTY:
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1

V == 7R%h
3
nin
v=tsh
3

riae S, — IIoIIaab OCHOBAaHUS KOHyca, R — pagnyc ocHOBaHMs KOHYyca, h —
BBICOTA KOHYyca, 1=3,141592.

Obvem wapa

V=2 R
3 1

rae R — paguyc mapa, n=3,141592.

Ilpumep 124.
Ecnu kaxxnoe pebpo ky0a yBelIMUUTh Ha 2 CM, TO €ro 00BEM YBEIUUUTCSA
Ha 98 cm’. Ompenenure pebpo Kyoa.

Pemenue:
0003HaYMM pedpo KyOa 3a X U COCTaBUM YpaBHECHHE:

(x+2)°=x3+98,

C+6x°+12x+8=x+98,
6x°+12x-90=0,

x*+2x-15=0,
)C1='5, X2:3.
X1=-5 — HE yJIOBJICTBOPSICT YCIOBUIO 33/1aUH.
Ortser: 3.
Ilpumep 125.

[TpsAMOYTONBHBIN JUCT JKeCTH, uMetommmi 1,6 M nauHbl 1 0,8 M ITUPUHBI,
MOKHO COTHYTh B TPYOKY JABOSIKMM OOpa3oM: B TIEPBOM CJIydae JJIMHA TPYOKH
oyznet 1,6 m, Bo BTopoMm 0,8 M. Haiitu oTHOIIIEHHEe 00bEMOB TPYOOK.

Pewenue:

TpyOKM 00pa3yloT IWIMHIAPB, OOBEM, KOTOPOrO BBIYHCIAETCS 110
dbopmyie:

V=nR’h.

VY mepBoro muiauHApa BbIicoTa Oyner 1,6 M, torma pamuyc 0,4 m. Bo
BTOpOM IwiMHApe BhicoTa Oyaer 0,8 M, torma paauyc 0,8 M. Bwramcium
OTHOIIIEHUE 00BEMOB JIBYX ITUIHH/IPOB:

V, 70476 1

V, 708908 2

Ortser: 1:2.

3aoanusn 014 CAamMoOCmMOAMENbHO20 PEULeHU:
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Pemwute 3anaumn:

1) W3mepeHust mpsiMOYrojibHOTO napauienenumnena: 15 v, 50 u u 36 m.
Haiitu peOpo paBHOBETUKOIrO eMy Kyoa.

2) Wsmepenus mpsMoyroibHoro Opyca: 3 cm, 4 cm u 5 cm. Ecam
YBEJIMYUTD KAXKOE €0 pedpo Ha X ¢M, TO IOBEPXHOCTD YBEIHUUTCS HA 54 ey’
Kak yBenmnuutcs ero oo0bem?

3) OceBoe ceueHne NUIMHIPA — KBAJApaT, JUATOHAIh KOTOPOTO paBHA 4.
Haiitn 0o0beM nuimHpa.

4) OcHOBaHMEM TTUPAMUJIBI CITY’KUT IPSIMOYTOJIBHUAK CO CTOPOHAMH 9 m U
12 m, xaxxaoe u3 60koBbIX pedep paBHO 12,5 m. Haittu 00beM mupaMubl.

5) OcHoBaHHMEeM THpaMHUIbI CIYXHT PaBHOOCAPEHHBINH TPEYTOJbHHK, Y
KOTOPOTO paBHbIE CTOPOHBI MO 6 cM, a OCHOBaHUE 8§ cm. bokoBbie pedpa paBHBI
MeXx Iy coboi u paBHBI 9 cv. HaliTu 00beM nupamMusbl.

6) B npsimom mapasnienenwuiee CTOpPOHbBI OCHOBAHHSI PaBHBI 8 cm U 15 cu
1 00pasytoT yron B 60°. MeHbIast IHArOHAIb MapalIe/IeHIIE A COCTABISIEM C
III0CKOCTHIO ocHoBaHms yroa 30°. HaiiTi 06beM mapasiesenuesa.

7) Beicota u o0Opa3yroliasi KOHyca OTHOCATCS Kak 4:5, a 00beM KOHyca
paBeH 967 cx’. HaliTH MOJHYIO MOBEPXHOCTh KOHYCA.

Konumponvuwvie gonpocwi:
1. 3anummte GopmMysbl 00HEMOB TEN U TOBEPXHOCTEHN BpalleHus.

Jumepamypa: [10, c. 267-282]

IpakTuyeckoe 3ansaTue Ne58
IHoxooue Tea. OTHOIIEHNA 00HEMOB MOJT00HBIX TeJ

ILlenwv pabomor:

CMYOeHm QO0JIHCEH:

3Hamo:

- (hopMyIIbI 7151 BBIYMCIIEHHUS] 00BEMOB MOJOOHBIX TEI;
ymemn.

- BBIYUCIISITH OOBEMBI TOJJOOHBIX TEII.

Ceedenusn uz meopuu:

Obvembl pagnvix mes pasHbul
Ecnu teno pa3duTo Ha HECKOJIBKO TeJ, HE MMEIOIINX OOIIUX BHYTPEHHUX
TOYEK, TO €ro 00bEM paBeH CyMMe OOBEMOB IMUX TEll.
Omuowenue o06vemog TOMOOHBIX Tell PaBHO KyOy KoOdPULIUEHTA
[MOJ00MS.
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Obvem npuzmsl paBeH
MIPOM3BEICHUIO TJIOMIAN €€ OCHOBAHUS
Ha BBICOTY: V=S,H
WIH
MIPOM3BEICHUIO TUIOLIAIN €€
NEPIEHIUKYIIPHOTO CEYeHHsI Ha OOKOBOE
pebpo: V=S,

Obvem nupamuosl paBeH OJIHOU TPETU
IPOM3BEICHUS TUIOIIAI €€ OCHOBAHMSI Ha

1
BBICOTY: Vi= ESlH,
1 1
Vi=35.H. v, =3SH,
Vils
V2 SZ

Obvemvl npuzm (TUPaAMUL), UMETOUUX PABHOBETUKIUE OCHOBAHUA,
OTHOCSITCSL KaK UX 8bICOMbL.
Obvemvl npuzm (IApaMu), UMEOUUX PABHbIE 8bLCOMbL, OTHOCATCS KAK
nIoWaoU ux OCHOBAHUI.

Obvembl mempa’opos, UMEIOIIIX
00wl mpexepaHublil y2ol, OTHOCITCS KaK
npousgeodenus pebep, CoaepKaIimx 3TOT yroJ.

4

Vo _ AB-AC-AD

VABlchl - ABl ’ ACl ’ ADl

Ob6vem mempa’opa MOKET ObITh
HailiJieH 1o Gopmyie:

1 .
\Y =€abCSIn(0, rjae au b — umnel

CKpeLIMBaIoIUXcs pedep, ¢ — pacCTOSHHE
MEXIY HUMHU, (¢ — YTOJI MKy HUMH.

Obvem yceueHHOU NUpamuosl

\ =%H(Sl+32 +4/5,S,).

00BbEMBL.

Obvem MHO202paHHUKA MOXKHO TIOJTyYNTh, pa30UB €ro Ha HE UMEIOIINe
o0IIuX BHYTPEHHUX TOYEK TETPAdIPHI (mpuanayiayus) i CYMMUPOBAB UX
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Ecnu B MHOTOTpaHHUK MOJCHO 8nucams uiap, mo 0obem MHOTOIPAHHHUKA

paBeH:
V :lsﬂ()ﬂHR’
3 Znom

rae R — paguyc BoucaHHOTO 1M1apa, S, — IUIOIIaIb TOJTHON
MOBEPXHOCTH MHOTOTpaHHHUKA.

Ilpumep 126.

Yamka nuametpoMm 8 cm u BbicoTol 10 cm Bmemaer 0.5 nuTpa BOJIBL
Kakux pa3mepoB qoipkHA ObITh TOJ00HAS Yalllka, BMearonas 4 TuTpa BOJbI?

Pewenue:

MOCKOJIbKY YaIllKU — MOJAOOHBIE IUIUHAPBL, TO OTHOILIEHHE UX 0OBEMOB
PaBHO OTHOIIEHUIO KyOOB COOTBETCTBYIOIIMX OTPE3KOB (B HAIIEM cllydyae —
BBICOT W JuamerpoB udamiek). CiemoBarenbHO, BbICOTA N HOBOHM wyarku
HAXOJUTCS U3 OTHOILLICHHUS:

(h/10)% =4/0,5, 1.e. h®=8-10°, oTkyma h=20 cm;

Ananoruyso, it iuamerpa d noaydum:

(d/8)* =4/0,5 , 1.c. d°=8-8°, otkyma d=16 cm.

Ilpumep 127.

Bo ckonbpko, MpuUMEpHO, pa3 BEIMKAH POCTOM B 2 M TsDKEJEe Kapiuka
poctoM B 1 m?

Pemennue:

T.K. KaK (JUTypbI YEJIOBEUECKOT0 TeJia MPUOIU3UTEIBLHO MO00HBI, TO TIPU
BJIBO€ OOJIBIIIEM POCTE YEJIOBEK MMEET 00beM HE BABOE, a B 8 pa3 OOJIbIIHIA.
3HauuT, HaAll BEJIMKaH BeCcUT Oonblue Kapiuka B 8 pa3. CaMblil BBICOKHIA
BEJIMKAH, O KOTOPOM COXPAaHWJIMCh CBEIEHHUs, ObUI OJUH KUTENb JJb3aca
pocToM B 275 c¢m — Ha 1EeNbld METP BBIIIE YEJIOBEKA cpeaHero pocra. Cambiii
MaJeHbKUM KapJIMK WMeN BbICOTY MeHbiie 40 cm, T.e. OB HIDKE dJb3aciia
KpyTaeIM cueToM B 7 pas. [loaToMy eciiu Obl Ha O/IHY YallIKy BECOB IMOCTABUTH
BEJIMKaHA — dJb3acila, TO Ha JAPYTYI0 HAjo OBl JJIsi paBHOBECHUS MOMECTHTh
7-7-7=343 xapinuka, T.e. [IEJIYIO TOJITY.

Ilpumep 128.

[IpomaroTcss nBa apOy3a pasHbIX pa3mepoB. OIWH Ha YETBEPTYIO JIOJIO
IIMpEe JPYroro, a CTOUT OH B TOJITOpa pasza Aopoke. Kakol W3 HUX BBITOJIHEE
KYIIUTh?

Peurenue:

obbeM  Oosbiioro  apOy3a  MOpEBBIMIAET O00BEM  MEHBIIETO B
1,25-1,25-1,25=125/64 pa3za, T.e. MOYTH BJBOC. BhIrojHee 3HAYUT KYMHTH
KpYyMIHBIA apOy3, OH IOpPOXKEe TOJIBKO B MOJITOPA pas3a, a CheJ0OOHOTO BEIIECTBA B
HeM OoJIbINE pa3a B JBa.
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Ilpumep 129.

Wmerorcss 1Beé MeIHbIE KaCTPIOJIM OJUHAKOBOW (POPMBI M CO CTEHKaMH
onHoM TommuHbl. [lepBas B 8 pa3 BMecTurenbHee BTOpoil. Bo ckonbko pa3 oHa
TsKenee?

Pemenue:

o0e KacTproiu — Tela, reoMeTpuuecku moAo0Hbie. Ecnmm Oombimas
KAacTpIOJIA B 8 pa3 BMECTHUTENIbHEE, TO BCE €€ JIMHEWHBIE pa3Mepbl B JBa pasa
OoJpLIe: OHA BABOE BbIlIE U BABOE mupe. [103ToMy ee moBepXHOCTh OOJIbIIE B
2-2 =4 pa3a (MOBEpXHOCTHU MOJIOOHBIX TN OTHOCSTCS, KaK KBaJAPAThl TUHEHHBIX
pazmepoB). Ilpu oanMHAKOBON TOJIIMHE CTEHOK BEC KACTPIOJIM 3aBUCUT OT
BEJIMYMHBI €€ TOBEPXHOCTH.

OTBeT: OosblIask KACTPIOJISI BUETBEPO TSKENIEE MEHBIIEH KACTPIOH.

3aoanus 014 camocmoamenbHo20 peuienua:

Pemnre crnenyromue 3agaun

1) CrpoutenbHblii Kuprnud BecHT 4 ke. CKOJBKO BECHT HWIPYIICUHBIN
KUPIHUYKK U3 TOTO )K€ MaTepuaia, BCe pa3Mepbl KOTOPOro B 4 pa3za MEHbIIE?

2) TIponaroTcst aBe MBIHU OAHOTO coprta. OfHA OKPYKHOCTBIO 60, Apyras
— 50 cm. TlepBas B monTopa pasza gopoke BTOpod. Kakyro ABIHIO BBITOJTHEE
KYIIUTb?

3) MSKOTb BUIIHU OKPYXKAeT KOCTOYKY CJIIOEM TaKOH K€ TOJIIHUHBI, KaK U
caMa KOCTOYKa. byaem cuutarh, 4YTO W BUIIHSA M KOCTOYKA HUMEIOT (opmy
mapukoB. MoxeTe i Bbl cOOOpa3uTh B yME, BO CKOJBKO pa3 00bEM COYHOM
YaCTH BUIIIHU OOJIbIIIE 00beMa KOCTOUKU?

4) bammus Ditpens B Ilapmwxe, 300 m BBICOTHI, CIAelaHa ICTUKOM H3
xenes3a, kotoporo nonuio Ha Hee okosio 8000000 xe. S »xenaro 3akazath TOUYHYIO
YKEJIE3HYI0 MOJIEN b 3HAMEHUTOM OarHu, BUcAIyto Beero 1 xe. Kakoit ona Oyaer
BBICOTHI?

5) Uto TspKesee: cTakaH caxapHOIro MECKy WM TaKOW e CTaKaH KOJOTOro
caxapa?

6) [Touemy ny4drHa 3aropaeTcs CKOpee, YeM TOJICTOE TIOJICHO, OT KOTOPOTO
OHa OTKOoJIOTa?

Konmponsnwvie éonpocwi:

1. Yemy paBHBI 00bEMBI PABHBIX TEN?

2. YeMy paBHO OTHOILIEHHE 00BEMOB MOJOOHBIX TEN?
3. UYemy paBHO OTHOIIIEHHE 0OBEMOB MPU3M, MUPAMU]T?

Jumepamypa: [10, c. 267-282]

IIpakTuyeckoe 3ansiTue Ned59
IHoxo0ue Tesa. OTHOMICHUS MJIOLIA/Iel IOBEPXHOCTEH MOAO0OHBIX TeJl
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ILlenv pabomoi:

CMYOeHm O0JIHCEH:

3HAMb.

- ¢GopMyNbl TSI BBIYHMCICHHUS IUIOMAACH TIOBEPXHOCTEH NMIMHIpA,
KOHyca, cepbl, TOJOOHBIX QUTYD;

ymemy:

- YMETb BBIYUCIISTH IUIOIIAU MOBEPXHOCTEH LIUIUHAPA, KOHYca, chepsl,
noI00HBIX (QUTYp.

Ceeodenusn u3z meopuu:
IInowaou men epawenusi

Inowaow 6oxo601 nosepxHocmu YUIUHOPA
S=27RH
IInowaow noanou nosepxHocmu YuruHopa
S=2Socn.+Spo=2nR(R+H)

Ilnowaows 60x0601 nosepxHocmu KOHyca
S=xnRI
IInowaow noanoil nosepxHoCcmu KOHyca
S=Soe.+Ss0c=R(R+I)

IInowaodws 6oxo60U NoGepxXHOCMU YCEUEHHO20 KOHYCa

L Ir =3
S60K.:7T(R+r)| |
H]lOle!d()b NOJHOU nOBEPXHOCMU YCeHYEHHO20 KOHYCAa
Snom =m(R*+*+(R+1)1)

IInowaow nosepxnocmu cghepoi
2
S=4nR
IInowaow cghepuueckoii nosepxnocmu cghepuyeckoco

cezmenma @ H

Spo =27RH ' R 1
« 1 ¥
Ilnowaos noanoil nosepxHocmu cghepuueckozo LR 4
cezmerma

2 2
Sromn. =Seor.trr =2nRH +nr

llosepxnocmo epawenusi ompeska AB, HE UMEIOUIETO
¢ ochio | 00X BHYTPEHHUX TOYEK, paBHA
MIPOU3BEICHUIO IIPOEKIIMU 3TOr0 OTPE3Ka HA OCh U
JUTMHBI OKPYKHOCTH, PAIMLyCOM KOTOPOU CITYKUT
OTPE30K CEPEINHHOTO MEPIIEHAUKYJIISIpA OTPE3Ka C
KOHIIAMH Ha OCH U Ha OTPE3KE
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Omuowenue nogepxrocmeti nOOOOHLIX Mejl
paBHO KBaJpaTy Kod(duireHTa mogoous

Ipumep 130.

B "IlyremectBuu ['yinmuBepa" pacckaspiBaeTcsi O JIWJIWMNYTaX, POCT
KOTOpbIX B 12 pa3 MeHblle HOpMallbHOTO. EciM Ha KOCTIOM ueJoBeKa
HOPMaIbHOTO pocTa mieT 4 m° MaTephalna, TO, CKOJIBKO MAaTepHala WIET Ha
KOCTIOM JIUJTUITyTa?

Pemenue:

ko3 durment noxobust =122, T. e. Ha KOCTIOM JIMINITyTa HAeT B 144 pasa
menbine. T.0., 40 000 ca?: 144=280 cr’.

Ipumep 131.

Opnun yenosek Ha 1/4 Huwxke apyroro. KakoBo OTHOILIEHHE TTOBEPXHOCTEM
WX TeJl, CYMTas], 4TO 00a Tejla FTEOMETPUUECKU MOJ00HBI?

Pewmennue:

2
3 9
IMOBCPXHOCTh  YCJIOBCKAa MCHBIICIO pPOCTa  COCTABJIACT (Z = E

IIOBCPXHOCTHU 0oJiee BBICOKOTO.

Ilpumep 132.
[Tnomans OGOKOBOM MOBEPXHOCTHM UWIMHApAa paBHa 21w, a auamerp
OCHOBaHUs paBeH 7. Haiiaure BBICOTY LIMIMHIPA.
Pewenue:
BBICOTA IIUJIMH]IPA PABHA!
S, _2Wn

2R Trx

Ortser: 3.

Ilpumep 133.
Oxkoo koHyca onrcaHa cdepa (chepa CoepKUT OKPYKHOCTh OCHOBAHUS
KOHyca W ero BepmdHy — puc. 77). LleHTp cdepbl Haxomutcs B IEHTpPE

OCHOBaHHs KOHyca. Paamyc cdepsl paBeH 282 . Haitnure 0oO0pasyrornyro
KOHYcCa.
Pemenue:

N

Pucynox 77.
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BBICOTA KOHYCA MEPIICHNKYIISIPHA OCHOBAHUIO U PaBHA pagiycy cdepsr.
Torga o Teopeme I[Tugaropa momyaem:
12 =r%+r2,
12 =2r?,
| =rv2.

Paxuyc chepsl paBeH 2842 mosToMy 06pasyiomas paBHa:

28\2+/2 =56.
Ortser: 56.

3aoanus 01a camocmoamenbHo20 peuleHus:

Pemmre 3amaun:

1) CropoHna mepBoro kBajpara OOJIbIIIE CTOPOHBI BTOPOTO KBajpaTta B 2
pa3a (B 5 pa3). Bo ckonbpko pa3 miomiaabr NepBOro KBajapaTa OOJIblile MIOIaau
BTOPOIO KBajpara?

2) Cropona mepBoro kBajpata coctaBiseT 1/3 (0,1) cTopoHBI BTOpPOTO
kBajpara. Kakyio 4acTh IJomaap NepBoro KBajapara COCTaBISAET OT IUIONIAJH
BTOPOT0 KBajpara?

3) Kosddurment nogodust B MoA00HBIX MHOTOYToJibHUKaX paBeH 4 (1/5;
0,4; 2,5). Uemy paBHO OTHOIIIEHUE UX ILIOMIA 1N ?

4) OTHOIICHHE IIIONIAJCH MOJO0HBIX MHOTOYTOJIBHHKOB paBHO 36 (100;
0,09). Yemy paBHO OTHOIIEHHE CXOJICTBEHHBIX CTOPOH 3TUX MHOTOYTOJIbHUKOB?

5) Ilnomane OOKOBOW MOBEPXHOCTH IMIIMHApA paBHa 18w, a muamerp
OCHOBaHUs paBeH 9. Haiiaure BbICOTY HMIIMHAPA.

Konumponwvuwvie éonpocoi:

1. 3anummre QopMyinbl TIOWAAEH NOBEPXHOCTH IMIIMHJIpA, KOHYCA,
nrapa.

2. Yemy paBHO OTHOIIICHHE MTOBEPXHOCTEH MOJOOHBIX TEI?

Jumepamypa: [10, c. 295-302]

IIpakTnyeckoe 3ansaTue Ne60
Paccrosinme Mexay /ABYyMsi TOYKaMH. BbluHciieHWe KOOpAUHAT
cepeNHbI 0TPe3Ka

Ilenv padomuwr:

CMYOeHm O0JINHCEH.

3Ham».

- (hOpMYITBI JIJTsT BEIYMCIICHHS PACCTOSIHUS MEXKTY IBYMSI TOUKAMH;
- (hopMyITBI JTsT BEIYUCIICHHSI KOOPIWHAT CEPEANHBI OTPE3Ka;
ymemy:
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- BBIYHUCIIATH PACCTOAHHUC MCXKAY JABYMSA TOYKaMH, KOOPJAHWHATLI
CCPpCANHBI OTPC3KaA.

Ceéedenusn uz meopuu:
Jlnunoti ompesxa AB Ha3bIBa€TCA pacCTOSAHUE MEXIY TOUKaMu A U B nipu

3aJlaHHOM MaciuTade (oTpe3ke eIMHWYHOW JinHbI). JnuHy otpe3ka AB Oyaem
0603uauath kak |AB|.
Paccmosnue meoxcoy osymsi mouxkamu Ai(Xy; Y1) uw Ax(Xp; Y2) B
NPSIMOYTOJIBHOM cHCTeMEe KOOPAMHAT BBIPAYKAETCS POPMYIION:
2 2
|A1A2| = \/(xz —x) + (v, =)
Touka C Ha3bIBaeTCs cepeduHol ompe3ka AB, ecam oHa JEXUT Ha
oTpe3ke AB W HaXOOUTCS HAa OJMHAKOBOM DPACCTOSHHUHM OT €r0 KOHIIOB, T. €.
|AC|=|CB|.

Koopounamui cepedunvt ompeska na niockocmu

BBenem npsAMOyrojapHYH JE€KapTOBY cHCTeMy KoopauHar Oxy Ha
ockocTu. [lycte HaM manbl aBe TOYKH A(x4; y4) ¥ B(xp; y3) ¥ U3BECTHO, YTO
touka C — cepenuna otpeska 4AB. Halinem koopauHaTel x¢ U Y Touku C.

PaccmoTrpum ciywai, korna Toukn 4 M B HE COBNAJAKOT U HE JEXKaT
OIHOBPEMEHHO Ha OJHOM W3 KOOPAMHATHBIX OCEM WIM Ha MPSMOU,
MEPICHIUKYIISIPHOM OTHON U3 KOOPIMHATHBIX OCEH.

. BL‘ B
Ve —— — —
o s /
o ey
Yo — — gf

Y

Ac,
T
g
|

-ah*\

I 4, C B«
o 1 "{.E "{C‘ xS -
L B
AC|=|C.B.

Pucynok 78. KoopauHaTel cepeilMHbI OTpe3Ka

ITo nmoctpoenwuto:
X, +x +
xC = u’ yc = M .
2 2
T. 0., cepeanna oTpe3ka AB Ha TIIOCKOCTH C KOHIIAMH B TOUKax A(x.; V4)

U B(xp; yp) IMEET KOOPAUHATHI (XA Xy Yat Vs )

2 2

Ilpumep 134.

Ha mnockoctu 3amanbl koopauHatel JByX Ttouek A(-7; 3), B(2; 4).
Haitgure KkoopiMHATEI CEpeIUHbI OTpe3Ka AB.

Pewenue:
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nyctb Touka C — cepenuHa otpe3ka AB. Ee KoopauHAThl paBHbI
MOJIyCyMMaM COOTBETCTBYIOIIUX KOOPJMHAT ToueK 4 U B:

. :xA+xB:—7+2:_§
< 2 2 2’
_yA+yB_3+4_7
© 2 2 2

5 7
T. 0., cepenuna orpeska AB uMeeT KOOPAUHATHI 5 5

YacTo ¢ HaxOKJIEHHEM KOOPJIMHAT CEPEAUHBI OTPE3Ka CBSI3aHbI 3aJ1a4M, B
KOTOPBIX (UTYPUPYET TEPMUH «METUAHA.

Ipumep 135.

Haitqute nnuny menuansl AM B TpeyrojbHuke ABC, €Clii M3BECTHBI
xoopauHaTthl ero BepmuH A(-1; 0), B(3; 2), C(9; -8).

Pemenue:

T. K. AM — Mmenuana, To Touka M saBusieTcs cepeauHoll ctopoHbl BC.
HaitneM xoopauHaThl CeperHBI 3TOI0 OTPE3Ka IO W3BECTHBIM KOOpJAHWHATaAM
€ro KOHIIOB:

_Xptx. 349

X, = = 6,
M 2 2
Yt Ye 2-8
= = -3.
Yu 2 5

T. o., M(6; -3).
OcTanochk BOCIIOJIB30BATHCS (OPMyYNION Ul BHIMUCIEHHS PACCTOSHHS MEXKIY
toukamu A u M.

|4M| = /(6 (~1))* + (-3-0)? =-/58,

CymiecTByIOT pa3iMYHbIE 3a/Jaud, B KOTOPBIX HM3BECTHBI KOOPAMHATHI
CepelIMHbI OTPE3Ka U OJHOI0 M3 €ro KOHLOB, a TpeOyeTcsl HaWTH KOOPAMHATHI
JIpyroro koHia. PaccMorpuM perienre oqHol U3 HUX.

Ipumep 136.

B npsiMoyronibHON cucTeMe KOOpJIUHAT TPEXMEPHOrO MPOCTPAHCTBA JIaH
napatenenunen ABCDAB;C1D;. U3Bectho, uro Cy(1; 1; 0), a M(4; 2; -4) —
cepeauna auaronanu BD;. Haiinute koopiuHaThl TOUKH A.

Pemenue:

JMaroHaiy napasuiesiorpaMmmMa NepecekaroTcs B OJJHON TOUYKE, U 3Ta TOUKa
SIBIISICTCS CEPEIMHOM KaXKJIOM M3 ATUX auaroHaneil. Takum o0pa3oM, MBI MOKEM
yTBEPKJIaTh, 4YTO Touka M siBnsieTcsi cepenunoi orpeska AC, . U3 dopmyn st
HaxO0XJICHUSI KOOPAUHAT CEPEANHBI OTPE3KA UMEEM:
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XX

X, = > =X, =2x, —x, =8-1=7,
Vit

yM:%:yAzzyM_yC1:4_l:3’
Z,+Z

zMz%:zAth—zq:—S— = -8.

Wraxk, Touka A umeeT KoopAauHatsl (7; 3; -8).

3aoanus 0na camocmoamenbHo20 peuleHus:

1) Beruucnure nepumerp tpeyronbhuka ABC, ecmu A(4; 0), B(12; -2),
C(5; -9).

2) Bpruucnure mmHy memuanel AM TpeyronbHuka ABC, BEpIIMHBI
koToporo umetot koopauHatel A(0; 1), B(1; -4), C(5; 2).

3) Hokaxwute, uto TpeyrodbHUK ABC — paBHOOCIPEHHBIA M BBIYUCIIUTE
€ro ILIOMIAAb, €CIIM BEPIIUHBI KOTOPOTo uMetoT KoopauHatel A(-4; 1), B(-2; 4),
C(0; 1).

4) Joxaxwure, 4TO YETHIPEXYTOJIBbHUK ABCD ABJISIETCSA
napajieIorpaMMOM, W BbIUMCIIHTE ero auaroHanu, eciau A(1; 1), B(6; 1), C(7;
4), D(2; 4).

5) Joxaxwure, 4TO YETHIPEXYTOJIbHUK ABCD ABJISIETCSA
PSIMOYTOJIBHUKOM, M BBIUMCIIUTE €ro miomanb, ecim A(-3; -1), B(1; -1), C(1,; -
3), D(-3; -3).

Konmponwsnwvie éonpocoi:

1. 3anummre Gopmyiy A BHIYMCIECHHUS] KOOPAUHAT CEPEIMHbI OTpe3Ka.

2. 3ammmute (QOpMyTy JUISI BBIYHCICHUS PACCTOSHHUS MEXKIY ABYMS
TOYKAMH.

Jumepamypa: [10, c. 186-189]

IIpakTnueckoe 3ansaTue Ne6l
Pemenue 3a1a4 KOOPIAMHATHBIM METOIOM

Ilenv pabomor:

CMYOeHm O0JIHCEH:

3HAMb.

- (hOpMYITBI TS BEIYMCIICHHS PACCTOSIHUS MEXKTY IBYMSI TOUKAMU;
- (hopMyITBI JTsT BEIYUCIICHHSI KOOPIMHAT CEPEAMHBI OTPE3Ka;
ymemp:
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- HWCNONb30BaTh (OPMYJbl PACCTOSHUS MEXAY JABYMs TOYKAMU M
dbopmyy JUIsl BBIYMCICHUSI KOOPJIMHAT CEPEIMHBI OTPE3Ka MpU PEIICHUH 3a7a4
KOOPJIMHATHBIM METOJIOM.

Ceéedenusn uz meopuu:
Buviuucnenue koopounam mouku, pagHoyOaneHHou om 3a0aHHbIX MOYeK
paccmompum Ha npumepe 137

Ilpumep 137.

Haiitu koopauHaTsl ToukH O, KOTOpasi paBHOYIaJIeHa OT TpeX Touek A(7;
-1) u B(-2; 2) u C(-1; -5).

Pemenue:

u3 (popMyIHUPOBKH YCIOBHS 3a7auu cieayet, yto O1A=018=0,C.

[Tycth nckoMast Touka O; uMeeT koopauHathl (a; b). ITo hopmyire:

d =%, =% + (Y= Ys ),

HAUJIEM:

OlA:\/(a—7)2 +(b+1) ’

0B=(a+2f +(b-2f

OC=(@+1f +(b+5f

CocTaBuM cUCTEMY U3 JBYX YPABHEHUM:

J@a-7F +(0+17 = J(a+27 +(b-2)

Ja-77 +(b+17 =@ +1f +(b+57
ITociie BO3BeneHHWss B KBaApaT JIEBOM U IPABOM 4YacTel YpaBHEHUU

3anuuIeM:
(a-7) +(b+1f =(a+2) +(b—2)

{(a —7P+(b+1F =(a+1f +(b+5)

YrpocTus, 3anumeM:

—-3a+b+7=0
—-2a-b+3=0

PemmB cucremy, nmonmyuum: a=2; b=-1.

Touka Oy(2; -1) paBHOyZajeHa OT TPEX 3aJaHHBIX B YCJIOBHHM TOYEK,
KOTOpBIE HE JIEKAT HAa OAHOW NPSIMOM. JTa TOYKA — €CTh LEHTP OKPYKHOCTH,
MPOXOSIIEH YEPE3 TPU 3aJlaHHBIE TOUKH.

Buiuucnenue abcyuccovr (opounamel) mouku, Komopas J1edxcum Ha ocu

abcyucc (opounam) u HAxXOOUMCs Ha 3a0AHHOM PACCMOSAHUU OM OAHHOU MOYKU,
paccmompum Ha npumepe 138
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Ilpumep 138.

Paccrostaue ot Touku B(-5; 6) 1o Touku A4, nexariei Ha ocu Ox pasHo 10.
Haitt koopainHaThl TOUKH 4.

Pemenue:

u3 (HOPMYJIHMPOBKH YCIOBUS 3aJa4Ml CJIEAyeT, YTO OpJMHATa TOYKU A
paBHa Hy0 1 AB = 10.

O0o03HaunB abcuuccy Touku A depes a, 3anuieM A(a; 0).

ITo dbopmymne

d :\/(XA_XB)Z +(yA_yB)2

HaxoauMm:

AB=|(a+5) +(0-6) =+/(a+5) +36

J(a+5) +36 =10.

a’+10a-39=0.
Kopnu atoro ypaBuenus a;=-13; a,=3.
[Torygaem aBe Touku A1(-13; 0) u 4,(3; 0) — puc. 79.
y

[Tomyyaem ypaBHEHHE

Y1pocTus ero, umeem

B(-5; 6)

| X
A:(a;0) 0| Azxaz;0

Pucynok 79.

Buiuucnenue abcyuccor (opounamoel) mouku, xomopas nedxicum Ha ocu
abcyucc (opounam) u HAXOOUMCA HA OOUHAKOBOM PACCMOSHUU OM O08YX
3a0anHblx mouex, paccmompum Ha npumepe 139

Ilpumep 139.

Haiitu Ha ocu Oy TOUKy, KOTOpasi HAXOAUTCS Ha OJJMHAKOBOM PACCTOSIHUU
ot Touek A(6; 12) u B(-8; 10).

Pemenne:

MyCTh KOOPAUHATHI HY>KHOU 10 YCJIOBHIO 3a1a4K TOYKH, JISKAIIEH Ha OCH
Oy, oyayt Oy1(0; b) (y Touku, nexameit Ha ocu Oy, abciucca paBHa Hy:10). U3
yCIoBUs cnenyeT, uto O14A=01B.

ITo dbopmyne

d :\/(XA_XB)Z+(yA_yB)Z

HaxXoauM:

0,A=/(0-6Y +(b—12) =36+ (b—12) |
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O,B=1+8+(b-10) =64+(b-10f
Nmeem ypaBHeHHe
V36+(b-12) =64+ (b-10)

BoimonHsgss ~ aneMeHTapHble  IpeoOpa3oBaHUS — IPH  PEIICHUH
UppaIMOHAIBHBIX YPaBHEHHUM, Toayunm b=4,
HeoOxonumas no ycnosuro 3agaqu Touka O;(0; 4) — puc. 80.

Y1 A6:12)
B(-8100 ;
O4(0; b
! X
) 0
Pucynok 80.

Jlenenue ompeska 6 0aHHOM OMHOULEHUU
Koopnunater X, Yy, Z Touku M, KoOTOpas JEJIUT OTpe30K MMy,
orpaHuycHHbIA ToukamMu Mi(Xy, Y1, Z1) U Mo(Xp, Y2, Zp), B OTHOIICHHH A,
onpenenseTcs mo GopmysiaMm:
X:xpt/ix2 :y1+/1y2 Z=21+/122.

1+ A 1+1 1+ 2

Ipumep 140.
Hanbl koHIeI oTpe3ka AB. A(-2; 5) m B(4; 17). Ha stomM oTpeske
pacnosioxkeHa Touka C, pacCTOsSIHUE OT KOTOPOi 10 TOUKU A B JIBa pa3a 0oJibiiie
paccTostHUS OT TOUKHU B. Beruncnuth koopauHaTel TOUKU C.
Pemenne:
o ycioswuto 3anaun AC=2BC, Torma 1=2.
ITo popmynam:
XA Yt A,
o144 T 142
BBIYHMCIIUM KOOPAUHATHI Touku C-
o -2+2-4 _ -2+8 _

2
1+2 3 ’
=5+2~17 :5+3413.

1+2 3
T.o., C(2; 13).
Ilpumep 141.
Jlokazate, uro Ttpeyrombuuk ABC. A(-3; -3), B(-1; 3), C(11; -1) —

IIPSAMOYTOJIBHBIN.

Pewenue:

BBIYUCIIUM JUTMHBI CTOPOH TPEYroJibHUKA 10 (hopMyJie:

185



d=/(x,— ;) Vs )
AB = /(-1+3) 3+3) =40
BC =11+ 2) +(~1-3) =160

AC =/(11+3) +(-1+3) =+/200

T.x. AB*=40, BC*=160, AC*=200, To AB*+BC*=AC".

T.o., cymMma KBaipaToB JUIMH JIByX CTOPOH TPEYIrOJIbHUKA paBHA KBaJpaTy
JUIMHBL  TpeThel cTopoHbl. M3 »3TOro cnemyer, 4ro TpeyroidbHuk ABC
IPSAMOYTOJIBHBIN U cTOpOHA AC SIBISETCS €ro TMIOTEHY30M.

3aoanus 0na camocmoamenbHo20 peueHua:

1) Jlokasath, urto TpeyroiabHHK ¢ BepmuHamu A(3; -1; 2), B(0; -2; 2),
C(-3; 2; 1) paBHOOCAPCHHBIHA.

2) Ha ocu abcuucc HallTH TOYKY, pACCTOSIHUE OT KOTOPO# 10 TOUKH A(-3;
4; 8) paBHo 12.

3) Ha ocu opauHAT HaTH TOYKY, paBHOYJAICHHYIO OT Touek A(1; -3; 7) u
B(5; 7; -5).

4) Hanbel Bepmmnel A(2; -1; 4), B(3; 2; -6), C(-5; 0; 2) TpeyroiabHHUKa.
BrluncnuTh 1MHY €ro MeIHaHsbl, MPOBEACHHON U3 BEPIIUHBI 4.

5) Jansr ase Bepmmubl A(2; -3; -5), B(-1; 3; 2) mapamreinorpamma ABCD
U TOYKa INepecedeHus ero auaroHane E(4; -1; 7). Onpenenutb IBE Ipyrue
BEPILMHBI 3TOTO MapajjieiorpaMmma.

6) BbluMCaUTh KOOPAWHATHI KOHIIOB OTpPE3Ka, KOTOPBIA pa3jeiicH
toukamu C(2; 0; 2) u D(5; -2; 0) Ha Tpu paBHbBIC YACTH.

Koumponwvnwie gonpocul:

1. 3anumure ¢GopMynbl AJiE BBHIYUCICHHS PACCTOSHUS MEXKIY IBYMs
TOYKaMU.

2. 3anummre GOpMYIIbI 17151 BEIYUCICHUS KOOPIMHAT CePEeIMHBI OTPE3Ka.

3. 3amummmure GopMyIbl AeTeHUS OTpe3Ka B JAHHOM OTHOIICHUHU.

Jumepamypa: [10, c. 189]

IpakTuyeckoe 3ansaTue Ne62
IIpaBuia cj10:KeHUSA BEKTOPOB

Ilenv pabomor:

CMYOeHm Q0JIHCEH:

3HAMb.

- IpaBUJIa CIOKEHUS BEKTOPOB;
ymemy:
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- CTPOUTH  CYMMY  BEKTOPOB 1O  MpPaBWIy  TPEYroJIbHHKA,
napajjiesiorpaMmma;
- BBIYUCIISITH KOOPJUHATHI CYMMBbI BEKTOPOB.

Ceéedenusn uz meopuu:
Jluneiinvie onepayuu nao sekmopamu

Cymmoil TBYX BEKTOPOB d+b HaswbiBaercs BEKTOD, KOTOpBII/I UJeT u3

Hauaa BEKTOpa @ B KOHEL BekTopa b mpu ycmosuu, 4o BekTop b mpumoxet k
KOHITy BekTopa a (npasuno mpeyeonvhuxa).

Pucynok 81. [IpaBuiio TpeyronbHuKa

Hapsny ¢ mpaBuiioM TpeyrojabHHUKa 4acTO MOJb3YIOTCA (PaBHOCHIIBHBIM
eMY) NpPAsUIOM NAPALIeN0ZPAMMA: €CIIA BEKTOPbI & U D mpuBeneHsI K 00meMy

Hayaly ¥ Ha HMX TOCTPOEH Mapaiesorpamm, To cymma a+D ects Bextop,
COBMAJAIOLINI € JMaroHallpl0 3TOro MapajieyiorpamMma, WAyled u3 oO0IIero

Hauana d u b. Otcrona cpasy cuenyer, uto d+b =b+4a.

v

a

Pucynok 82. [IpaBuiio mapasienorpamma

CrnoxeHne  MHOTMX  BEKTOPOB  MPOMU3BOJMUTCS  NHPU  MOMOIIH
IIOCJICIOBATEILHOTO NPUMEHEHHUSI MpPaBUJIa TPEYrOJIbHUKA, MOCTPOUM CYyMMY

yerbipex BexkTopos @, D, C, d .

Pucynok 83. [IpaBuiio MHOTOYroJIbHUKA

Pasnocmv nByX BeKTOpOB 8 —D Ha3bIBaeTCs BEKTODP, KOTOPBIA B CYMME C

-

BeKTOpoM D cocTaBmster Bektop d. Ecrmu 1Ba BexTopa 4 u D mpuBenens k

o0IleMy Haualy, TO pAa3HOCTh HX €CTh BEKTOp, HMAYIMi M3 KoHIa D
(«BBIYUTAEMOrO») K KOHILy @ («yMEHBIIAEMOTO).
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JIBa BekTOpa pAaBHOM UIMHBI, JIEKAIIME HA OJHOW MNPSIMOU U
HampaBJICHHbIE B  MPOTUBOIIOJOKHBIE CTOPOHBI, HA3bIBAIOTCSA  83AUMHO

—

oopamHuiMy: €CIM OJAMH W3 HHUX OOO3HAYEH CUMBOJIOM &, TO Jpyrou

o0o03Hayaercs cuMBoiioM -a. Jlerko Buuerh, uto a—-b=a+(-b). T. o,

MOCTPOEHUE PA3HOCTU PABHOCWIBHO TIPHOABICHUIO K «YMEHbBIIAEMOMY»
BEKTOpa, 0OPaTHOTO «BBIYUTAEMOTO.
Tpu BekTOpa B MPOCTPAHCTBE MOXKHO CKJIAABIBaTh IO  HPABUTLY

-

napannenenunedad: eciu Ha Tpex BekTopax a, D, ¢, kak Ha peOpax, MOCTPOHTH
napajuleJienunesl, TO €ro AMAaroHajdb, BbIXOAAIIAs M3 OOILIEro Haydaja JTaHHBIX

-

BEKTOPOB, 1 Oyzer ux cymmoit d =8 +b +¢:

Pucynok 84. [IpaBuno napannenenunena

3aoanusn 01 camMoCmoAmMebHO20 PeUleHUs:

—

1) ITo maHHBIM BeKTOpaM a H b MOCTPOUTh KAXKABIM W3 CIECAYIOIIUX
BekTopos: 1) a+b,2)d—-b,3) —a+b,4) —-a-b.

HpI/I CIOKCHHMHN  BCKTOPOB  CKJIAJABIBAIOTCA HX COOTBCTCTBYIOIIHC
KOOpAWHATLI, IMPW BBIYUTAHWK BBIYHUTAIOTCA COOTBCTCTBYIOIIMC KOOPIAWMHATHI,

T.. €CIIM JaHbl KOOPAMHATH BeKTopoB d u b d=(xy, y1, 21), D =(xz, 2, 25) m

—

c=8+b; d=8-b, To xoopmuHaTe BekTOpoB € ; O BBMEMCHmIOTCH TO
bopmynam:

-

C =(x1+x2; y1+y2; 11+2,),
d =(X1-X2; Ya1-Y2; 21-22).

Ipumep 142.

- -

Bbrancints koopmHathl Bektopos ¢ =d+h ; d =a-b ey d=(-3; 5

1), b =(4; -2; 8).
Pemenue:
o ¢hopmynam

C =(x1+x2; y1+yvo; 142,),

d =(X1-X2; Y1-Y2; 21-Z2),
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HMECEM

¢ =(-3+4; 5+(-2); 1+8)=(1; 3; 9),
d =(-3-4;5-(-2); 1-8)=(-7; 7; -7).

3aoanus 011 cAamMOCMOAMENbHO20 pewienun;

BbIuncauTh KOOpAMHATHI BekTopo c=a—b+h;

a=(4; -3; 10), b =(-4; 12; -1), h=(3; -7; -11).

KOHmPOJleble eonpocwsl:

d

>

1. Cdopmynupyiite nmpaBUIO TPEYTOIbHUKA [Tl CIIOKEHUS BEKTOPOB.
2. CdopMmynupyiiTe TpaBWIO MapajiesorpaMmma

BEKTOPOB.

JJIA

CJIOKCHUA

3. 3anummre GopmMyITbl CIIOKEHUS (Pa3HOCTH) BEKTOPOB B KOOPIMHATAX.

JIumepamypa: [10, c. 180-185]

IIpakTunyeckoe 3ansaTue Ne63
YMHOKeHHe BEKTOPa HA YHCJI0

ILlenv pabomuwr:

CMYOeHm O0JICEH:

3Hamo:

- MPAaBUJIO YMHOXEHHUS BEKTOPOB;
ymems.

- CTPOUTH IMPOU3BCACHNC BCKTOPA HA YHUCJIIO,
- BBIYUCIIATH KOOPAHWHATBI BEKTOPA kﬁ .

Ceedenusn uz meopuu:

Iponssenenne K8 Bextopa 8 mHa umcno K maswBaercs BexTop, Momymb
KOTOPOTO PaBeH TIPOM3BEIEHMIO MOy BEKTOpa @ Ha MOAydh uucia K ; o
napaeneH BEKTOpY & MM JEKUT ¢ HUM Ha OJHOM NpAMOIl M HampaBlieH TakK

e, KaKk BEeKTop &, ecad K — YHCIIO MOJNIOKUTEIbHOE, M HPOTUBOIOIOKHO

BeKTOpy @, ecu K — umcno oTpuIaTensHoe.

—

Ecmn K =0, nmsa moGoro Bextopa 8 mnpomseenenne K8 pasHO HYJIb-

BexTopy: 0 - 4=0.
Ecm K=1,t01-a=4a.

Ecm K = -1, 1o (-1)- 8=-8 — BeKTOp, IPOTHBOIIOJIOXHEII BEKTOPY @ .

Ilpumep 143.
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JlaHbl BEKTOpBI, COBHAJAIOLIME CO CTOpOHAMH TpeyronbHuka ABC:

—

CB =38, CA=Db. Brpasurs gepes Bextopel d u D Bextop AO, rme O —
TOUKa MepeceueHust MeIMaH TPEyroibHUKa. BhIMonMHNUTE pUCYHOK.

Pemenue:

M3BECTHO, YTO Touyka () TepeceueHus: MeauaH TPEYroJbHUKA JETUT
OTPE30K MeIuaHbl B OTHOmIeHMH 2:1, cuuTas OT BepmmHbL. [loaTomy
AO = g AD | rae Touka D — cepenuna croponst CB.

Ho BexTop C_lj:%C_B»:%a; D—é:—%a_

_ s 1 > -
B tpeyromsauke CAD sextop DA=DC+CA= 5 a+b,

2 1- &) 1- 2
Uckomsrii Bektop AO 2—5(—Ea+b)=§a—§b.

3aoanusn 014 CAMOCMOAMENbHO20 PEULEHUA:

—

1) TTo naHHEIM BekTopaM & u D TIOCTPOMTH KaXIBIA M3 CIIETYFOIINX
— 1 . 1~ 1_ _-
BEKTOPOB: 34 , _Eb’ 2a+§b, Ea—3b_

R ——

2) B tpeyronsuuke ABC BEKTOP AB =1 u Bektop AC =n.
m+n m-n —-m+n M+
2

—

[TocTpouts

—

KQKJIBIM U3 CIETYIONTUX BEKTOPOB: 5 o T o T

3) Touka O sBIsETCS TOYKOM TepeceueHust Meauan Tpeyronbanka ABC.
Hokasats, utro OA+OB+0OC =0,

4) B npaBuibHOM nsatuyroibHuke ABCDE  3amaHbl  BEKTOPHI,

COBIIAJIAIOIINE C €ro peOpaMu: Né:rﬁ’ B—C”:ﬁ, ﬁzﬁ, ﬁ:a, EA=r.
e e e e = 1 = 1 s -
[Toctpouts BeKTOpH: M—N+ p—q+r, m+2p+§r, 2m+5n—3p—q+2r.

5) B napamnenenunene ABCDA'B'C'D’ 3aganbl BEKTOPEI, COBIIANAIOIINE

_—

C ero pedpamu: AB=m, AD=n CAA = P (puc. 85)

ﬂ ¢
AJ ; Br
P i
I
I
'
!
a4
-
A B
Pucynok 85.
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6) ITocTpouTh KaXKABIH U3 CIEAYIOIIMX BEKTOPOB: M+N+ P ,m+n+ E P,

1— 1- - — - 1-—
“m+=n+p, —m-n+=
2 2 P Zp'

Konmponvnuvie éonpocwi:
1. CdopmynupyiiTe IpaBUiI0 YMHOKEHHUSI BEKTOPa Ha YHCIIO.

JTumepamypa: [10, c. 180-185]

IIpakTuyeckoe 3ansaTue Ne64
CxaJjisipHOe Ipou3BeeHIE BEKTOPOB

ILlenv pabomor:

CMYOeHm OO0JIHCEH:

3Ham».

- (hopMyIIBI 1J1s1 BBIYMCIICHUSI CKAISIPHOTO MMPOU3BEICHUS BEKTOPOB;

ymemy:

- BBIYUCIISITH CKQJIAPHOE TMPOU3BEJCHUE BEKTOPOB, YOl MEXIY
BEKTOpaMHU.

Ceedenusn uz meopuu:
Ckansapuvim npouzgedeHuem 08yx 6eKmopos Ha3blBaeTCs 4HCIIO, PaBHOE
MIPOU3BEACHUIO MOJTyJIEH ITUX BEKTOPOB Ha KOCHHYC yIJia MEAy HUMH.

CkansipHO€ TPOU3BEIAECHUE BEKTOPOB a u b o6o3HAuAETCH CHMBOIOM
ab (OpSIIOK 3aMUCH COMHOXKUTEIIEH 6e3pa3queH TO €CTh ab = ba)

Ecnu yron Mexay BEKTOpamu a u b obosmaunTs yepe3 ¢, TO HX
CKaJISIpHOE MPOU3BEJIEHUE MOKHO BbIPa3uTh (HOPMYJIOii:

ab = chos¢_

CkaysipHOe IMPOM3BENEHHE BEKTOPOB 8 M D MOMKHO BBIPa3HTh TaKKeE
dbopmyIioi:

ab = ‘a‘”pg b
50) 051

ab =

np-a
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N3 popmysl ab = ‘a b

—_— E—

Cos ¢ caenyer, uro ab >0, econ ¢ — ocrpeii

yroJl, ab <0, ecnu ¢ — TYHOH yrou, ab =0 B tom u ToNBKO B TOM ciryvae,
KOT/1a BEKTOPHI 8 M D MepIeHIuKYISPHEL.

CKaJ'ISIpHOC OPOU3BCACHUE dAd Ha3bIBACTCI CKaJISIPHBIM KBaApaTOM
-2
BCKTOpa U 0003HayaeTcs CHMBOJIOM a . CKaHHpHLIﬁ KBaapaT BCKTOpa pPaBCH

KBaapary €ro MoayJi:
-2 -2
@ =l

Ecnu Bektopsl @ u b 3amansl cBoumu xoopaunaramu: a=(X,Y;,Z) u

b=(X,,Y,,2,), TO UX CKAIAPHOE IPOM3BEIECHHE MOYKET OBITH BBIYMCICHO IIO
dbopmyre:
ab = XX, + 1Y, + 2,2,
Orcroga  cimeayeT  HEOOXOAMMOE M JIOCTaTOYHOE  YCJIOBHUE
MEPIECHAUKYJISIPHOCTH JIBYX BEKTOPOB!
XX, +Y1Y, +2,Z, =0,

Yroin ¢ MexXay BEKTOpaMH a=(X1,y1,Zl) 51 B=(X2,y2,22) 3aJ1a€TCs

—_—

dopMmyoii Cos ¢ = ‘—» =, W B KOOpAMHATAX
a

b

X1X2 + y1y2 + ZlZZ

2 2,52 [v2 L a2 52 "
\/Xl Y T4 \/Xz Y, +7Z;
[Mpoekius mpousBosibHOTO BekTopa S=(X, Y, Z) Ha Kakyk-HHOYIb OCh U
omnpenensieTcs: GopMyIIoi:

COS ¢ =

np,S =Se,

r7e € — €AMHUYHBIN BEKTOP, HAIIPABIIEHHBIN 110 OCH U.
Ecnu nansl a, B, y, KOTOpbIe OCH U COCTABJISIIOT COOTBETCTBYIOIIHME YTJIBI C

KOOPJAMHATHBIMHU OCSAMU, TO € = (COS «, COS ,B , COS )/) M JUISI BBIYUCJICHUS BEKTOpa

S MoXer ciyKuTh (hopMyIa:

np,S =XCoSa +Yycos B+z2CoSy .

Ipumep 144.
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-~ - o -
Bekroper @ u b oOpasyror yron €0=?, 3Hasi, YTO ‘a‘=3

" (a+5), Bas2sf, (a-5f, a—2bfa+25)

‘B‘:4,

2

—

o

—

BBIYHCIINTD: ab, ‘a

Penienue:

B

ab —_— - ||
us  Qopmynsr  C0S9 = ‘* > BepasmM ab = ‘aHb‘COS(P , Torja
a

ab=12c0s 2% =12(—1j —_6-
3 2 !

-2 =2 -2 -2
T.K. a :‘a‘ , TO ‘Cl‘ =3’ =9, ‘b‘ =4°=16:
110 (hopMyJle COKPAIIEHHOIO YMHOKEHHUS KBaIpaTa CyMMbI, HMEEM
@+bf =a" +2ab+b" =9+2(-6)+16=13;
AHAJIOTUYHO
(3a-+2bf =9a +12ab+4b° =81+12(-6)+64=73;
110 (hopMyJIe COKPAIIEHHOI0 YMHOKEHHUS KBaIpara pasHOCTH, HMEEM
(G-bf =a" - 2ab+b° =9-2(-6)+16=37;
PacKpoeM CKOOKU
(8- 2b)a+2b)=3a" +6ab - 2ab—4b" =34 +4ab—4b° = 27+ 4(~6) — 64 = —61.

3aoauu 0aa camocmoamenbHo20 peuleHus:

-

1) Bekropel @ u b B3amMHO neprieHAUKYISPHBI, BEKTOP ¢ 00pasyer ¢

7 -
HUMH VYIJIbI, PaBHBIC qo=§; 3Hasi, 4TO ‘a‘=3, =5,

—

b

-

C

=8 , BBIYHCJIUTD.

(sa—2bJp+3c), (@+b+cf, (a+2b-3cf.

2) Bektopsr &, D u C mnomapro o06pasylor Ipyr ¢ Apyrom yrisl,

KaX/Ibli U3 KOTOPBIX PABEH 60°. 3Hag, 4To ‘5‘ =2, ‘6‘ =2 H =6, OIPEICITUTD
Moxyibs Bektopa P=a+b+cC.
. . —  [=2
3) Hansl Bekropsl a = (4;,—2;4) u b =(6;-3;2). Beruncaurs: ab, va |,
2 Y N AU R A,
b, (2a-3b)a+2b), @+bf, (a-Bf,
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4) Hansl Touku A(-1; 3; -7), B(2; -1; 5), C(0; 1; -5). Beraucnurs: \/N?;Z ,
VAC®, (2AB —CB)(2BC + BA) .

KOHmPOJleble e6onpocsl:

1. 3anumurte ¢GopMynbl ISl BBIYUCICHUS CKaJSPHOTO IMPOU3BEICHUS
BEKTOPOB.

2. 3anummrte GOPMYITY AJIs BEIYUCICHHS yTila MEXIy BEKTOPAMHU.
JTumepamypa: [10, c. 189-191]

IIpakTuyeckoe 3ansaTue Ne65
BekTopHoOe 3a1aHKe NPAMBIX U IJIOCKOCTEH B IPOCTPAHCTBE

Llenv pabomoi:

CMYOeHm O0JIHCEH:

3Ham».

- OTIpEJICIICHNE HAPABIISIONIETO BEKTOPA MPSIMON;

- KAHOHMYECKHUE YPaBHECHHUS MPSIMOM;

- MapaMeTPUIECKUE YPABHCHHS TIPSIMOM;

ymemy:

- COCTaBJISTh YPAaBHEHHE MPSAMOM IO JABYM TOYKaM, IO HAIPABJISIOIIEMY
BEKTOPY.

Ceedenusn uz meopuu:

Hanpasnaiowuii eexmop npamou. Kanonuueckue ypasHeHus NpsMoll.
Ilapamempuueckue ypagHenuss npAmMou

Kaxxnpiii HE paBHBIM HYJIIO BEKTOp, JEXKAIIUM HA JAHHOW IMPAMON WA
MapaJyICIIbHBIN €, Ha3bIBACTCS HANPAGIAIOWUM 6EKMOPOM ITOU MPSIMOMU.

Hanpapnstommii  BEKTOp NOPOU3BOJIBHOM TPSAMOM B AaJbHEUIIEM

o0o3HavaeTcst OyKBO# a, ero koopauHaTel — OykBamu |, m, n: a=(l;m;n).
Ecimn wm3BectHa oxHa Touka M(Xo, Yo, Zo) TPSIMOM M HaIpPaBIIAIOMIUN

BEKTOP a= (I;m;n), To mpsiMast MO>KET OBITH OTIpeJielicHa YPaBHCHUEM BHIA:
X=X _ Y=Y _2-%
|l  m  n°
B Takom Buje ypaBHEHHE IPAMOM HA3bIBACTCS KAHOHUYECKUM.
KanoHnueckoe ypaBHEHHE TPSIMOW, MPOXOJAIIEH 4Yepe3 JaHHBIC TOYKU
Mi(X1, Y1, Z1) 1t M(X2, Yo, Z5) IMEET BU:
X=X — Y=Y — Z-1¢4
X=X YoV 22_21.
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O6o03HaunM OykBOM 1 Kaxa0€ M3 paBHBIX OTHOUIEHUH B KAaHOHUYECKUX
ypaBHEHUSIX:

| m n ’
oTCroa

X=X, +It,

y=Yy,+mt,

Z=17,+nt.
X=X, +]It,
Yy=Yo+Mt, — mapamerpuueckoe ypaBHEHHE IPIMOM, IPOXOIAIIEH
Z=1,+nt.

yepes Touky M(Xo, Yo, Zo) B HampaBiienuu Bekropa a = (I;m;n).

Ipumep 145.

CocTaBuTh KAHOHMYECKHWE YPABHEHHS MPAMOM, MPOXOIAIIECH dYepe3
nanueie Touku: (1; -2; 1), (3; 1; -1).

Pewenue:

=% = Y= % = 274 , TOT1a TTOJIYyYUM

X,=X% Yo=N 2,774

x-1 y-(-2) z-1

3-1 1-(-2) -1-1
x-1 y+2 z-1
2 3 -2

BOCITOJIb3yeMCsl (OpMYIIOn

3aoanus 01 cAamMoCmoAMEIbHO20 PEULeHUA:
1) CocraBuUTh KaHOHWYECKHE YpPaBHEHUS TPSIMOW, MPOXOISIIEH depe3

touky M;y(2; 0; -3) mapamiesabHO: BEKTOPY a=(2-35), pSIMOK
x=1 y+2 z+1
5 2 -1
2) CocTaBUTh KAaHOHHMYECKHE YPAaBHEHHUS MPSIMOH, MPOXOJIICH Yepes
nanHele Touku: a) (3; -1; 0), (1; 0; -3); 6) (0; -2; 3), (3; -2; 1); B) (1; 2; -4), (-1; 2;
-4).

, ocu Ox, ocu Oy, ocu Oz.

3) CocraBuTh NMapaMeTPUICCKHE YPABHCHUS MPSAMOM, MPOXOIAIIEH uepes

touky My(1; -1; -3) mapamienbHO:  BEKTOPY a=(2-34); pSIMOK

. ) . Xx=3t-1,

X— +2 71—

> = y4 = , IPSIMOiA | Y = —2t+3,
Z=>5t+2.
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4) Yepesz touku M;(-6; 6; -5), M,(12; -6; 1) mnpoBeiacHa mpsMasi.
OnpenenuTh TOYKH TEPECCUCHHMsS] 3TOM TMPSAMOM € KOOPJAMHATHBIMHU
TUTOCKOCTSIMHU.

5) Hansl Bepimnbl Tpeyroabauka A(1; -2; -4), B(3; 1; -3), C(5; 1; -7).
CocTaBUTh TapaMETPUUCCKUE YpPaBHCHHS €r0 MEIUaHbl, MPOBEICHHON U3
BEPIINHBI B Ha MPOTHUBOIOJIOKHYIO CTOPOHY.

Konmponwvnuvie éonpocwi:
1. 3anummre B 0011EM BH/I€ KAHOHUYECKOE YPaBHEHUE MPSIMOM.
2. 3anumuTe B 00IIEeM BHJIE MAPAMETPUIECKOE YPaBHEHUE MIPSIMOIA.

Jumepamypa: [10, c. 206-211]

IIpakTnueckoe 3ansaTue Ne66
IIpoexkuust BEeKTOpPa HA OCh

ILlenwv pabomor:

CMYOeHm OO0JIHCEH:

3Ham».

- YTO HA3BIBAETCS YMCIIOBOM XapaKTePUCTUKON MTPOEKIIMU BEKTOPA Ha OCh;
ymemy:

- BBIYHCIIATH YMCIOBYIO IPOSKIIUIO BEKTOpa HA OCh.

Ceedenusn uz meopuu:

Yucnosas npoexyus eexmopa HA OCb — 3TO YHUCIO, KOTOPOE PAaBHO
MPOU3BEACHUIO JUJIMHBI JIAaHHOTO BEKTOpAa HA KOCHHYC YIrja MEXIy JTUM
BEKTOPOM M BEKTOPOM, OMPEICIISIONIIM HAMPABICHUE OCH.

YucioByro mpoekiuoo Bektopa AB Ha ock L o6o3HauvatotT kak np, AB, a

YHCIIOBYIO MPOEKIIMIO BEKTOpa & Ha OCh, ONpesieseMylo BekTopom b — 7p.a.

B »Tux 0003HaueHUAX OIpejeseHue YMCIOBOM MPOEKIIMU BEKTOpa a Ha

— —

PSIMYIO, HALIPABJICHHYIO KaK BEKTOp b, mpumer Buj 71p; & = ‘a‘ cos Z(a,b) .

Ota hopMyna IPUMEHSETCS, KOTa U3BECTHBI [UIMHA BEKTOpPA & W YroJ
MEXy BEKTOpamu a u b .

Ilpumep 146.
Beruucnure  YMCIOBYHO  TPOSKIMIO BEKTOpa a  Ha  MPSAMYIO,
HAIIPaBJIEHHYIO KaK BEKTOp D, eciu JuiMHa BekTOpa @ paBHA 8, a yroy MEXIy

BekTopamu a u b pasen 60°.
Pemenne:
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o dhopmyiie npa ‘a‘ Cos Z(a b) MMEEM

np. a=8cos60° :8-%:4.
_ab -
W3BecTHO, YTO Cos¢ = ‘5 6 . Torma dopmymna np» ‘a‘ cos Z(a,b)

-

NO3BOJISIIONIAS  HAWTH YHCIOBYIO IPOEKLIMIO BEKTOpa a Ha NOpIMYIo,
. - (a,b)

HanpaBJICHHYIO KaK BeKTop D , mpumer B Py = ‘5‘

T. o. ymncnoBas mpoekius BEKTOpa @ Ha OCh, HaIpaBJICHUE KOTOPOM
COBIIaZaeT C HAampaBJ€HHEM BEKTOpa D, — 95TO OTHOINEHHE CKaISPHOIO

Ipou3BeIeHMs BEKTOpoB a u D x mimue BexTopa b .

- _(ab)

[Mony4yennyo (Gopmyny Buma "Ppad= ‘ ‘ yA00HO TPUMEHATH IS

HAXOKIEHUS UHCIOBOI MPOEKLMH BEKTOpa & Ha MpPAMYIO, HAIABIECHHE
KOTOPOH COBMAACT C HANPABJICHAEM BEKTOPa b, KorJIa M3BECTHBI KOOPAMHATHI
BEKTOPOB aub.

Ilpumep 147.

UsBecTHO, uTo BekTop b= (-3, 4) 3amaer manpasnenue ocu L. Halinure

YHCIJIOBYIO MTPOEKIUIO BEKTOpa d = (4, 7) naocs L.
Penienue:

sanumeM Qopmylny P& == B KOOpAMHATHOH ¢opme, Toraa
pMyiTy p p

- (a b)
pl (a,b) _ XXt Ya Yy
b X+

YHCIIOBOM MPOEKINH BEKTOPa. a Ha och L:

»_(ab) 1.(-3)+7-4 25

J(=3)7 + 42 ~ 25

Hcnonb3zyem ee AJid HaxOXIEHUs Tpedyemoun

I’lpB

Ilpumep 148.
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OTHOCHTEIBHO IPSIMOYTOJIBHOM crcTeMbl KoopauHaT OXYZ B TpEXMEPHOM
npocTpaHcTBe 3amanbl asa Bektopa a=(-2; 3, 1) u b=(3, —2; 6). Haiigure
YHCIIOBYIO IIPOEKIIMIO BEKTOPAa & Ha OCh L, HampaBJeHHE KOTOPO COBIIAJAET C

HanpaBJICHUEM BEKTOpa b.
Pentenue:

-

110 KOOPAMHATAM BEKTOPOB & M D BBIYMCIMM CKaIAPHOE MPOM3BEICHHE
5THX BeKTOpoB: ab = XX, + Y. Y, + Z,Z,.

JlnvHa BekTopa D mo ero koopaMHaTaM BBIYMCISETCS IO CIIEIYIOIIEH
n 2 2, 2 N
=4X% tY¥, tZ,. Torma Qopmyna mas omnpeneneHus YUCIOBON

b
MPOEKIIMM BEKTOpa & Ha oCch L B KOOpAMHATax UMEET BUJ

dbopmyie

npﬁg _ (a,b) _ XX+ YoV + 2,2,
° X+ yE+ 7}
[ToacTaBuM B nosty4eHHYI0 GOpMYITy 3a1aHHBIE KOOPIUHATHI:
np A (-2)-3+3:(-2)+1-6 -6 6
" JE+(-22+6° VA9 T

-

b

J1J1st MPOEKIIUK BBHITTOTHSIIOTCS CASAYIOIINE TEOPEMBI:
1. Ilpoekiuu paBHBIX BEKTOPOB HA OJIHY M Ty € OCh PaBHBI MEKIY
c000Ii1;

—_ - -

a=b , Torma ana:anb_
2. Ilpoekmuss cyMMBI JBYX BEKTOPOB Ha IPOU3BOJIBHY410 OCh paBHA
CyMMe TIPOEKIIMI 3TUX BEKTOPOB:

an(a+5) =an;+an5_

3. IIpoekuus nmpousBeAcHUsI CKaispa Ha BEKTOP HA NPOU3BOJIBHYIO OCh
PaBHa NIPOM3BE/ICHUIO DTOTO CKANAPA HA NMPOEKIMIO BEKTOPA:

np (ka) kan

3aoanus 01 camocmoamebHO20 PeuleHus:
1) I[OKEDKI/ITG 4TO SIS mo0wix Touek A, B, C, D cripaBeyinBo paBeHCTBO:

np, AB + np, BC+ np, CD= np, AD

2) Hano: ana:_l, npl_b:3. Beraucnure: ”pL(a+2b); an(_a+2b)’
np, (3;1—26) np, (5—6)
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— -

3) Bektop ? o6pasyer ¢ ockto Ox yroa o M HMeeT JUIMHY
a
Onpenenure KOOPAUHATHI BEKTOpA  CCIIH:
. - 3 -1 .
o [3=2 o =3 o) ot 1872y s 1=
a) a=90", ; 0) a=180", 2;6)0=-90", 2 ;2)a=45",

KOHmPOJleble eonpocwsl:

1. Yto Ha3bIBaeTCS YMCIOBOW XapaKTEPUCTUKOW MPOEKIMU BEKTOpa Ha
0Ch?

Jumepamypa: [10, c. 212-215]

IIpakTuyeckoe 3ansaTue Ne6/
Hcnoab3oBanue BeKTOPOB MpPH PpellleHHH MaTeMaTH4YeCKHX ¢
NPUKJIAIHBIX 327124

ILlenwv pabomor:

CMYOeHm OO0JIHCEH:

3HAMBb:

- BEKTOPBI ¥ IPOCTEUIIINE NCHUCTBUS HAJlI HUMU;

ymemy:

- MPUMEHSATH TMpaBuia JACHCTBUS HAJ BEKTOpaMU TMPU PEIICHUU
MaTeMaTUYECKUX U MPUKIAJIHBIX 33]1ay.

Ceedenusn uz meopuu:

Paccmotpum 3amaum TpE€X THMOB, KOTOpHIE IeecOO0pa3HO pemaTh ¢
MTOMOINIBI0 BEKTOPOB.

Ilepswiti mun: 3a0auu, cesazanuvie ¢ 0OKA3AMENLCMEOM NAPALLETbHOCU
NPAMbBIX U OMPE3K08, NPAMbBIX U NAOCKOCHU

Ipumep 149.

JlokazaTh 4TO BEKTOpP, KOHIAMH KOTOPOTO SIBJISIFOTCS CEPEIUHBI IBYX
MPOTHUBOJICKAIIMX CTOPOH YETHIPEXYTOJIbHUKA, PaBEH II0JOBHHE BEKTOPHOM
CYMMBI JBYX IPYTUX IMMPOTHUBOJICIKAITUX CTOPOH.

Pemenne:
nycth ABCD — uetsipexyronpank, M — cepenuna AB, N— cepeauna CD.

Torma He0OGX0MMMO 0Ka3aTh, 4T0 MN = %(ﬁf + AD).

ITycte O — npou3BoJIbHAsS TOYKA IUIOCKOCTH, COEIMHUM €€ C BepIIMHAMU
U CepeMHAMH JIByX CTOPOH YEThIPEXYTOJIbHUKA, BBITIOJIHUM PUCYHOK (pHuc. 86):
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Pucynok 86.

IIo IMpaBUIIy ACJIICHUA OTPC3Ka B 3aIdHHOM OTHOIICHNUH, UMCCM:
_ 1 — —

OM =~ (OA+OB).

CTI\iz%(E+CT5).

[To npaBwmity TpeyrojibHUKa, UMEEM:

MN =ON —OM :%(OC+OD)—%(cTA+FB):

1 — — 1= — 1_— —

:E(OC—OB)+E(OD—OA):§(BC+AD).

3aoaua ona camocmoamenvHozo peuienusa Nel. Jlokazatb, 4TO CpeaHAs

JIMHWA TpalCuuy rapajiiCjibHa OCHOBAHUAM W PaBHA UX IMOJYCYMMCE.

Bmopoii mun: 3adauu, 6 xomopwix Ookazvieaemcs, 4mo HeKOmopas

mouxa oeaum OMpeE30K 8 300AHHOM OMHOULEHUU

IHpumep 150.
Ha ctopone AC tpeyronsauka ABC B3sita Touka M Tak, 9To ‘m‘ _ E‘E‘,
4

a Ha mpoaomkeHun ctopoHbl BC Ttakas touka N dyTO ‘W‘:‘ﬁ‘ B kaxom

otHoueHuu Touka P nepeceuenus AB u MN nenuT kaxablii U3 3TUX OTPE3KOB.

Pewenue:
BBINIOJIHUM PUCYHOK (pHC. 87), COOTBETCTBYIOLIUHN YCIOBUIO 334

N

A C

Pucynok 87.
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MP AP
I[IyctTb U — =X, — =Y
PN PB
Bri6epem Gasuchble BeKTopbl CB =a, CA=b-

Pa3noxuMm BekTop AP 10 0a3MCHBIM JBYMS Pa3IUYHBIMU CIIOCOOAMH:

R — B —

AP AP y .
a) — =Yy, Torjga — = —>—, T.K. BEKTOpbl AP U AB COHAIpaBJEHBI,
PB AB y+1
TO
A= aB=—Y CB-CcA)=—2 (a-D).
y+1 y+1 y+1
T.e.
A= a- Y p.
y+1 y+1
WP oy
6) MP _x, rorma, AP =—1_AM +—_AN.
PN X+1 X+1
Ho, mo ycnoBuio 3amaum ‘m‘:%‘A—C":%‘B‘, AN =CN —CA=2a-D:
IO3TOMY

Xx+1\ 4 X+1

B nonyueHHOM BBIpaKEHUU PACKPOEM CKOOKH, YITPOCTHM, TOT/Ia
MOJTYYUM:

ﬁ:i(_iﬁj+i(25—ﬁ).

—  2X - 1+4x >
AP = a— :
Xx+1  4(x+1)
y‘lI/ITBIBaSI CAUMHCTBCHHOCTH paSJ'IO)KCHI/IH BGKTOpa 110 ABYM
HeKOJ'IJ'II/IHeapHBIM BCKTOpaM, HOJ’Iy‘II/IM CI/ICTeMy:

y  2X
y+1 o x+1
y  l+4x
y+1 4(x+1)

Pemas cucremy  J0OBIM  H3BECTHBIM  CHOCOOOM  (CIIOXKEHHUEM,
MOJCTAaHOBKOM ), MOTYYUM:

CnenoBarenbHo, Touka P aenut orpe3ok AB B oTHoOIIEHUH 2:3 ¥ OTPE30K
MN B otHOIIEHNH 1:4.
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3adaua onn camocmosmenvrozo pewenus Ne2. Ha nmaronansax AB; n
BC rpaneii AA;B:B u BB,C,C napammenenunena ABCDA;B;C,D; B3sTBI TOUKH
cootBeTcTBeHHO H 1 M Tak, uro otpesku MH u A;C napamnensubl. Haiigute
OTHOILICHME JUINH 3TUX OTPE3KOB (BDocnonbe.yﬁTeCL NPEeUIOKEHHBIM puc. 88).
i Cy

/ /I
B,"I\

Pucynok 88.

Tpemuui mun: 3a0ayu Ha 00KA3AMENLCMEO NPUHAONEHCHOCMU mpex U
OoJ1ee moyuex 00HOU NPAMOU

Ilpumep 151.

Touku M u N nexar coorBercTBeHHO Ha cTtopoHax AD u BC
yeTeipexyrogpauka ABCD, npuuem AM:MD=BN:NC=3:4. Jlokaxurte, 4YTO
cepenunbl otpe3koB AB, MN u CD nexat Ha ogHOM MPsSMOH.

Pemenue:

BBITIOJIHUM PUCYHOK (puc. 89), COBOTBeTCTBy}OHII/Iﬁ YCIJIOBHIO 33J1a4H

Pucynok 89.

ITycte K; — cepenuna AB, K, — cepenuna MN, Kz — cepenuna CD.
Hcnonb3yst hopMyIibl ASICHUS OTpe3Ka B 3aITaHHOM OTHOIIICHUH, UMEEM:

1 — —

KiK, = (AM +BN).

N 1 — —

KiK; =—(AD+BC).

N3 ycnosuss AM:MD=BN:NC=3:4 cnenyer, uro

AM = >AD. BN =2EC.
7 7

CnenoBarteibHO,
3 _

KK, ==-Z(AD+BC)=-KK, .
172 7 2( ) 7 13
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T.0., BEKTOPBI K,K, # KK, KOJUIMHEAPHBI, U, 3HAYUT, TOUKH Ki, Ko Ks

JIe’)KaT Ha OJJHOM MPSIMOM.

3a0aua ona  camocmosmenvnozo pewenus MNe3. B TmpocTpaHcTBe
pacnosioxkeHsl oTpe3ku AB u A;B;. Touka M ecthb cepenuHa oTpe3ka AB, Touka
M; — cepenuna A1B;. Jlokaxxute, 4TO CepeauHbl OTPEe3KOB AA1, BBi, u MM,
PACITIOJIOKEHBI HA OJTHOM TIPSIMOU.

Konmponwvuwvie gonpocwi:
1. TlpuBeaute mnpuMepsl 3ajay, KOTOPbIE IEJIECO00pa3HO pemarh ¢

IIOMOIIBIO BEKTOPOB.

Jumepamypa: [10, c. 228, c. 237]
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[Tpunoxenus
[Tpunoxenue 1
OO6pa3zer TUTYJIBHOTO JINCTA TETPAAM JIJISl MPAKTUYECKUX 3aHATUN

[IpakTHKyM 10 MaTemMaTHKe

CnenuanbHOCTh
BapuaHnt paboTsl
CTyneHT rpynbl
0)4(0
20  r.

204



Jluteparypa

1) AdanaceeB O.H., bponckuii f.C., IlaBmoB A.JI. Maremartuka s
TeXHUKYMOB. — M.: Hayka, 1991.

2) AdanaceeB O.H. Matematuka Juis TeXHUKYMOB. — M., M3narenbckuii
HeHTp «Akaaemus», 2003.

3) boromonoB B.C. OcHoBbI BeICcIIel MaTeMmaTHKU. — M., W3gaTenbekuii
HeHTp «Akaaemus», 2007.

4) boromonoB H.B. Tlpaktudeckue 3aHATHS 1O MaTeMaTHKe: YdeOHOe
nocobue Uil CpelHUX CIEHUANbHBIX y4eOHBIX 3aBeieHuid. — M.: Beicmias
mkoua, 2004,

5) Konmmoropos A.H., A6pamor A.H., dynuunpsia FO.I1. u ap.; [lox pen.
A.H. KonmoropoBa. Anrebpa u Hauana aHamuza: YueO. mqius 10-11 ki
oOmreoOpazosar. yupexaenuit. — 10-e uzn. — M.: Tlpocsemenue, 2010. — 384 c.:
uil.

6) Jlucuukuna B.T., Conoseitunk M.JI. Matemaruka: Y4e0. mocodue s
TEXHUKYMOB. — M.: Beicur.uk., 1991. — 480 c.: u.

7) Jlykankun I'.JI. Beicias MaTemMaTnka Jjisi 5KOHOMUCTOB: KYPC JICKIIHA:
yuebHoe mocobue mist By3oB / ['.JI. Jlykankuu, A.I'. Jlykankun. — 2-e u3f.,
crepeorun. — M.: M3narenscTtBO «OK3amen», 2009. — 285 c.

8) MaTtemaTrKka /Ui TEXHUKYMOB. AnreOpa v Hadaja aHanuza. [lox pes.
I".H.fxoBneBa — M.: Hayka, 1987 — Yacrs 1.

9) MaTemarnKa Ui TEXHHKYMOB. AjreOpa W Havyana aHainu3za. [lox per.
I'.H.SIxoBneBa — M.: Hayka, 1987 — YacTts 2.

10) Marematuka st TexuukymoB. ['eomerpus. [lox pen. I'.H.fkorieBa
— M.: Hayka, 1989.

11) Marematuka: YueO. i CTyA. 00pa3oBar. yupekaeHui cpema. mpod.
oOpazoBanust/Urops AmutpueBnu Ilexnenkwmii. — 2-e usn., crepeorun. — M.,
N3narenbckuii neHTp «Akanemus», 2003. — 304 c.

12) MuxeeB B.C. KpaTkwuii cripaBouHuK 1Mo MatemMaTuke. — KpacHOTopcK,
1996.

13) [Mexneukuit W.JI. Marematnika — M., HM3gaTenbckuii IEHTp
«Axkamemus», 2001.

14) IMononsckuii B.A. u np. COOpHHMK 3aja4 1O MaTeMaTHKe: YueOHOe
nocobue JyIsi CPeTHUX CHEIUaIbHbIX YUeOHBIX 3aBefeHu. — M., M3natenbckuii
HeHTp «Akaaemus», 2004.

15) Cepruenko JIL.IO., Camoitienko I1.M. IlnanupoBanue y4eOHOTO
mpoiiecca Mo MareMaruke: Yueb. — MeToJI. mocodue A mpernoaBareneil cpe/.
creil. yue0. 3aBeieHuid. — M.: BeIcil. K., 1987. — 424 c.: ui.

16) I'puropses C.I'., UBoaruna C.B. Marematuka: ydeonuk miss CIIO,
2012, http://www.sprinter.ru/books/matematika-uchebnik-7-e-izd-ster-grigorev-
2061370.html

17) http://festival.1september.ru/articles/538170/

205


http://www.sprinter.ru/books/matematika-uchebnik-7-e-izd-ster-grigorev-2061370.html
http://www.sprinter.ru/books/matematika-uchebnik-7-e-izd-ster-grigorev-2061370.html

